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Preface

The practice of science could be described as the process of observation followed
by the construction of verbal or mathematical models to explain the observations, or
vice-versa. The use of the mathematical models implies that the observations are
quantitative, that they involve numbers used to specify the observations. The
successful application of any science depends on the use of an appropriate mixture
of principles, techniques and approaches. Sometimes principles are easily under-
stood, sometimes so difficult as to be opaque. Often some rejection takes root in the
dry mathematical form in which the subject is presented, unrelated to observation,
quite irrelevant to life, and lacking any form of interest. Setting problems based on a
wide variety of experience should engage interest, challenge and intelligence and
even stimulate curiosity. The wealth of detail offered should not lull the reader into
thinking that the material can be meaning by leafing through the book. As much
time as possible it should be devoted to going through the calculations and solving
problems.

Analytical solutions to nonlinear differential equations or linear differential
equations with variable coefficients play an important role in the study of nonlinear
dynamical systems, but sometimes it is difficult to find these solutions, especially
for nonlinear problems with strong nonlinearity. In general, the known analytical
methods are restricted to limited cases depending on the parameters which appear
in the governing equations and are valid only for nonlinear problems with weak
nonlinearity.

Dynamical systems are a vast subject. It is often found that the going gets easier
as one goes deeper, learning the mathematical connections tying together the
various phenomena. The material of this book can be included in courses covering
the theory of nonlinear oscillations, the theory of electrical machines, classical and
fluid mechanics, thermodynamics or even biology.

The prerequisites for studying dynamical systems using this book are undergrad-
uate courses in linear algebra, real and complex analysis, calculus, dynamics, and
ordinary differential equations, classical physics of oscillations, knowledge of a
computer language would be essential. Also, it is assumed that the reader knows
basic notions about nonlinear systems of differential equations as well as the
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plotting of phase portraits, analysis of nonlinear systems, and graphical representa-
tion of errors and so on.

This book is informed by the research interest of the authors, which are currently
nonlinear differential equations. Some references include recently published
research articles. Our work has very hands-on approaches and takes the reader
from the basic methods right through to recently published research material.

Most of the material in every chapter is at postgraduate level and has been
influenced by the authors’ own research interest. These chapters are especially
useful as reference material for senior undergraduate project work.

The text is aimed to undergraduate students in accelerated programs, working
scientists in various branches of engineering, natural scientists or applied
mathematicians.

The whole book consists of concrete examples from various domains of nonlin-
ear dynamical systems. The authors believe that the problem of motion of different
dynamical systems can be assimilated only by working with the differential
equations applied to concrete examples. Nearly all the sections of this book are
followed by comparisons with numerical results or with other known results in the
literature.

The aim of this book is to present and extend different known methods in the
literature, especially Lindstedt-Poincaré method, the method of harmonic balance,
the method of Krylov-Bogolyubov and the method of multiple scales, to solve
different types of strong nonlinearities. A better knowledge of these methods lead to
a better choice of the so-called “base functions” which are absolutely necessary to
obtain the auxiliary functions present in the last Chapters, devoted to some optimal
analytical approaches. These auxiliary functions are cornerstone of the optimal
methods and also, ensure the conditions of convergence of the solutions obtained by
different approaches. Unlike all previous analytic approaches, these few optimal
methods provide us with a simple way to control and adjust the convergence region
of solutions of nonlinear dynamical systems. These new optimal methods show one
step in the attempt to develop a new nonlinear analytical technique working in the
absence of small or large parameters. Actually, the capital strength of our optimal
procedures is the fast convergence, since after only two or three iterations, or
sometimes after only one iteration, it converges to the exact solution, which proves
that these optimal methods are very efficient in practice.

The text begins with some known procedures, presented in Chaps. 1-4: the
Lindstedt-Poincaré method, the method of harmonic balance, the method of
Krylov-Bogolyubov and the method of multiple scales. All these techniques sup-
pose the presence of a small parameter into the governing nonlinear equations.
There are presented some alternatives and examples to each of these approaches,
such as the use of perturbation method for strong parameter, the rational harmonic
balance method, a combination of the method of Krylov-Bogolyubov and iteration
method. The last four chapters, from 5 to 8 are devoted to optimal approaches such
as: the Optimal Homotopy Asymptotic Method, the Optimal Homotopy Perturba-
tion Method, the Optimal Variational Iteration Method and the Optimal Parametric
Iteration Method. The validity of the proposed procedures has been demonstrated
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on some representative examples and very good agreement was found between the
approximate analytic results and numerical simulations. The convergence of the
approximate solutions obtained by each of these new methods is greatly influenced
by the convergence-control constants which are optimally determined.

The examples presented in this book lead to the conclusion that the accuracy of
the obtained results is growing along with increasing the number of constants in the
auxiliary functions. These methods are very rapid and effective and show their
validity and potential for the solution of nonlinear problems arising in dynamical
systems.

Finally, our main aim is to inspire the reader to appreciate the beauty as well as
the usefulness of the optimal analytical techniques in the study of nonlinear
dynamical systems.

Timigoara Vasile Marinca
Nicolae Herisanu
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Chapter 1
Introduction

Most nonlinear phenomena are models of our real-life problems. The world around
us is inherently nonlinear. A vast body of scientific knowledge has developed over a
long period of time, devoted to a description of natural phenomena. Nonlinear
evolution of equations are widely used as models to describe complex physical
phenomena in various field of sciences, especially in fluid dynamics, solid state
physics, plasma physics, mathematical biology and chemical kinetics, vibrations,
heat transfer and so on.

Generally speaking, dynamics is a concise term referring to the study of time-
evolving processes, and the corresponding system of equations, which describes
this evolution, is called a dynamical system. In this book “nonlinear system” refers
either to a dynamical process with a physical existence, or to an equation which
may be a model of the process.

Initially, the theory of nonlinear systems build up on its own on the foundations
of the results of Poincaré (1878-1900), Lyapunov (1893), Birkhoff (1908—1944)
and those concerning point mappings, interactions, recurrences obtained at the end
of the nineteenth and beginning of twentieth century, by Koenig, Hadamard,
Andronov, Krylov-Bogolyubov, etc. Very strong interactions between theoretical
researches and practical implications in physical, mathematical or engineering
systems were the reason for the success in well-known Soviet schools: Moscow-
Gorki and Kiev. The most important component of theory of dynamical systems
was the theory of nonlinear oscillations. In dynamics, these two schools have
occupied incontestably the first place, admitted by some of the most famous
American mathematicians, as Lasalle and Lefschetz.

From 1960, and especially since 1975, with the explosive growth of researches
irregular oscillations in the chaotic dynamics field, and with the translation of some
Soviet results in Western countries, the study of nonlinear systems has become a
subject in vogue out of USSR, with more and more papers on all scientific
disciplines. A large part of these papers concerns abstract nonlinear systems, and
are devoted to nonessential generalizations without any interest for understanding a
typical dynamic behaviour, or for practical purposes. Other papers are limited to
concrete nonlinear systems, a field which is considered to be constituted by two sets
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2 1 Introduction

of results. The first one is related to the study of problems directly suggested by
practice (physics, engineering, . . .). The second set concerns the study of equations,
directly tied with practice, but having the lowest dimension, and the simplest
structure, which permits to isolate in the purest form a “mathematical phenomenon”
by eliminating the “parasitic effects” of a more complicated structure (for example
the famous Smale’s horseshoe). For so wide a scientific field, having given rise to a
great lot of publications, an exhaustive presentation of the matter is impossible, and
then many results of this time are rediscoveries, or variants of older ones.

The end of the nineteenth century was dominated by Poincaré’s works [1] on
periodic solutions of ordinary differential equations, which constitute the founda-
tion on the most part of results obtained until now. Briefly these ideas were
associated with the notions as: fixed point in the map, limit cycle, bifurcation,
node, focus, saddle, in various manifolds, map (point mapping), double asymptotic
points, homoclinic, heteroclinic. The Poincaré’s contribution of the analytical
method of nonlinear dynamics must also be noted with the Poincare”s method of
the small parameter, and the notion of generating solution. It permits to define the
nontabulated transcendental functions, solutions of differential equations, by a
convergent series expansion. This way was considerably developed and extended
(asymptotic methods) later by the dynamics schools of the former Soviet Union.

With Poincaré, Lyapunov is the mathematician who has left the most important
mark at that time. He gave the basis of the theory of the motion stability [2] and
introduced some fundamental notions, for instance: Perturbed motion, characteris-
tic numbers, the functions of the first and of the second kind, critical cases, global
stability, and so on.

Researches about the theory of nonlinear systems represent an important part of
the Birkhoff’s contribution to the mathematical sciences and can be considered in
the field of “concrete nonlinear system”. The definition and the classification of all
possible types of dynamic motions constitute an important contribution by this
author. It gives the many aspects of dynamics in which Brikhoff introduced so
many new ideas, new theorems and new questions [3].

Under the name of theory of oscillations, the study of nonlinear dynamics had a
new phase of growth in the twentieth century, beginning due in particular to the
results of Rayleigh [4] and Van der Pol [5]. It was associated with the development
of electrical and radio engineering [6]. There are known two relatively independent
branches of the nonlinear oscillation theory. So, the first branch corresponds to the
qualitative methods. Here the complex transcendental functions are defined by the
singularities of continuous or discrete dynamic systems such as stationary states
which are equilibrium points or periodical solutions (cycles), trajectories passing
through saddle singularities, stable and unstable manifold, boundary or separation
of the influence domain (domain of attraction or basin) of a stable (attractive)
stationary state, homoclinic or heteroclinic singularities, or more singularities of a
fractal or nonfractal type, bifurcation, etc.

The second branch corresponds to the analytical methods. Here the above
mentioned complex transcendental functions are defined by convergent, or at
least asymptotically convergent series expansions, or in “the mean”. The method
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of Poincaré’s small parameter, the asymptotic method of Krylov-Bogolyulov-
Mitropolski are analytical. So are the averaging methods [7, 8] and the method of
harmonic linearization in the theory of nonlinear oscillations. These two indepen-
dent branches of the nonlinear oscillations theory have the same aims: Construction
of mathematical tools for the solution of concrete problems, development of a
general theory of nonlinear systems.

Since 1960, the important development of computers has meant a large exten-
sion to the numerical approach of the nonlinear systems problems. Such an
approach constitutes a powerful tool when it is associated with the qualitative or
analytical methods.

The problem of the construction of mathematical tools fitted to the study of
nonlinear oscillations was first formulated by Mandelstham in 1920. This was done
in connection with the study of nonlinear systems belonging to radio-engineering.
Indeed, with Papaleski, Mandelstham, formulated the fundamental problems solved
later by his disciples. Such formulations constituted a decisive step in understand-
ing concrete nonlinear systems.

In the beginning, the most popular approach to nonlinear problems was the
fitting method. This method is based on the approximation of a nonlinear charac-
teristic, with a piecewise linear characteristic. So the solution of a nonlinear
problem is changed into the solution of a set of linear problems corresponding to
different linear segments with conditions of continuity at the junction of the
segments. The PhD thesis formulated in 1927 by Mandelstham: “The Poincaré’s
limit cycles and the theory of oscillations™ is a first-rank contribution for the
evolution of the theory of nonlinear oscillations, because it opens a new way of
application for the Poincaré’s qualitative theory of differential equations, with a lot
of practical consequences. His professor, Andronov amplified his activity with a
precise purpose: The elaboration of a theory of nonlinear oscillations [9], in order to
dispose of mathematical tools, common to different scientific disciplines. For the
elaboration of this theory, he used the following fundaments: The Lyapunov
stability theory, the Poincaré’s qualitative theory of differential equation, the
point mappings theory, the Birkhoff’s classification of all possible types of dynamic
motions. To be physically significant, a model of dynamic systems must respect the
following conditions: A solution should exist, this solution should be unique, the
unique solution should be continuous with aspect to the data contained in the initial
conditions, or in the boundary conditions, and the dynamic system should be
structurally stable. This last concept was introduced in 1937 by Andronov and
Pontrjagin: A dynamic system is structurally stable, if the topological structure of
its motion does not change with small changes of the parameters, or the structure of
the equation describing these motions.

For Andronov’s school, the analytical methods have been always an auxiliary
tool for qualitative method studies, or for the understanding of specific problems
given by physics or engineering. So, as early as 1932, Mandelstham and Papaleski
used the Poincaré’s small parameter method to study of nonlinear resonance,
subharmonic resonances, synchronization phenomenon, etc.
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More recently, in 1956, Malkin published his famous book [10] dealing with the
method of small parameter. This book also gives a method of successive
approximations in the non-analytic case. Malkin has also given a study of critical
cases in the Lyapunov sense via analytical methods.

From the theoretical results of Andronov’s school, the practical applications are
very large and very important for analysis and synthesis purpose. Now they go
beyond the limit of physics or engineering, and concern also natural sciences,
dynamics of populations, economy, etc. The applications concern all types of
oscillators (electronic type, in particular the theory of multivibrators, mechanical
type with the theory of watches, electro-mechanical type with coupling of electrical
machines), regulators using relays, steam engines, automatic flight, the dynamics of
flight and of gyroscopes, radio-physics, quantum mechanics, dynamics of systems
heaving a pure delay, etc.

Since 1952, date of the deterioration of the relation between the two groups (one
in Gorki, the other in Moscow) of the school, the group of Moscow has developed a
considerable activity in the automatic control field with Chetaev, Lur’e, Aizerman,
Petrov, Meerov, Letov, Tsypkin, etc., and in the optimization theory and practice
with Pontryagin, Boltjanski, Gamkrelidze, Mischenko, etc. .

The Krylov-Bogolyubov school from Kiev, has developed essentially analytical
methods. The foundation of their results is the classical method of perturbations
which has been generalized to nonconservative systems. In 1932, the Krylov-
Bogolyubov method gave a close foundation to the Van der Pol studies about
oscillators. Later, the asymptotic method due to Mitropolski constitutes an
improvement, with the use of only asymptotically convergent series expansions.
It is the same for the averaging method and method for accelerating the conver-
gence [7, 8]. With respect to the Poincaré’s small parameter method, these methods
are such that the “full” determination of the first harmonic and of the following
harmonics of a periodic solution does not depend on the determination of the upper
harmonics. The contribution of this school is very large and concerns systems with
one, or several degrees of freedom, the determination of periodical, or quasi and
almost periodical solutions, the determination of transient regimes, the synchroni-
zation phenomenon, and the nonlinear systems having pure delays.

The Hayashi’s school on nonlinear oscillations developed many studies espe-
cially oriented toward electric circuits [11]. Analytical methods as well as qualita-
tive and numerical ones have been intensively used by him and his two disciples
Kawakami and Ueda. Complex behaviours of autonomous oscillators and nonau-
tonomous ones with periodical excitation have been the subject of a lot of publica-
tion. Studies of resonance and synchronization phenomena of harmonic,
subharmonic, higher harmonic and fractional harmonic types, in phase spaces and
in parameter spaces, as well as problems of chaotic behaviours, occupy an impor-
tant place in their publications.

In the last years efforts were also made for collecting the main results concerning
nonlinear vibration in monographs. In this respect we mention the books by
Minorski [12], Stoker [13], McLachlan [14], Kauderer [15], Sansone and Conti
[16], and Roseau [17].
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The theory of random vibration has a comparatively late development. From the
publication in 1905 of Einstein’s studies of Brownian motion [18], considered by
him as a particular type of random vibration, more than two decades elapsed until
the appearance of the first work applying the theory of random processes to the
study of beam and string solutions. The study of nonlinear vibrations raised great
mathematical difficulties. To overcome these difficulties, three different principal
tools have been proposed: The use of Fokker-Planck-Kolmogorov equations, the
method of statistical linearization and the perturbation method. Crandall [19]
proposed and applied a perturbation technique, which is an extension to random
vibrations of the perturbation method used for weakly nonlinear deterministic
systems. Presently there are a great number of papers concerning the theory of
linear and nonlinear random vibrations.

In the study of nonlinear dynamical systems, often are considered equations in
the form:

d
izf(x,z,u)gwoxo(to) =X (L.1)

where all variables and parameters are real valued, 7, #, and u (a parameter) are
scalars, x is a vector, and the functions f are at least continuous with respect to ¢, and
analytic with respect to x and p, at least for | x| <X and |u| < fi.

It is worthy of note that now the well-known Poincaré’s analyticity theorem is
frequently used in a wrong way to prove the smooth dependence on the parameter p
for determining the periodic solution of Eq. 1.1, this dependence being presumed to
follow from the analyticity of f with respect to x and p. This theorem affirms that the
solution of Eq. 1.1 with %? = 0, |xo| < X, can be expressed in the form of series :

X(t7 XOvlu) = in(ta XO):uvivxl'UOaXO) = Xo fOI" = 07
i=0 (1.2)

x;(to,Xo) = 0 for i >0

which is convergent for lxol<x¥; <X, lpl<pi;<p and 0 < t-to<t(t,xo,p). It is impor-
tant to stress that 7 depends on ty, xy and p, which is forgotten by many authors, as
noted by Gumowski in [20].The limitation of ¢ by the properties of f, other than
smoothness, has a profound influence on any method of determining periodic
solutions, because the validity of the Poincaré analyticity theorem in general cannot
be extended to the asymptotic limit f—oo, orevento 7 > T, T > 0 being the period
of the solution. The fundamental reason is that a periodic solution with a completely
defined x is parametrically imbedded in a general solution x = F(t,ty,xo,1t) With
arbitrary x, such that FaF(xo,l)F o(t,to) at t — oco. In general, it happens that F is
a qualitatively different function of p for different x,, and for a fixed x, the precise
dependence on p is not known in advance. Moreover, the qualitative p-dependence
of F may exhibit a complex structure. At present, no explicit conditions to be
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imposed on f are known, which ensure the p dependence of F to be of specific form
for a fixed x.

It is generally believed that the validity of the asymptotic method constitutes an
extension of the Poincaré analyticity theorem, with usual p-convergence replaced
by asymptotic convergence. Many examples show that a mere asymptotic conver-
gence is useless for the determination of a periodic solution unless, for a fixed
difference between the exact and the approximate solution, the size of the approxi-
mation interval analogous to the convergence interval, 0 < t-ty<<f (to,Xo,l), iS not
less than the period T. Unfortunately, if the differential equations are reduced to
quasi linear standard form, which is the usual practice, and the expansion (1.2) does
not apply with ¢<T, then the asymptotic method either fails completely or yields
erroneous results. An analytical method can be improved by using a convenient
parametric substitution, which consists in a rewriting of the differential equation
parameters. Then each of them presents itself as the product of the former parame-
ter and an auxiliary new one at an entire or fractional power, in general different
according to the parameter considered. This leads to series expansions with entire
or fraction powers, characterizing the analytical solution of the equation. Such a
method leads to guess the “intrinsic parametric dependence” of the solution. This
may be facilitated when the equation is the model of a physical process with a well-
understood behaviour, or via numerical simulation of the solution.

The future development of analytical methods is hindered by a major difficulty
due to the fact that the “intrinsic parameter dependence” does not remain the same
for a given equation when its parameters vary. Pure mathematicians accept the
characterization of a solution by a series expansion, only if an existence theorem of
the solution by a series expansion, has been proved. Such proofs generally present
technical difficulties for their establishment, which implies before the understand-
ing of the intrinsic parameter dependence. In the presence of changes of the
intrinsic parametric dependence according to the parameter space point, this
would imply the demonstration of as many theorems as number of changes,
which is non-realistic.

For the future, it is likely that the interest in the analytical methods will not be
restricted to limited cases, for which an explicit dependence of a solution with
respect to the parameters of the problem is necessary for an application [21].

In this context, it can be written that these recent results will be used to search for
better and more efficient solution methods for determining a solution, approximate
or exact, analytical or numerical to nonlinear models or linear models with variable
coefficients.

Large varieties of engineering, physical, chemical or biological phenomena are
governed by nonlinear evolution equations. Obtaining the exact solutions of non-
linear equations, if available it is important because among others, facilitates the
verification of numerical solvers and aids in the stability analysis of solutions.
Analytical solutions to nonlinear differential equations play an important role in
nonlinear science, especially in nonlinear physical science since they can provide
much physical information and more inside into the physical aspects of the problem
and thus lead to further applications.
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In the field of nonlinear dynamical systems, rapid progress in the last two
centuries has occurred due in large measure to the ability of investigators to respect
physical laws in terms of rather simple equations. In many cases the governing
equations were not so simple, therefore certain assumptions, more or less consistent
with the physical situation, were employed to reduce the equations to types more
easily solvable. Thus, the process of linearization has become an intrinsic part of
rational analysis of physical problems. An analysis based on linearized equations,
then, may be thought of as an analysis of a corresponding but idealized problem.

In many instances the linear analysis is insufficient to describe the behaviour of
physical systems adequately. In fact, one of the most fascinating features of a study
of nonlinear problems is the occurrence of new and unsuspected phenomena i.e.,
new in the sense the phenomena are not predicted, or even hinted at by the linear
theory. On the other hand, certain phenomena observed physically are unexplain-
able, except by some known aspects due to nonlinearities present in the systems.
Nonlinearities are commonplace in engineering systems. They result from struc-
tural proprieties which give rise to nonlinear elastic forces, geometrical and kine-
matic configurations which create autoparametric interactions or combined bending
and torsional motion, inertial effects including rotational loadings, deformations
such as curvatures and buckled states, machine tool chatter vibrations due to tool
and work-piece interactions, aerodynamic effects, the elastic foundation, strain
displacement of plates, systems with electric deformations, fluid—structure interac-
tion, finite belt stretching, internal combustion, and so on.

As exact solutions for strongly nonlinear system are frequently scarce, at least at
the present state of knowledge in nonlinear mathematics, an approach of accurate
semi-analytical or approximate analytical solutions is most significant appealing. In
this respect, new and innovative approaches capable to solve nonlinear dynamical
systems beyond the restriction of the classical methods of perturbation and har-
monic balancing are presented here and then applied to acquire accurate approxi-
mate higher-order analytical solutions for nonlinear problems. The motivation of
this book is to extend the analysis of different known methods in literature, to solve
different types of nonlinear problems.

In the last years, some fruitful results have been obtained for solving various
nonlinear problems. There exist some well-known analytical approaches applicable
for nonlinear problems such as the method of harmonic balance [22], the Lindstedt-
Poincaré method [22], a modified Lindstedt-Poincaré method [23], the averaging
method [8], a symbolic computation to implement an averaging method with
elliptic functions [24], some extensions of the harmonic-balance method, the
Krylov-Bogolyubov and elliptic perturbation method to the case of complex
strongly nonlinear differential equations [25], the boundary element method [26],
the weighted linearization method [27], the artificial parameter method [28], the
homotopy analysis method [29], the homotopy perturbation method [30], the
variational iteration method [31], a quasi-linearization method [32], and so on.
All of the above mentioned methods work very well for weakly nonlinear
dynamical systems and some of them work even for strongly nonlinear problems.
It is very important in case of strongly nonlinear dynamical systems, to prove and to
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ensure the condition of convergence of the solutions. Every approach used in the
study of nonlinear dynamical systems must be rigorously proved, even if the results
obtained by the approach are in good agreement with other known results in
literature.

It is also worthy to note that the majority of scientists have not been led to their
discoveries by a process of deduction from general postulates, or general principles,
but rather by a through examination of properly chosen particular cases [21]. The
generalizations have come later, because it is far easier to generalize an established
result then to discover a new line of argument. Generalization is the temptation of a
lot of researchers working now with nonlinear dynamical systems.

The important development of the theory of nonlinear dynamical systems,
during these centuries, has essentially its origins in the studies of the “natural
effects” encountered in these systems, and the rejection of non-essential
generalizations, i.e. the study of concrete nonlinear systems have been possible
due to the foundation of results from the theory of nonlinear dynamical system field.



Chapter 2
Perturbation Method: Lindstedt-Poincaré

We seek an expansion that is valid for small but finite amplitude motions. It is
convenient to introduce a small, dimensionless parameter ¢ which is of the order of
the amplitude of the motion and can be used as a crutch, or a bookkeeping device, in
obtaining the approximate solution [22, 33-35]. For instance, the equation of
motion of an autonomous weakly nonlinear system has the form:

i+ o’u=¢f(u), 0<e<<l (2.1)
where in general f is a nonlinear function and u# = ‘é—';.

The perturbation method aims at getting a periodic solution of Eq. 2.1 in the form
of a power series with respect to ¢. This method, introduced about 1830 by Poisson,
was at first applied formally, without any theoretical justification. Nevertheless it
has been successfully used to obtain some effective solutions especially in celestial
mechanics. By the end of the nineteenth century, the method has been improved as
far as calculation is concerned by Gylden, Lindstedt, Bohlin, and others. However,
the main contribution to the perturbation method is due to Poincaré [1], who
elaborated in 1892 its theoretical grounds and made possible its systematic applica-
tion to various problems of nonlinear oscillations. We shall discuss in this section a
variant of the perturbation method proposed by Lindstedt in 1883.

There is no real and rigorous connection between the way that ¢ is used in
different terms of a nonlinear differential equation and the manner in which it can
be applied to the damping, for example. Besides, it forces the assumption onto the
problem that there is a genuine strength similarity between damping, excitation, or
nonlinear restoring force. In reality this may be a rather vague supposition and
almost impossible to prove unequivocally. The use of ¢, also introduces the implicit
assumption that occasionally certain term is of the second order in &, whereas other
term can be of the first order in e. Again, such comparison is hard to contemplate
accurately and definitively, but if it does turn out to be physically unacceptable,
then the particular ordering scheme cannot be used. It is important to proceed with
caution and to use one’s experience judiciously. The parameter ¢ can be seen as a

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering, 9
DOI 10.1007/978-3-642-22735-6_2, © Springer-Verlag Berlin Heidelberg 2011
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convenient universal scaling parameter for different, apparently unrelated
quantities within the equation of motion such as damping, excitation amplitude,
and coefficients of nonlinear terms. On that basis, one might construct a set of
physically reasonable orderings which together convey the requirements for soft
excitation, relatively weak damping and subordinate status for geometric nonlinearities
when compared with their linear counterparts. The other possibility for introducing ¢ is
based on formal nondimensionalization of the dependent variable (i.e. the chosen
coordinate) and the independent variable.

Let us suppose that Eq. 2.1 has a periodic solution u(#) of some period T. We
cannot try a solution of the form:

u(t) = uo(t) + euy (¢) + ur (1) + ... (2.2)

because some functions u(f) could be aperiodic. Such a situation occurs, i.e. for the
expansion of the periodic function sin(1 + &)z

. . 1 22 .
sin(1 + &)r = smt—l—stcost—is sint + ...

whose coefficients are not periodic. Terms likez cos ¢, £ sint, ... in which the time
t appears as “amplitude” are called secular terms. It is obvious that the existence of
such terms, which grow beyond and bound as ¢t — oo, destroys the periodicity of
the expansion when only a finite number of its terms are considered, which is
usually the case.

This difficulty may be avoided by developing the period T(¢)in a power series
with respect to &:

2
n@:£m+mHﬁm+m) 2.3)

and introducing into Eq. 2.1 the new independent variable

2t wt

=" _ 2.4
T Tt +ethy+ 24
Then, Eq. 2.1 becomes
d*u ) 2 € ) 2
ﬁJr (1+eh +&h+..)u :E(l +ehy + €h + ...) f(u) (2.5)

and has a periodic solution u(t) of constant period 2n. Consequently, we may
assume for u(7) in Eq. 2.5 the power series

u(t) = up(t) + euy (1) + ua (1) + ... (2.6)

whose coefficients u,(7) have to be periodic functions of 7 of period 27.
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Now, we suppose that the initial conditions are
u(0) =a, u(0)=0, 2.7
We satisfy the conditions (2.7) by requiring that

dui(0 duy(t
uo(O) =da, uk+1(0) = 0, % (: CI;‘E' ) 10> =0 for k = 0, 1,2... (28)

By substituting Eq. 2.6 into Eq. 2.5 and taking into account that

(14 ¢ehy + hy + & hs 4 ..)* = 1 + 2ehy + &2 (h* + 2hy) + 26 (hy + hiha) + ..
(2.9)

and
f(u) =f(uo) + (sur + €ur + uz +...)j (uo) +%(8u1 + &fup+
+&us + .. ) (o) + . ... =f(uo) + emrf'(uo) + &[uaf '(uo)+  (2.10)
+ %u?f”(uo)] + & [usaf" (uo) + uyuof” (uo)] + . . .

by equating coefficients of like powers of ¢, we obtain the set of recursive linear
differential equations:

d2u0
W “+ ug = 0
d*uy [ (uo)
WJF uy = —2hyup + P = —2hyug + ¢ (1)
d’ i 2h
£—|— U = —2h2M0 — 2/’!1141 — /’l%uo + le (MO) + ]f(l/lo) =
dr? 2
= (2ha + i) o + 3()
d2u3 2
W—F us = —2(h3 + hihy)ug — (hl + 2h2)u1 —2hur+

N wf (u'o) + %u% "(ug) 4+ 2hyuyf' (uo) + (h% + 2h2)f(uo)
02

— 2(h3 + hyho)ug + ©3 (‘E)
(2.11)

and so on, where the symbol := means “note”.
The general solution of Eq. 2.11, satisfying Eq. 2.8 is

up(t) = acost (2.12)
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In order to integrate Eq. 2.11,, we develop the function () in a Fourier series.
We obtain

©1(t) = Cy9+ Cricost+ Cip 0827+ Ci3cos 3T + ... (2.13)

and therefore, Eq. 2.11, becomes

d2u1

W+u1:—2h1acosr—|—C10+C11cosr+ZC1kcoskT (2.14)
T

k=2

The solution of this equation does not contain secular terms provided that there
are no terms containing cos tand sin tin the right-hand side. This condition gives
—2h;a + Cy; = 0, whence

Cn
h=— 2.15
s @.15)
The general solution of Eq. 2.14 is then
ul(r):Clo—i—i Cux coskt + oy cost + f3; sint (2.16)
c— 11—k
From initial conditions (2.8) we deduce that
— Cux
ap = —Cio —
; I-r (2.17)
B =0
We now have
ui(t) = Cro(l —cost) + i “u (coskt — cos 1) (2.18)
1 —k?

k=2

Introducing Eqs. 2.12 and 2.18 into Eq. 2.113 yields ¢,(7) and hence can be
expanded in a cosine series, and so on.

Assume that we have determined in this way the functions u(t), and the
constants /i, for k = 1,2,....,m-1, and that we may calculate (7). By expanding
©m(7) in a Fourier series, we obtain

©m(T) = Cpo + Ci1 cOS T + Z C i coskt (2.19)
=2
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and the m-th equation in Eq. 2.11 becomes

d*u,
St = = (2 2y + 2oy o+ Jacos T+
T
00 (2.20)
4+ Cyo + Cyp1 CcOST + Z Ci cos kt
=
Requiring the periodicity of u,,(1) gives
Cm
o = L — By — hohya... (2.21)
2a

and we deduce as before, by initial conditions (2.8) that u,,(t) may be taken under
the form

un(t) =C

(coskt — cos 1) (2.22)

3
O
I
(@]
]
«
=2
_l’_
_
&MS
)
E

We may thus successfully determine the function u,(7) and the constants /4. The
solution of Eq. 2.5 is then Eq. 2.6, where 1 is given by Eq. 2.4 and the period T is
given by Eq. 2.3.

It is apparent from above that there are no special difficulties in applying the
perturbation method up to any step. However, the second and following steps do not
qualitatively change the approximate solution. They only introduce small quantita-
tive corrections of order &> or higher, which, usually, do not justify the amount of
calculation involved.

Poincaré has shown by an example that, in general, the series (2.6) obtained by
the method of Lindstedt-Poincaré may not converge. In the variant of the perturba-
tion method devised by him, the solution is obtained once again as a power series
with respect to ¢, which uniformly converges to u(t) if ¢ and the initial amplitude lal
are sufficiently small, but which may contain secular terms. Poincaré was interested
in astronomical problems, in which the presence of secular terms is harmless,
because of the relatively slow motion of the planets.

However, for the study of nonlinear vibration with comparatively high
frequencies, a casting-out of the secular terms, as the one of Lindstedt discussed
above, seems to be better suited. Moreover, since the expansion (2.6) is practically
limited to its first one or two terms, one is mainly interested in the asymptotic
behaviour for ¢ — 0 of this truncated expansion, and the possible divergence of the
whole series is generally immaterial.
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2.1 The Oscillator with Cubic Elastic Restoring Force

The oscillator with cubic elastic restoring force occupies an important place in the
theory of nonlinear systems, since it is the simplest oscillator displaying specific
nonlinear properties. On the other hand, it provides a first approximation for the
behaviour of a much large class of oscillators. Indeed, for sufficiently small values
of lul, the cubic characteristic may approximate as well as we please an elastic
characteristic given by an arbitrary analytic function of «. Finally, another argument
in favour of a detailed study of this oscillator is the possibility that it gives to
compare an exact solution with the approximate solutions obtained by various
analytical methods.

Let us consider the equation of motion of a conservative oscillator with cubic
elastic restoring force (well-known Duffing equation)

i + w’u(l+ew’) =0 (2.23)
with the initial conditions
u(0) =a>0, u(0)=0 (2.24)

where ), ¢ and a are constants.

2.1.1 The Exact Solution of Duffing Equation

The potential energy per unit mass for Eq. 2.23 is

u
2.2

Gu) = szu(l +at)du = o= (1+20) (2.25)

0

The energy equation reduces in this case to
)
E(t) = 5 +G(u) =Ey (2.26)
where v?/2 is the kinetic energy per unit mass (zi=v) and
2

Ey = 30 + G(up) (2.27)

is the initial total energy of the system per unit mass. From initial condition (2.24)
we obtain the energy equation
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2.2

v wlu P
v 1+2 2) —E 2.28
-+ (+2u 0 (2.28)
where
wzaz &
Ey = (1 ¢ 2) 22
o= (1+3a (2.29)

From Egs. 2.28 and 2.29 we deduce the velocity as function of the displacement

v(u) = :l:a)\/(a2 —u?) {1 + % (@® + uz)] (2.30)

from which the extreme values of the speed

via = +oay /1 —|—§a2 2.31)

results for u = 0. The extreme values of the displacement may be obtained by
putting v = 0 in Eq. 2.30. We find, as expected, u; , = *a. From Eq. 2.28 we see
that the phase trajectories are symmetric with both coordinate axes.

Next, it follows from Eq. 2.30 that the time necessary for the representative point
to move in the lower half-plane from A(a,0) to the point of abscissa u is

(" du
t(u) = —— (2.32)
w L \/(a2 — uz)[l Jr%(az 4 u2)]

By interchanging the limits of integration and putting u = an, where 7 is a new
variable, Eq. 2.32 becomes

(2.33)

V2 (! dn
tu) = —
= o J \/(1—772)(1+%+?72)

This expression may be further transformed by means of the elliptic integral of
the first kind F(p.k), [36, 37]. We then obtain

F(arc cos®; k)

tu) = 2.34
() oV 1+ ea? ( )
where
2
k= —22 (2.35)
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Finally, by inverting the function (2.34), we find the exact solution of the

equation of motion

u=acn (a)t 1 + ea?; k) (2.36)

where cn is Jacobi’s elliptic function (elliptic cosine).
We also notice that the quarter of the vibration period may be calculated by

putting # = 0 into Eq. 2.36, and hence the period is given by
4
K(k) (2.37)

4 s
T(@) =———F (k) =——
(@) V1 +ea® \2 oV'1 + ea?

where K(k) is the complete elliptic integral of the first kind.
In the special case when ¢ is sufficiently small, then

2 2
2 ea ea 2 2 2 2 3
— = 1= - :
= = [1-e?+ () = )+ @39)
1 ea® 3(5(12)2 5(8612)3 35(8(12)4
S e L (2.39)

7:1_7+
V1+ea? 2 8

k> 9k* 25k® 12258

Y
Ky =" (145420 20 1
() 2<+4+64+256+16384 )

After some manipulation we obtain

< 3ea’  572a* 3158%4° N ) (2.40)

(| ke 5TPat 3158
B 8 256 2048

(0]

T(a)

Using the series expansion of the elliptic cosine

' _2n q(k) nx  q(k)\/q(k) 37mx
enlx k) = (1 a0 kW T T P COS2K(k)+'">

where

K (V=) oan
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we obtain the solution (2.36) in the form

_ 2ma q(k) 2n  q(k)\/q(k) 2n
u(r) _kK(k) (Tq(k) cosTH—m 00537t+...> (2.42)

We remark that Eqgs. 2.40 and 2.42 may be very useful, especially when
comparing the exact solution to approximate solutions obtained by other methods.

2.1.2 Use of the Perturbation Method for Duffing Oscillator
with Small Parameter

We shall apply the perturbation method to determine an approximate solution of
Eq. 2.23 satisfying the initial conditions (2.24), under the assumption that the elastic
nonlinearity is weak. We try a solution of the form (2.6) where the variable 7 is
given by Eq. 2.4 and the period T is given by Eq. 2.3. In this case, Eq. 2.5 becomes

" /" 2.1 3.1
M0+8u 1+8L{2+8u3—|—...—|—

+ [T+ 2me+ (4 2m)e® + 2(hs + hiha)e® + .. ] (uo + euy + ur+
+&uy+...) = —[e+2me* + (h +2hy)e® +...] - [u + Bugue+
+ 3 (uoui + ugun)e* + ... ]

(2.43)

where o/ = 9.
Equating the coefficients of like powers of ¢, we obtain the first three

approximations from the following four equations:

"o+ up =0 (2.44)
W'y +uy = —2hjuy — 1y (2.45)
u'y +up = — (I + 2ha)ug — 2hyuy — (Buguy + 2hu3) (2.46)

M”3 + uz = —2(/’13 + hlhz)uo - 2(1’1% + 2/’12)141 - 2h1u1—

(2.47
— (] + 2h2)ug + 6hyuguy + 3 (uout + ugur)] )

From Eqgs. 2.44 and 2.7 we obtain

Uy = ACOST (2.48)
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Taking into consideration Eq. 2.48, Eq. 2.45 may be also written in the form
3 3 3
W' +u = — (2ah1 + %) COST — % cos 3t (2.49)

from which, by Eqgs. 2.15, 2.7 and 2.18, it follows that

3 2
hy =2 (2.50)
8
and
&
uy (1) = == (cos 3t — cos 1) (2.51)
32
By substituting the last two solutions into Eq. 2.46, we obtain
57a° 3d° 3a°
W'y 4+ uy = (1—26; - 2ah2> cosT + 1_a6 cos 3t — Eag cos 5t (2.52)
and we deduce in the same way as above that
57a*
hy = — 2.53
2 =556 (2.53)
and
3615 5
up(1) = 8 (cost —cos37) + 074 (cos 5t — cos 1) (2.54)

Finally, by substituting Egs. 2.50, 2.51, 2.53 and 2.54 into Eq. 2.47, we have

u's+u3 = — 11074’ —2ah3 | cost — 705a’ cos 31+
3T 4096 } 4096
(2.55)
a’ a’
+5T cos 5t — 512 cos 7t
from which it follows that
1107a°

hy = ———2 (2.56)

8192
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and

(r) = 7054" (cos3t —cost) + 13"
3\ = 32768 ’ Y 12288

7

+ 24576

(cost — cos 57)+
(2.57)

(cos Tt — cos 1)

Taking into consideration Egs. 2.51, 2.54 and 2.57, we obtain, from Eq. 2.6, the
approximate solution satisfying Eqs. 2.23 and 2.24 to within an error of third-order
n &:

u(t) =acost + @ (cos3t —cost) + e (cos 5t — 24 cos 31 + 23 cos 1)+
B 32 1024
3,7
+ 98;04 (4 cos 7t — 104 cos 51 + 2115 cos 31 — 2015 cos 7)

(2.58)

Next, by introducing Egs. 2.50, 2.53 and 2.56 into Eq. 2.3, we derive the
corresponding approximation for the period

T

§ 256 8102

(2.59)
(03]

_2n (1 3ea* 57¢%at 110783616)

The approximate expression (2.59) of the period, as obtained by the perturbation
method, coincides with the exact expansion (2.40), as expected, to within terms of
third-order in small parameter &.

2.1.3 Use of the Perturbation Method for Duffing Oscillators
with Strong Parameter

Perturbation method provides the most versatile tool available in nonlinear
dynamical systems and is constantly developed and applied to ever more complex
problems. But, perturbation method has its own limitation: it is based on such
assumption that a small parameter must exist in equation. This so called small
parameter assumption greatly restricts applications of perturbation techniques, and
as it is well-known, an overwhelming majority of nonlinear problems, especially
those having strong nonlinearity, have no small parameters at all.

It is even more difficult to determine the so-called small parameter, which seems
to be a special art requiring special techniques. An appropriate choice of small
parameter may lead to ideal results; however an unsuitable choice of small param-
eter results in badly effects, sometimes seriously. Even if there exists suitable small
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parameter, the approximate solutions obtained by the perturbation method are valid,
in most cases, only for small values for the parameter.

To overcome this limitation, many novel techniques have been proposed in
recent years. For example Cheung et al. [38] presented a modified Lindstedt-
Poincaré method. They expand w? instead of w:

o’ = w% +ehy + hy + ... (2.60)

and a new parameter is defined as

Sh]
=— 2.61
x (A)(z) + 8h1 ( )

It is much better to expand u and o? into a power series with respect to o:
u=uy + oy + Cuy + ... (2.62)
w* = 0} +ohy + o*hy + ... (2.63)

The essence of the proposed method is to expand the coefficient 1 from the
equation i + u = f(u) rather than the nonlinear frequency into a series of &:

1=w*+¢eCi +&Cr+ ... (2.64)

where the constants »” and C; can be identified by means of no secular terms.
Dai [39] introduced another transformation of the independent variable t:

t =1+ eF(u(t)) +0(e?)

where F(u(t)) is an unknown nonlinear functional further determined.

J.H. He [40-43] proposed some perturbation techniques (Taylor expansion,
artificial parameter, linear perturbation method, parameterized perturbation
method, bookkeeping artificial parameter perturbation method, iteration perturba-
tion method, etc.) which are valid for large parameters. In what follows we present
two versions of modified Lindstedt-Poincaré method applied for the Duffing non-
linear oscillator.

(a) In the first version, in 2004 H. Hu [44] presented a classical perturbation
technique which is valid for large parameters. Hu considered the Duffing equations
in the form

it+u+te’=0 (2.65)
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and the initial condition
u(0)=a, u(0)=0 (2.66)

where ¢ is a parameter which does not need be small.
For Eq. 2.65, the solution is assumed to be in the form

u(t) = uo(t) + eur (t) + &ua () + ... (2.67)
and the fundamental frequency in the form [38], [42], [44]:
Q% =1+¢h +¢chy+ ... (2.68)

where /; are unknown constants.
By substituting Eqgs. 2.67 and 2.68 into Eq. 2.65 we obtain

(120 + &iiy + %y + ) + (92 —¢&h — szhz...) (uo +euy + up + )—|— 2.69)
+e(uo + e + Sy +...) =0 '

By equating coefficients of like powers of ¢, and processing as the standard
perturbation method, we have

iig + Q%up =0 (2.70)
ity 4+ Q%uy = hyuy — 13 (2.71)
I:iz + Qzuz = h2M0 + hlul - 31/{8111 (272)

and so on.
The initial conditions are replaced by

up(0) =a, up(0)=0, u;(0)=u;(0)=0, i=1,2,.. (2.73)
Solving Egs. 2.70 and 2.73, we have
uo(t) = acos Qr (2.74)

Substitution of u, into Eq. 2.71, results into

3 3
1 +Q2u1 = <ah1 — 4a3) cos Qt —1a3 cos 3Qt (2.75)
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Eliminating the secular term needs

3
h = Zaz (2.76)

and thus the solution of Eq. 2.75 becomes

3

uy (1) = 3;? (cos 3Q¢ — cos ) (2.77)

Now, by substituting Eqgs. 2.76 and 2.77 into Eq. 2.72, we have the following
equation

iy 4+ Q%u, = (ah + i) cos wt — i cos 5Qt (2.78)
: 2T T s 12802 ’

Avoiding the presence of secular terms requires

hy = —% (2.79)
The solution of Eq. 2.78 with the initial conditions (2.73) becomes
&
(1) = 0720 (cos 5Qt — cos Q) (2.80)

If the second order approximation is sufficient, from relation (2.68) we have

3ea? 3e2at
=1+ 2.81
4 12807 (281)

Solving for Q gives

1
Qupp =7 \/ 8 + 6ea2 + \/64 + 96ea® + 30e2a* (2.82)

The second approximate solution of Eq. 2.65 is obtained from Eqgs. 2.67, 2.74,
2.77 and 2.80:

e’ 25
t) = acos Qt + —— (cos 3Qt — cos Qt
u(t) = a e ) 3oma

(cos 5Qt — cos Qr)  (2.83)

where the frequency 2 is given by Eq. 2.82.
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The exact frequency of the periodic motion of the Duffing equation is obtained
from Eq. 2.37 with w = 1, because into Egs. 2.65 and 2.24 o is considered equal
with 1:

/2 do - ea®
_T/ 2 _
e 2 e <Jo 1 - mzsinz(?) " 2(1 + ea?) 259

For comparison, the exact frequency obtained by Eq. 2.84 and the approximate
frequency given by Eq. 2.82 are listed in Table 2.1

Table 2.1 indicates that the formula (2.82) can give excellent approximate
frequencies for both small and large parameters.

So, for large ¢, the present approximate frequencies have the same feature as the
exact one, even in case ea® — o0o. We have

Q 6+ /30 ( db
lim e _ VO JZ ~0,999691  (2.85)
sa?—o00 Q()x 2n 0 \/ 1 — O, 55in20

Therefore, for any value of ¢, the maximum relative error of the second approxi-
mate frequency obtained for the Duffing equation by means of traditional perturba-
tion technique, is less than 0.03%, with respect to the exact solution

It is at least strange that this traditional perturbation method work for large
parameters.

If normal expansion is used for the frequency

Q=1+4eC, +C+ ... (2.86)

instead of expansion (2.68), the results are different in the cases of small and large
parameters. For example, from Eq. 2.58 we derive the corresponding first approxi-
mate frequency (for ® = 1) in the case that ¢ is small:

2
Q=142 (2.87)
8
Table 2.1 Comparison of 2
approximate frequencies with = upp (2.82) 2oy 289
the corresponding exact 02 1.07200 1.07200
frequency for the Duffing 0.6 1.20173 1.20173
equation 1 1.31776 1.31778
5 2.15018 2.15042
10 2.86613 2.86664
100 8.53110 8.53359
1,000 26.8025 26.8107

10,000 84.7013 84.7245
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On the other hand, the first approximate frequency, obtained from Eqgs. 2.76 and

2.68 for any ¢ is
3
Q=4/1+ Zsa2 (2.88)

Formula (2.88) can give good approximate frequencies for both small and large
parameters, but for large parameters, formula (2.87) is not valid, because

1 +%£a2 £ 1 +%8a2.

We believe that the Duffing equation is one of rather equations in which the
expansion (2.68) can be used instead of Eq. 2.86.

In Fig. 2.1 is presented a comparison between the numerical solution and
analytic solution (2.83) of Eq. 2.65 in the case a = w = 1, ¢ = 0.1 while Fig. 2.2
presents a similar comparison for the analytic solution (2.83) of the Eq. 2.65 in the
casea = w = 1, ¢ = 1. A very good agreement was found between the numerical
and analytical results for Eq. 2.65 in both cases.

uct)
1
0.5

t
1 2 3 = 5 6
-0.5
=1
Fig.2.1 Comparison between the results obtained for Eq. 2.65: numerical solution; _ _ _ _

analytic solution (2.83) fora = w = 1, = 0.1

u(t
1
0.5

t
1 2 3 4
-0.5
-1
Fig. 2.2 Comparison between the results obtained for Eq. 2.65: numerical solution; _ _ _ _

analytic solution (2.83) fora = w =1,e =1
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It is clear that the Lindstedt-Poincaré procedure produces a periodic expression
describing the motion of the system, a frequency-amplitude relationship which is a
direct consequence of requiring the expression to be periodic and higher harmonics
in the higher-order terms of the expression.

(b) In the second version we expand o” in series (2.60) and define the parameter
o by Eq. 2.61 such that

o
hi(l—a)’

&E =

(0o = 1) (2.89)

With the transformation 1 = Qf, Eq. 2.65 becomes
QU +u+e’ =0 (2.90)

where primes denotes differentiation with respect to 7. The fundamental frequency
Q given by (2.68) becomes

Q= (1 +1;fa) (1+ Jpo® + 2o + ..

1
:m(1+zza2+i3a3+...) 2.91)

where &y, A, 3. .. are unknown constants which will be determined in the later by
perturbation steps successively.
Substituting Egs. 2.89 and 2.91 into Eq. 2.90 yields:

(1+ Joo® + 303 + ) (o 4 oy + o2us + )+

o 2.92
+(1 —ot)(uo+ocu1 +oc2u2—|—...)—|—h—(uo—|—ocu1 +oc2u2—|—...)3 =0 ( )
1

It can be seen from Eq. 2.61 that the value of « is always kept small regardless to
magnitude of ¢h,. It is observed that o is a new small parameter which is considered
to be better than ¢. It will enable a strongly nonlinear system corresponding to ¢ be
transformed into a small parameter system with respect to o.

Equating the coefficients of like terms of o into Eq. 2.92 the following set of
linear differential equation can be obtained

u"o 4+ up = 0,u0(0) = a,u's(0) =0 (2.93)
Ll3
W'y 4wy =up — h—o ,u1(0) = 0,4/1(0) =0 (2.94)
1
3u%u1

M”z 4+ up = uy + Aoig — ——, I/lz(()) =0, M/Q(O) =0 (2.95)
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From Eq. 2.93 we obtain
Up = A COST (2.96)

Equation 2.94 becomes

W'y +u=all-— 3@ CoST — @ cos3t,u1(0) = 0,u4'1(0) =0 (2.97)
1 1= 4h1 4h1 y U1 — YU, 41 - .

In order to ensure that no secular terms appear in the next iteration, resonance
must be avoided, so that the coefficient of cost in Eq. 2.97 requires being zero:

3
hy = Za2 (2.98)

So, from Eq. 2.97, we have the following solution

a
2.
uy = (COS 37 —cos ‘C) ( 99)

Substituting Eqgs. 2.96 and 2.99 into Eq. 2.95, yields

1 1
W'y +uy = a(m + 24> COST — ﬁa cos 5t (2.100)

Avoiding the secular term into Eq. 2.100, we obtain

1
Ay = —— 2.101
2 2 ( )
and therefore Eq. 2.91 becomes
1 3 3e2at
Q=— 1+ b +.)=14+>ea* ———— 2.102
[ (TR ) =l gad — et (2.102)

To illustrate the remarkable accuracy of the obtained results, we compare the
approximate period

2n 2n
Taw =g = | 4+ 3eg2 — 3% (210
\/ 1807 — 3R o6
with the exact one obtained from Eq. 2.84
4 f do ea’
o m=_——— (2.104)
T VTtea Jo V1= msin0 2(1 + ea?)
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What is rather surprising about the remarkable range of validity of Eq. 2.103 is
that the actual asymptotic period is also of higher accuracy as o> — oo

lim
£a?—00 Tapp T

17 =
T.. 2\ [} do
* = \/;J =0,999271 (2.105)
0 y/1 —0,5sin%0

Therefore, the approximate analytical solution of the Duffing equation has an
error which never exceeds 0.07% with respect to the exact solution.

These extensions of the Lindstedt-Poincaré method, which are simple and easy
to use, are effective methods for dealing with strongly non-linear vibration of single
degree of freedom systems which cannot be treated by the standard Lindstedt-
Poincaré method.

Remark. In general, perturbation methods work very well for weakly nonlinear
dynamical systems and there exist cases when this procedure leads to inappropriate
results. For instance, we consider the weakly nonlinear system

X = 0.5x — exy,

(0)

X 4
y = —0.3y + 2exy y(0) =1

(2.106)

where ¢ is a small parameter and dot denotes derivative with respect to time ¢. For
Eq. 2.106 we may suppose the power series

XO([) + SXI(I) + SZXQ(I) + SBX3([) + ...

) 2 3 (2.107)
y(#) = yo(t) + ev1 (1) + &%v2(1) + &y0(1) + ...

By substituting Eqgs. 2.107 into Egs. (2.106) and equating the coefficients of like
powers of ¢, we obtain the following linear differential equations:

X = 0.5x0, 0)=4
xf) X0 x0(0) (2.108)
yo = —0.3_)707 yO(O) = 1
¢ = 0.5x; — XoYo, 0)=0
Hi X1 = X0)o x1(0) (2.109)
y1 = —0.3y1 + 2x0y0, »1(0) =0
6 = 0.5x, — : 0)=0
.Xz X2 — (Xoy1 + Xx10) x2(0) (2.110)
¥, = —0.3y2 4+ 2(xoy1 + x1)0), ¥2(0) =0
iy = 0.50; — , 0)=0
X3 X3 — (xoy2 + x1y1 + x2)0) x3(0) (2.111)

y3 = —0.3y3 + 2(xoy2 + X131 + x2)0), y3(0) =0

The Egs. 2.108 yields
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Xo = 460.51‘

_ o (2.112)

Yo
By substituting Eq. 2.112 into Eq. 2.109 and solving these equations, we obtain
40 40
2202 _ 2 s

3 3 (2.113)
yi = 166021 _ 1667031

X1

Now, substituting Eqgs. 2.112 and 2.113 into Eq. 2.110 and solving these
equations, it results

Xy = @eo.m — 300007 _ i,zoeo.zz + ?e—(ﬂr
928 400 (2.114)
vy = 48¢703 | 128607 T6021 + Te—Olz
From Egs. 2.111, 2.112, 2.113 and 2.114 we obtain
X3 = — 7522200 05 5172061.21 + 21;60€0.7r + 1220030'4’
8640060421_ 21200 o Ol @e—om
27 27 81 2.115)
48544 _ .5, 2048 ,, 8704 ., 25600
e T 3 ¢ T3 ¢ 21 ¢
345926,0421_ 424006,70.1r _ @[0.4;
9 9 9

Finally, from Egs. 2.107, 2.112, 2.113, 2.114 and 2.115, for ¢ = 0.001, we
obtain an approximate solution of the fourth-order in the form

X(t)
7000 N
6000 !
5000

4000 d
Fig. 2.3 Comparison 3000 /

between the numerical 2000
solution x(t) of Eq. 2.106 and
approximate solution (2.116): 1000
numerical solution; _ _ t

_ _ approximate solution 2 4 6 8 10 12 14
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Fig. 2.4 Comparison y(t)

between the numerical 6000

solution y(t) of Eq. 2.106 and

approximate solution (2.116): 5000
nume'zrical soluti.on; o 4000

_ _ approximate solution

3000
2000
1000

5 10

x(1) = —0.00000073¢'% — 0.00031274¢"7" 4 3.9872¢%5 +

+ 0.00000426¢%% + 0.01307¢%% + 0.00002143¢ "1 +2.46 - 10~ 404

y(£) = 0.0000006826¢"% + 0.00012509¢ 1" 4 0.000001219¢"4 +

+0.01569¢"% + 0.0001286¢ 1" 4 0.98405¢ "3 — 0.000000444¢ "4
(2.116)

In Figs. 2.3 and 2.4 is presented a comparison between the numerical and
approximate solutions (2.116) of the Eqgs. (2.106) in the case of ¢ = 0.001, where
an important discrepancy between these solutions can be observed.

In conclusion, the perturbation method does not work very well in all cases, even
though in the differential equations is involved a small parameter. Therefore, this
remark lead to the conclusion that more powerful methods should be developed to
overcome these difficulties. Some suitable methods will be presented in Chaps. 6-9.






Chapter 3
The Method of Harmonic Balance

This method may be used to determine the approximate periodic solutions of
nonlinear differential equations. If a periodic solution does exist, it may be sought
in the form of a Fourier series, whose coefficients are determined by requiring the
series to satisfy the equation of motion. However, in order to avoid solving an
infinite system of algebraic equations, it is better to approximate the solution by
finite sums of trigonometric functions, i.e.

M
u(t) = A cos(kot + ki) (3.1)
k=0
or
M
u(t) = Agsin(kot + k) (3.2)
k=0
or
M
u(r) = Z (Ag cos kot + By sin ko) (3.3)
k=0

For the sake of simplicity, we have been considered systems governed by equations
having the form

ii + au + bii* + cuii* = 0,a>0 (3.4)

where a, b and ¢ are constants.

Substituting for example Eq. 3.1 into the governing Eq. 3.4 and equating the
coefficient of each of all harmonics to zero, leads to a set of algebraic equations
whose number is generally greater than that of the coefficients Ay and w. Therefore,

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering, 31
DOI 10.1007/978-3-642-22735-6_3, © Springer-Verlag Berlin Heidelberg 2011
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to obtain a compatible system, we limit ourselves to imposing a number of
conditions equal to the number of coefficients to be determined. This procedure
obviously yields only an approximate solution. Usually these equations are solved
for w, Ay, Ay, Az, ..., Ay in terms of A;. The accuracy of the resulting periodic
solution depends on the value of A; and the number of harmonics in the assumed
solution (3.1).

First, we consider only one-term expansion into Eq. 3.1:

u(t) = Ay cos(wt + @) := Ay cos ¢ (3.5)

we have
L pwta? A 24, + Lepral
Ew 1+ |ad —o 1—|—ch 1] cosp—
1 1
- Ebw2A% cos2¢p — chzA? cos3¢p =0 (3.6)

Equating the coefficient of cos ¢ to zero, we obtain

1 —1
w’ = a(l — ZcA%> (3.7)

which for small A; becomes

w= \/E(l +écA%> (3.8)

From Eq. 3.8 it is clear that only a part of the nonlinear correction to the
frequency has been obtained. The reason for the deficiency is that the terms
0(A?})were neglected in Eq. 3.6, while the terms 0(A})were kept. To obtain the
rest of the nonlinear correction, we need to include other terms besides the first
harmonic in the expression of u.

Therefore, we consider

u(t) =Ag + A cos ¢ (3.9

Substituting Eq. 3.9 into Eq. 3.4, yields

1 1 1
alAy + Ebszf + EcszoA% + (aA1 — A + 4660214‘?) cos p—

1 1
- EcszoA% cos2¢ — chzA*? cos3¢ =0 (3.10)
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Equating the constant term and the coefficient of cos¢ to zero, we have
respectively

1 1
aA() + Ebsz% + ECCUZA()A% =0
1
a—w2+zcw2A%:o (3.11)

If we consider A; small, the solutions of Eq. 3.11 are

1 -1
w? = a(l - ZcA%)

Ao = —4bA% (4 + cA?) ™! (3.12)
Hence
1 2
0= Va(1+geA] (3.13)

Again, comparing Eq. 3.13 with Eq. 3.8, we establish that the frequencies are the
same, but we conclude that the assumption (3.9) has also produced a solution that
does not account for all the nonlinear correction to the frequency to 0(A;?). From
Eq. 3.10, we find that we still neglected terms O(Alz) while we kept terms 0(A13).

Next, let us try to include three terms in the solution, that is:

u(t) = Ag +Ajcos ¢ + Ay cos2¢ (3.14)

where we consider |Agl << IA;l and A, << IAl. Substituting Eq. 3.14 into Eq. 3.4
yields

1 1 9
aAo + Ebsz% + 8bw*A3 + EcszoAf + 8ca’AgAS + chzA%Az
3
+ (aA1 — U)2A1 + 4ba)2A1A2 + ZC(,L)ZA% + 4C(1)2A()A]A2+
1 1
+ 12cw2A1A%) cos ¢ + (aAz —4w?A, + Ebw2A% + icszoA%Jr
T A2, + 16¢0? A3 2
+§cw 1Az + 16cw”A; | cos2¢+

1
+ (4bw2A1A2 + 10ca?A, A3 + anﬂA? + 4cco2A0A1A2> cos 3¢+

9
+ (8bw2A§ - anﬁA%Az + 8cw2A0A§> cos 4o+

+ 10ca?*A A3 cos 5¢ + 8cw’Aj cos 6¢ = 0 (3.15)
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Equating the constant term and the coefficients of cos ¢ and cos2¢ to zero, we
obtain:

1 1
aAo + Ebszf + 8bw*A2 + EcszoA%-i-

9
+ 8cw’ApA3 + 1 ca’AjA; =0 (3.16)

3
a— o* +4bo’A; + anﬂA% +dea’ApAy + 12ca’*A3 =0 (3.17)

1 1 7
aA; — da’Ay + Ebsz% +3 ca’*ApAT + EcaﬂA%Az + 16cw’A3 =0  (3.18)

We suppose that A; is small and therefore, through Eqs. 3.16 and 3.18 show that
Ao = 0(A?) and A, = 0(A?)and hence

1
Ag = —EbA% +0(A}) (3.19)
1
Ay = 6bA% +0(A}) (3.20)
8b” +9c
W =a- %A% +0(Ad) (3.21)

Substituting Ay and A, from Eqs. 3.19 and 3.20, respectively into Eq. 3.14 yields
1
u(t) = Ay cos ¢ +gbA%(cosz¢> —3)+0(4}) (3.22)

From Eq. 3.21, it follows that

852
w=1/a (1 _ %A%) (3.23)

Inspecting the coefficients of the higher harmonics into Eq. 3.15, one finds that
they are of the order 0(A})and hence the neglected terms are of the order of the error
in Egs. 3.22 and 3.23, which is the reason why it is in agreement with the solutions
obtained by other procedures.

It is clear from the development above that, in order to obtain a consistent
solution using the method of harmonic balance, one need either to know a great
deal about the solution a priori or to carry enough terms in the solution and check
the order of the coefficients of all the neglected harmonics. Otherwise one might
obtain an inaccurate approximation such as Eqs. 3.13 and 3.23.
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On the other hand, in the frame of the harmonic balance method it is very
difficult to construct higher-order analytical approximation because it requires
analytical solutions of sets of complicated nonlinear algebraic equations. This
method can be applied to nonlinear oscillatory problems where the nonlinear
terms are not small and no perturbation parameter is required.

Various generalizations of the harmonic balance method have been presented by
several other investigators: the unrestricted harmonic balance [45], the rational
representation [46], an intrinsic method [47], the use of Jacobi elliptic functions
[48], two time scale harmonic balance [49], the incremental harmonic balance [50],
etc.

An alternative approach for solving the nonlinear oscillation of a conservative
system is obtained by combining the linearization of the governing equation with
the harmonic balance method [51]. In this procedure, instead of a set of nonlinear
algebraic equations, it results a set of linear algebraic equations, as can be seen in
the next Section.

3.1 Free Vibrations of Cantilever Beam

We consider free vibrations of a slender inextensible cantilever beam carrying an
intermediate lumped mass with a rotary inertia, described by the nonlinear equation

i+ u 4 oii + owi® + pud =0, u(0) = A, 4(0) =0 (3.24)

The third and fourth terms in Eq. 3.24 represent inertia-type cubic nonlinearity

arising from the inextensibility assumption. The last term is a static—type nonline-
arity associated with the potential energy stored in bending.

With a new independent variable T = wt, where o is the frequency of system,
Eq. 3.24 becomes:

wz[(l +otu2)u"+ccuu'2] +u+puit=0 (3.25)

Following the lowest harmonic balance method (see Eq. 3.5), initial approxima-
tion with initial conditions (3.24,) is

up(t) = Acost (3.26)

Substituting Eq. 3.26 into Eq. 3.25, yields

1 1
<A +%[3A3 — w’A — szocA3> cos T+ <§ﬁA3 — §w2m3> cos3t=0 (3.27)
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Equating the coefficient of cos T to zero, we obtain the first analytical approxi-

mate frequency wo:
4+ 35A2
=\ 2
@0 =\ T oA (3.28)

At this time, we know the first approximate periodic solution in the form (3.26).

Wu et al. [51] introduced a new solution in the form of uo(t) + v(t)which is
composed of the solution (3.26) and the correction v(t), which is a periodic
function. Making linearization of the governing Eq. 3.25, with respect to the
correction v(t) at u = uy(t), leads to

w? [(1 + oug)u"o + ocuou'ﬂ + ug + Puy + o [(1 + oug)v" + 2emou’ov’+

+ <2auou”0 + au’é)v} + (1+3Bug)v=0, v(0)=0, ¥0)=0
(3.29)

Substituting Eq. 3.26 into Eq. 3.29 we obtain an equation in v:
3043 2 1 5 43 3003 1 o 43
A+—-PA" — A —-w"0A” |cosT+ |~ A’ — —w“aA’ | cos 31+
4 2 4 2
1 1
+w2[<l+§ocA2+§ocAzcosZ‘c>v”—ocAzsiHZT-v’]—i—
302 3,00 2f1 0 3 0
+ 1+§BA +§[3A cos2t — EocA +§ocA cos2t | |lv=0 (3.30)

To obtain the solution v from Eq. 3.30 in the initial conditions (3.29,), we
consider

v(t) = k(cost — cos 31) (3.31)

where £ is a constant, which can be determined from the condition that Eq. 3.31 be
the solution of Eq. 3.30, and therefore yield

3 1 3
[A +ZﬂA3 —w?A —Ea)zocA3 +k(a)2 +1 +2BA2>} cos T+
+ §/3A3 —lwzocA3 + 9+zocA2 o’ —1 —gﬁAz k p cos 3T+
4 2 2 4

3
+ k(g w® — ZﬁA2> cos5t =0 (3.32)

Equating the coefficients of costand cos3tto zero in Eq. 3.32, we obtain
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3 1 3
A+Z/3A3 —sz—§w2ocA3 +k<—w2+ 1 +§[3A2> =0

Z pA3 —%wzw +k[(9+;m2>w2 —1 —iﬂAz} =0

For the nonvanishing solution of the system, the condition
Mo* + No* +P =0
must be fulfilled, where

M = —144 — 13604% — 284°A*
N = 160 + (72a + 124B)A? + 602 A*
P = —16 — 28PA% — 154°A*

From Eq. 3.34 we obtain the second approximate frequency w:

o = 40+ (18x + 31p)A2 + 150pA% + VA
b 72 + 680A? + 14024

where

A = 1024 + (8960 + 1472B)A? + (21207 + 136408 + 42157)A*+

+ (34457 B + 4200*) AS + 12002 B2 A®
From Eq. 3.33; we obtain

_4A+ 3BA® — (4A + 20A%) w7}

k
407 — 4 — 6pA?

and the second approximate periodic solution in the form
ui(t) = uo(t) + v(tr) = (A+k)cost — kcos 3t
where

T=wt

37

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

The harmonic balance method gives the first approximation as those in Egs. 3.26
and 3.28, but it is known that to determine higher-order approximations, a set of
algebraic equations with third-order nonlinearity has to be solved. The corresponding
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numerical computation is rather complicated. In contrast, formulas (3.36), (3.38)
and (3.39) are simple and easy to be implemented.

In order to illustrate the applicability, accuracy and effectiveness of the proposed
approach, we compare the analytical approximate frequency and periodic solution
with the exact ones.

The exact frequency is given by [51]

T
277 21+ a42c0s20) /(2 + pA2(1 + cos?0))] df

wC’X

(3.41)

In Tables 3.1 and 3.2 are compared the exact frequency w. obtained by
integrating Eq. 3.41 with the first and second approximate frequencies wg and w,
computed using Eqgs. 3.28 and 3.36, respectively, in two cases: « = § = 0.1 and
o=pf=1

Table 3.1 indicates that the formula (3.36) is more accurate than (3.28) and the
former provides excellent approximation to exact frequency for small as well as
large values of amplitude of oscillation. The comparison of the corresponding
approximate frequencies with exact ones foroo = 1and # = 1is shown in Table 3.2,
where again, similar agreement is observed.

For o = 0.1, f = 0.1, the periodic solution achieved by numerical integration of
Eq. 3.24 using a Runge—Kutta scheme and the approximate periodic solution given
by Eq. 3.39 are plotted in Figs. 3.1-3.3. The corresponding three solutions are
shown in Figs. 3.4-3.6 for the case o = 1, § = 1. These figures represent, respec-
tively, three different amplitudes A = 1, 5 and 10. They show that the approximate
periodic solution provides relatively good approximation comparing to the exact
periodic solution for small as well as for large amplitude of oscillation. These
figures also indicate that discrepancy of solutions widens as the modal constants «
and f§ become larger. The present analytical approximate frequencies and periodic
relations apply well to small as well as to large values of amplitude of oscillation.
The accuracy obtained is almost independent of the value of the parameter used for
solving these oscillations.

Table 3.1 Comparison of frequencies for Eq. 3.24 in the case « = f = 0.1

A w, from (3.41) wq from (3.28) w; from (3.36)
1 1.01202 1.011834731 1.012017273
5 1.16302 1.130388331 1.163583802
10 1.28468 1.190238071 1.276999402

Table 3.2 Comparison of frequencies for Eq. 3.24 inthe case oo = f = 1

A o, from (3.41) o, from (3.28) Q, from (3.36)
1 1.09035 1.08012345 1.090699384
5 1.34288 1.209530059 1.322166505

10 1.38928 1.220735876 1.350839601
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Fig. 3.1 Comparison between u(t)

analytical approximate solution 1
(3.39) and exact solution of
Eq.324fora = f=0.1,A = 1: g
exact solution; _ _ 0.5 g
approximate solution
t

Fig. 3.2 Comparison between u®

analytical approximate solution
(3.39) and exact solution of 4
Eq. 324 fora = f=0.1,A =5:
exact solution; _ 2
approximate solution
t

1 2 3 5
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Fig. 3.3 Comparison between u®
analytical approximate solution 10
(3.39) and exact solution of
Eq. 324 foro = =0.1,A = 10: 5

exact solution; _ _ _ _ _
approximate solution
t
1
-5
-10

As a conclusion, unlike the classical harmonic balance method, linearization is
performed prior to proceeding with harmonic balancing. As a result, we obtain a set
of linear algebraic equations instead of one of nonlinear algebraic equation, which
enables us to establish analytical approximate formulas for the frequency and
periodic solution. A good agreement of the analytical approximate frequency and
periodic solution with the exact solution has been demonstrated.
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Fig. 3.4 Comparison between
analytical approximate solution
(3.39) and exact solution of
Eq.324fora =f=1,A=1:
exact solution;
approximate solution

Fig. 3.5 Comparison between
analytical approximate solution
(3.39) and exact solution of
Eq.324fora =f=1,A=>5:
exact solution;
approximate solution

Fig. 3.6 Comparison between
analytical approximate solution
(3.39) and exact solution of

Eq.324 fora = f=1,A = 10:

exact solution;
approximate solution
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u(t)

0.5

3.2 Rational Harmonic Balance Method

In what follows, the rational harmonic balance method is used to determine the
appropriate periodic solution of the system in the given initial conditions. We study
the stability of the solution of Duffing oscillators by Floquet-Hill method.

We consider a system governed by a nondimensional differential equation [52], [53]
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ii 4 cit 4+ au + bu® +d = ecos it (3.42)
u(0) = up,u(0) =0 (3.43)

where a, b, ¢, d and e are constant parameters.
After the transformation Ar = 1, Eq. 3.42 becomes

22" + o +au+ b +d = ecost (3.44)
where o/ = 9.
With the initial conditions (3.43), we propose, for Eq. 3.44, the solution in the
form of rational trigonometric function

up(1+D) —A—C+ Acost + B(sin2t — 2sint) 4+ C cos 2t
u(t) = 1+ Dcos3t (3.45)

where the constants A, B, C and D will be determined in what follows. After the use
of trigonometric identities and application of the method of rational harmonic
balance to retain only constant terms involvingcost, cos2t, cos3t, sint and
sin 27, we obtain equations:

;120(1 +2D)[(1 4+ D)uy — A — C] +a<1 +D22> [(1+D)ug —A—CJ]+

3
+b{[(1 +D)ug — A — CJ? +3101 +D)ug — A — C|(A* + B>+ C?) -
3 3
—3AB* + ZA2c + 3326} +d+ EarD2 =0 (3.46)

72 <—A + ;CD + 4AD2> +c (%BD — 2B — BDZ) +

2
+3A[(1 + D)ug — A — C]* — (6B* + 3AC)[(1 + D)u, — A — C|}—

- e(l + ;DZ) =0 (3.47)

1 3 3
+ a(A + 5AD2 + CD> + b{4A3 + 2AD2 + EAC2+

1 1
22 (23 + EBD - 14302) +cl GCD —A— EADZ> +

3
+a(—2B—BD — BD?) + b{—33[(1 +D)ug— A~ C = 9B* —ZA’B—

—3BC? + (3AB + 6BC)[(1 +D)u, —A—C]} =0
(3.48)
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1 23
27 (—4C +5AD + 7CD2> +cA(2B — 5BD + BD*)+
1
+a<C+§CD2 +AD) +b{3[(1 +D)uy — A — CP’C+
3
+[(1+D)ug — A —C] <2A2 - 6BZ>+
4 2 4

3 3 15 D D?
+ZC3 +§A2C—|——BZC} —e—<3—|——) =0 (3.49)

23 5
22 (43 +BD + 231)2) +cl <2AD —2C— CD2> +

1 27 3 9
+a|B+2BD +~BD* ) +b{=-B>+=-A’B — ZBC*+
2 4 2 4
+3B[(1 + D)ug — A — C]—6AB[(1 + D)ug — A — C]}} =0 (3.50)

9/*D[(1 +D)ug — A — C] + 2aD[(1 + D)uy — A — C]+

1 15 3
+ b{ZAB - IAB2 + ZAC2 —3B>C+[(1 + D)uy—

— A —C|(6B* +3AC) } +3dD(1 +%D2) =0 (3.51)

The Eqgs. 3.46-3.51 are solved numerically using the Newton-Raphson’s itera-
tive procedure and Levenberg—Marquardt algorithm.
In what follows, we consider the Duffing system in the form

1 2
i+—it——u-+-u’ =—cosit (3.52)

with the period T =2n/). Assuming that /. = 2.1, and using the value
D = —0.00145312 obtained from the Eqs. 3.46-3.51, the approximate solution,
with the initial conditions #(0) = —1, #’(0) = 0 can be written as

u(r) = 0.900242 — 0.108273 cos 2.1¢ + 0.006155 sin 2.1¢ — 0.003077
X sin4.2t (3.53)

In [53] is found the approximate solution

u(t) = —0.90995 — 0.11609 cos 2.1¢ 4+ 0.0071020 sin 2.1¢ (3.54)
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To ascertain the stability of the periodic solution found above, we examine the
time evolution after the application of an infinitesimal arbitrary disturbance y(f)
such that

a(r) = u(t) + (1) (3.55)

where u(¢) is the solution (3.53) previously found. The stability of u(¢) then depends
on whether y(f)grows or decays with ¢. Substituting Eq. 3.55 into Eq. 3.42 and
keeping linear terms in y(¢), we obtain

3(t) + c(6) + [a+ 3bu?(1)]y(t) = 0 (3.56)

which is a linear ordinary differential equation with periodic coefficients. The
existence of nontrivial solutions can be shown via Floquet’s theorem, which calls
for solutions of the form

We+T) = sy(t), T=

2n
- (3.57)

where s is an eigenvalue (also called a Floquet multipliers [22]) of the monordomy
matrix C whose elements are associated with Eq. 3.56 through the relations

yi(t+T) = Cuyi(t) + Ciaya(1) (3.58)
V2(t+T) = Coryi(t) + Cooya(1) (3.59)

where Cj; are constants. The functions y,(¢) and y,(¢) are two linearly independent
solutions of Eq. 3.56. To generate y, and y,, we use the initial conditions

y1(0)=1, y(0)=0 (3.60)
y2(0) =0, ¥(0)=1 (3.61)

The solution u(?) is a stable orbit provided that y(#) does not grow with ¢. This
requires that

Is|<1 (3.62)

That is why the eigenvalue of monodromy matrix C must remain inside the unit
circle in the complex plane. The monodromy matrix C can be obtained by means of
rational harmonic balance method subject to the initial conditions (3.60) and (3.61).
It follows from Egs. 3.58, 3.59, 3.60 and 3.61 that
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)} (3.63)

Therefore,

57— 1 (T) + 9,(D)]s + [y1(T)y,(T) — ¥, (T)y2(T)] = 0 (3.64)

The values of s determine the stability of the approximate solution u(f) according
to Eq. 3.62. The manner in which the eigenvalue s leaves the unit circle
characterizes the local qualitative bifurcations occurring to the orbit. For the
dissipative one-degree-of-freedom system described by Eq. 3.42 there are two
ways in which s can leave the unit circle, each of which creates independent
patterns of instability in the periodic orbit. An eigenvalue can leave the unit circle
through the real axis at either —1 or +1. It follows from Eq. 3.45 that the period
of u(f) is T = 2n//. Consequently, when s leaves the unit circle through —1,
y(t + 2 T) = y(¢) according to Eq. 3.57 and hence solution with the period 2 T is
stable, indicating a period doubling of flip bifurcations. On the other hand, when
s leaves the unit circle through +1, Eq. 3.57 indicates that y(t + T) = y(¢), which
implies the coexistence of a stable and an unstable attractor with the period T. The
result is a saddle-node or tangent bifurcation, which results in a jump in the
response of the system.

With the solution given by Eqgs. 3.53, 3.56 becomes

¥+ 0.1y + (0.725386 + 0.292415 cos 2.1 — 0.016623 sin 2. 11+
+0.008763 cos4.2t)y =0 (3.65)

For Eq. 3.65, we propose the solution by means of the rational harmonic balance
method in the form

_A;+ Bjcos 1.05¢ + C;sin 1.05¢ + D;cos 2.1¢ + E; sin 2. 1¢
B 1 + 2F; cos 3.15¢ (3.66)

yi(?)
i=1,2
Using of the F; = 0.0002713 and F, = —0.000156 determined in the same
manner as D from Egs. 3.46-3.51, the solution y; obtained for initial condition
(3.60) is found as
y1(#) =0.243 + 0.758 cos 1.05¢ + 0.102 sin 1.05¢ — 0.051 sin 2.1¢ (3.67)

and the solution y, obtained for initial conditions (3.61) is found as

y2(f) = 0.411 — 0.533 cos 1.05¢ + 0.844 sin 1.057+
+ 0.122cos 2.1t — 0.094 sin 2.1¢ (3.68)
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The monodromy matrix (3.63) becomes

| —05133 —-0.2142

€= 1.0661  —0.9996 (3.69)
Equation 3.64 is of the form
5%+ 1.5189s + 0.741586 = 0 (3.70)
with the complex conjugates solutions:
51 = —0.75645 + 0.4115i, i=+v—1 (3.71)
sy = —0.75645 — 0.4115, (3.72)

Therefore Is;| = Isol = 0.8611 < 1. It follows that the solution (3.53) of the
Eq. 3.52 is stable [54].

Remark. The free term in Eq. 3.64 can be obtained in the exact form as shown
below. Since y,(t) and y,(t) are solutions of Eq. 3.56, it follows that

1 + ¢y + (a+3ba*)y, =0
3, + ¢y, + (a+3ba*)y, =0 (3.73)

Subtracting the first Eq. 3.73 multiplied with y, from the second Eq. 3.73
multiplied with y; yields

Y12 = y2¥1 = c(y1y2 — yoy1) (3.74)

which can be integrated to yield
y1y2 — y1y2 = exp(—ct) (3.73)

It follows from Eq. 3.75 that
YU(T)y2(T) = y1(T)y2(T) = exp(—cT) (3.76)

In case of Eq. 3.52 we have ¢ = 0.1, T = T = 2x/2.1 and therefore we obtain
exact value

PO ~ 3 (O(T) =exp( = 37) =07414 BT

This value and the free term in Eq. 3.70 show the efficiency of the rational
harmonic balance method and the validity of the approach proposed.






Chapter 4
The Method of Krylov and Bogolyubov

The method of Krylov and Bogolyubov [7, 8, 55, 56] and the analogous method
previously developed by Van der Pol in 1934 follows the basic idea of the method

of variation of constants of Lagrange.
For ¢ = 0, the general solution of the weakly nonlinear equation

i + o’u + ef (u, 1) = 0
may be written in the form
u(t) = acos wt + bsinwt

where a and b are constants to be determined by the initial conditions.
In the phase plane, instead of Eq. 4.1 for ¢ # 0, we consider the system

u=yv

v+ *u+ef(u,v) =0

with the solution

<
—~

~
—

Il

A(f) cos wt + B(t) sin wt
—A(t)w sin wt + B(t)w cos wt

<
—~

~
~—

I

4.1)

4.2)

(4.3)

(4.4)

Therefore, instead of the constants ¢ and b we consider the functions A(¢) and
B(#) such that the variable u(f) from Eq. 4.41 verifies Eq. 4.1 or Eq. 4.3. By this

condition we obtain

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering,
DOI 10.1007/978-3-642-22735-6_4, © Springer-Verlag Berlin Heidelberg 2011
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A cos wt — Aw sin @t + B sin wr + Bw cos wf = —Aw sin wt + Bo cos o,
— Aw sin ot — Aw? cos wt + Bw cos ot — Bw? sin ot + w?A cos ot +

+ w’Bsin ot + &f (A cos wt + B sin wt, —Aw sin ot + Bw cos ot) = 0 4.5)
The system (4.5) can be written in the form

Acoswt + Bsinwt = 0
—Aw sin wt + Bw? cos wr+
¢f (A cos wt + Bsinwt, —Aw sinwt + Bw cos wt) = 0 (4.6)

Solving this system with respect to A and B yields

;€ . . .
A =—f(Acoswt + Bsin wt, —Aw sin wt + Bw cos wt) - sin wt
)

B=— Ef(A cos wf + Bsin wt, —Aw sin wt + Bw cos wt) - cos wt 4.7)
0]

By integrating the system (4.7) we can obtain the exact solution, but this is not
easy.

In order to calculate an approximate solution of Eq. 4.1 for ¢ # 0 but small, Van
der Pol proposed retaining the same form (4.2) of the solution, but considering the
quantities A and B as “slowly varying” functions of time to be determined.

Therefore on a period T =27n/w, the functions A(f) and B(f) can be
approximated with their mean values given by the method of averaging [22]:

c (=

A= o Jmf(A cos wt + B sin wt, —Aw sin wf + Bw cos wt) - sin widt
T Jo

2n
B=— 2i J f(Acoswt+ Bsinwt, —Aw sin wt + Bw cos wt) - cos wrdt  (4.8)
T Jo

By using this method, Van der Pol obtained a series of important results
concerning stationary solutions, the behaviour of the solutions as ¢ increases, and
so on. However, this method was initially applied on purely intuitive grounds.
Many problems, such as the theoretical justification of the method, its field of
applicability, and the way to obtain approximations of higher order, have been
solved as late as 1937 by Krylov and Bogolyubov. These authors also modified the
form of the first approximation by taking instead of Eq. 4.2 the solution

u = acos(wt + )
with “slightly varying” amplitude and phase. We shall expand in what follows an

improved variant of Krylov and Bogolyubov, developed by Bogolyubov and
Mitropolsky [55]. For ¢ = 0, the general solution of Eq. 4.1 can be written in the form
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u=acosy, Yy =wt+¢ (4.9)
and has constant amplitude and constant rate of the total phase, i.e.
i=0, y=o (4.10)

For ¢ # 0, the quantities ¢ and xp generally depend on a and ¢, and Eq. 4.10; must
be completed by terms depending on a, ¥ and &. Consequently, we seek an
approximate solution of Eq. 4.1 of the form

u=acosy +eu(a, V) + euy(a, ) + ... + & up(a, ) 4.11)

which is called the approximation of the (m + 1)-th order if u,,(a, ) # 0. ux(a, ),
k = 1,2,...,m are supposed to be periodic functions of s with period 27, and a,
are functions of ¢, which have to satisfy the differential equations with separable
variables

a = ¢eA(a) + £Ay(a) + ... + €"A(a) (4.12)

¥ = o+ B (a) + By (@) + ... + £"By(a) (4.13)

We first try to determine the functions u(a, ), Ai(a) and By(a), k = 1,2,...,m
so that Eq. 4.1 be satisfied to within an error of (m + 1)-th order in &. As in the
method of Lindstedt-Poincaré , the recursive determination of these functions does
not give rise to any qualitative difficulties. However, the calculation is usually
performed only for m = 1 or m = 2, because the results obtained for higher
approximations are very intricate.

The practical applicability of the method is determined in the first place not by
the convergence of the expansion (4.11) as m — oo, but by asymptotic proprieties
of the approximate solution as ¢ — 0, for given m. Therefore, the expansion leading
to secular terms may be cast out at each step, even if this procedure could
determine, as in the method Lindstedt-Poincaré, the divergence of the expansion
(4.11) as m — oo.

After the determining of the functions u, Ay, By, and assuming that the initial
conditions are given in the form

a(0) = ao, ¥(0)=¢ (4.14)

we may determine the solution by means of two integrations. By integrating
Eq. 4.12 we deduce that

“ da
fa) = Lu eA(a) + e2Ax(a) + ... + emAp(a) (4.15)
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Solving this equation with respect to a yields
a=ua(r) (4.16)

Substituting Eq. 4.16 into Eq. 4.13 and integrating, it follows that

t

Y(t) = owr+ Jo [¢Bi(a) + &*B(a) + ... + &"Byy(a)|dt (4.17)

Finally, by introducing Eqs. 4.16 and 4.17 into Eq. 4.11 we obtain the approxi-
mate solution u(t).
In what follows, we consider m = 2 in Egs. (4.11-4.13), i.e.

u=acosy + eu(a, ) + &*ur(a, ) (4.18)
a = eAy(a) + Ay (a) (4.19)
¥ = o+ B (a) + *Ba(a) (4.20)

The terms of third or higher order in ¢ will be systematically omitted in the
following formulas.
By differentiating Eq. 4.18 twice with respect to t, we obtain

0
0= aa)sml,b+8(Alcos¢—aBlsmlp+w u1>

Ouy 88lﬁ P 4.21)
+e (Azcosw—astmx/H—Al +B|i¢1+ L:;) +0(¢ )
. 2 6 Ui
ii=—aw*cosy+¢| —2wA, siny —2waB) cosy + w? —&P
[(Af?l aB%2waBz) cosy — <2wA2+2A131 +A1aiﬂ> siny+
a
Ou, 0*uy 28
2mA 2wB 0
e 13a8¢+ @ 131/,2+ 3.//2]+ (%)
(4.22)

On the other hand, by taking into consideration Eqs. 4.21 and 4.18 it follows that

ef (u, 1) = ef (acosyy, —awsiny) + & {ul ZJ; (acosy, —awsiny)+

aul

—|—(Alcosxp—aB] siny + o o

) of ~(acosy, —awsiny) | +0(c’)  (4.23)
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Finally, by substituting Eqs. 4.18, 4.22 and 4.23 into Eq. 4.1 and equating
coefficients of ¢ and ¢, we obtain the conditions that have to be satisfied if

Eq. 4.18 should give the solution of the differential Eq. 4.1 to within an error of
third order in &:

2
’ <€;lp + Ml) = —f(acosy, —awsiny) + 2wA;sin*yy + 2waB; cosyy  (4.24)

2<%+u2> —ulg(acostﬁ,fawsim//)f
- (Alcoslp aBlSlnl’b+w81//> o -(acosyy, —awsiny)+

dA dB
+ aB%—Al—l cosy + 2AlBl+A1a—1 siny—
da da

821/{1 32
_2wA18a8¢_ZBl 61/12

+2wA2 sinyy +2waB, cosys (4.25)

By developing now the functions f (a cos Y, —aw sin ) and u; (a, )in a Fourier
series with the respect to y/, we have

flacosy, —awsiny) = )+ ) cos kyy + Dy(a) sin ky/] (4.26)
k:l

ui(a, ) = vo(a) + Y ) cos ki + wy(a) sin k| 4.27)
k:l

where

= J flacosy, —aw siny)dy
2n

Ci(a) =— Jo flacosy, —awsiny) cos ky dy

T

21
Di(a) = % J flacosy, —aw siny) sin kyy dyy (4.28)

0

The solution u;(a, ) of Eq. 4.24 is a periodic function of ¥ only if the right-
hand side of the equation does not contain the fundamental harmonic of period 27.

Introducing Eq. 4.26 into Eq. 4.24 and equating to zero the coefficients of sin iy
and cos i, in the right hand it gives
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Di(a) _ Ci(a)

A = B = 4.2
i) 20 (@) 2wa (4.29)
From Eqgs. 4.27 and 4.24 we obtain
_ —Cola) _ Cia) __Di(a)
WO =" OGRS ge oDy
k=2,3,..
The solution u; (a, ) given by Eq. 4.27 is
Cola) 1 X Crla)cosky + Dy(a)sinky
m(a, ) = - = +EZ o 4.31)

By conveniently dividing the integration interval and using the substitutes
sina = x and cos a = x, respectively, it may be shown that the relations

21 21
J F(cosa)sinodo =0, J F(sino)cosodoa =0 (4.32)
0 0

hold for every function which are integrable on the interval [—1,1]. These relations
may be used in order to simplify the expression of A;(a) and B;(a) from Eqs. 4.24,
4.26, 4.28 and 4.29.

21

Ai(a) = ﬁ J flacosy, —awsiny) siny dys

0

B (a) 1 Jznf(a cos Y, —awsin ) cos Y dys (4.33)

- 210 ),

The functions A,(a), B»(a) andu;(a, 1 )may be similarly obtained from Eq. 4.25.
However, u;(a,y)does not contribute to the second approximation. Therefore, we
content ourselves with calculating A,(a) and B;(a) requiring that the terms
containing sin yy and cos yin Eq. 4.25 vanish. It follows that

2n
1 dB 1 10) .
Az(a) = ~3 <2AlBl +aA1dal) +% J [ul(a,lp)&Ji(acosw,—awsmzp)—i—
0
. aul af . .
+ (Al cosy — aBj siny + w&//) a(acos W, —aw siny)] siny diy

(4.34)
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B, (a) = : (B% _A @) + ! rn {ul(a,lﬁ)g(a cos ¥, —aw siny)

20 a da 2raw Jo Ou
. Ouy\ of .
+ Alcosx//—aBlsmv,b+coW i(acosw,—awsmg&)}costﬁdlﬁ
]

(4.35)

We summarize the formulas which are necessary for the determination of the
first two approximations by the method of Krylov and Bogolyubov.

(a) First approximation

u=acosy
1 (“ da
fa) =7 J @)
U(t) = ot + ij B (a)dt (4.36)
0

where ag, A and B, are given by Eqgs. 4.141 and 4.33, respectively.

(b) Second approximation

u=acosy + eu(a,y)

1 [ da
l‘((l) = LO Al(a) + SAz(a)

t

V() =wt+¢ Jo [Bi(a) + eBa(a)]dt (4.37)

where u;, A, and B, are given by Eqs 4.31, 4.34 and 4.35 respectively.

4.1 Oscillator with Linear and Cubic Elastic Restoring Force
and Weak Asymmetric Quadratic Damping

The equation of motion of nonlinear nonconservative system with linear and cubic
elastic restoring force and weak asymmetric quadric damping is of the form

i+ w*u+do(it) +eu’ =0 (4.38)
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where

cui? if >0
do(it) = { —coii® if 1 <0,

with ¢; and ¢, constants. By introducing the dimensionless small parameter
&= apcy (4.39)

where ay = a(0) and a is the amplitude of the fundamental harmonic, with a > 0,
and comparing Egs. 4.1 and 4.38, it follows that

flu,it) = d(it) + (4.40)
where
1., .
—1u ifu>0
d(i) = 9 4.41)
22 ifu<0
apcq

Therefore, from (4.40) yields

%)

a

flacosy, —awsiny) = T (cos 3y + 3cosyy) + d(—awsiny) (4.42)

By expanding in a cosine Fourier series the even function d(a cos ) we have
d(acosy) = Z di(a) cos kys (4.43)
k=0
Now, by replacing ¥ by y + /2 and a by wa in Eq. 4.43, we obtain
d(—awsiny) = Z di(aw) cos k (lp + g) (4.44)

k=0

It is interesting that we will determine the coefficients from Eq. 4.43:
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Z 3n
di(aw) = wa “2 cos?y cos ki dy — 2—2 Jz cos? cos k dy+
0 1 J:

w*a®

X Ji cosp cos ki dlﬁ] = {Fi(3) - Fiul0)-

2 (5) )] nen-n(3))

where
Fir(y) = Jcos Y cosky dyfy = sm]l:lp SIZEk i gw +
sin(k — 2)y
“rm fork;éO,kaé2
and
Y sin2y _sin2y Y sin2y
FO(‘P)*§+T, 2(¥) = 1 FRT

Substituting Eq. 4.46 into Eq. 4.45 for k # 2, yields

20? iy Sll’llﬂ — sin &% 3k gin &2 (k+2)7 — sin 3(k+2)n
de(aw) = L2 @ 2 5 i
ap Cy 2k 4(k + 2)
sin *=2)m 2)n —sin 3(1:2)71 B L) L o | . .
4(k —2) " Tao cl k 2(k—|—2)
+ 1 . km '
————| sin— coskm
2(k—2) 2
and

512(02 o 02(1)2 (&)
do(aw) = - dy(aw) = -2
o(ac) 2ay ( cl>’ 2(a0) 4ay < cl>

From Eqgs. 4.48 and 4.49 we deduce that

2,2
dy(aw) _ Ao (1+62>

3may c1

55

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
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dy(aw) = = (1 - ‘—2> dylae) =S (1 _ ‘_2>

2ao i 4ay c
dyp(aw) =0, p=2,3... 4.51)
4a*w? 2 (—1)PH!
d = 1+—= =1,2,... (452
yateo) =S (18 i e PR 6

On the other hand we can write that

cos(2p + 1)((// +g) = —sin[pr + (2p + Y] = (=1)" ' sin(2p + 1)y

cos Z(l# + g) = —cos2y (4.53)

such that, substituting Eqs. 4.50—4.53 into Eq. 4.44 yields

2.2 : 2.2 /n
d(—awsinxﬁ):aw 1 -2) (e cos i+
2ag 1 4ay \c

daw? o) sin(2p + 1)y
14+—= 4.54
" ( +61),; (2p —1)(2p+1)(2p +3) (4:3%)

and therefore, from Eqs. 4.42 and 4.54 we obtain

2.2 34
flacosy, —awsiny) :aza) (1 62) +fcos¢+

ao C1 4
2 2 3
+ 49 (2—1>coszﬁ+a—cos3w+
dap \c1
4 2.2 1S 2 1
4 24@ ( )Z sin(2p + Dy (4.55)
Ta po 2p-1D)2p+1)(2p+3)

From Eqgs. 4.29 and 4.55 it follows that

 2d%w e
Ara) =~ 5 (1 +Z) (4.56)
2
By(a) = 2 4.57)
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and from Eqs. 4.55 and 4.31 yields

3

ui(a, ) = 2:0 ( C—2> + aor (62 ) cos 2y — —4 cos 3y —

C1 12610 C1

4a*? > (2 ) I'sin(2,
B a*w Z (2p+3)!sin(2p + 1)y 4.58)
Tag cl = (2p—2)!

where p! = 1,2,3,...p,0! =

The first approximate solution of the oscillator with linear and cubic elastic
restoring force and weak asymptotic quadratic damping can be obtained from
Egs. 4.36. For this, we have

a

Ha) = 1 J 3napda 3 1 1
a9 = aoCy 2a2w(l+%)_2w(61+cz) a ap

ao

and by inversion

3mag
t) = 4.59
a(?) 37+ 2wap(cy + ¢2)t (4.59)
From Eq. 4.363 we obtain
" 3q% 9nagei(ci + ca)t
1) =t ~——dt = ot 0 4.60
V() = o+ aocy JO 8w wrt 127 + 8wao(cy + ¢2) ¢t (4.60)
such that the first approximate solution becomes
3nag Irage (e + c2) ¢
t) = t 4.61
u(t) 37+ 2map(c; +¢2)t cos {w * 127 + 8wap(cy + ¢2) t ( )

From Egs. 4.37, 4.39 and 4.58 we can determine the second approximate
solution in the form

a aw? apa’c
u:aCOSI/I+?(C1762)+T(Cl7CZ)COS21//* 024 L cos3y—
B 4’ w*(cy + ¢3) Z (2p +3)!sin(2p + 1)y 4.62)

(2p—2)!

In order to determine the values of the functions A,(a) and B,(a), from Egs. 4.34
and 4.35 respectively, we first calculate the following integrals
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2n af
|

4 The Method of Krylov and Bogolyubov

of . . _
3y, (acos, —awsiny) siny dip =

Jm(a,w

2n
= STaz J uy(a, ) (siny + sin3y) dyy = — 360a%e” <1 + 2)

Ao C1
0

2n

J ul(a,tp)%(acos W, —awsiny) cos  dy =

2n

na5

= J”l(“"m(3°08¢+0083d/)dw =-2
0

J%(a cos i, —awsin ) sinyy cosy dyfy =
0

n 2n
2awc 2
— _fa0e Jsinzx// cos Ydyr + “a@ J sin?y cos Ydyy = 0
aply ao
0 n

2n n
J 8—f(a cos \, —aw sin )sin*yy dy = — Zawcy J
o aoCy

0 0

2n

2 N
+Z—w Jsin3wdlp = _8“_‘”(1 +°—2)
0

3ay C1

sin®y dr+

T

ou aplCq

2n

2 4
—|—ﬂ Jcosngsinwdx// _ e (1 —|—C2>
ap 3ay c1

2 T
(acos v, —aw siny)cosy dify = — awc Jcoszlp sinyy dy+
0

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)
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s

Ou; (a, ¢)8f B 7a4w262 . .
J o i —(acosy, —awsiny) siny dyy = daoc, Jsm3l// sin“y dyy
0 0
2n
a*w 2a*w 1)
+-— Jsm?n// Slnzlﬂdlﬁ— (1+—> (4.68)
4ay 45a c

T

J Ouy (a ¥) Bf (acosy, —awsiny) cos y diy =

o ou

0

T
2.2 . 2 S
_aoe (c_z_ ]) [— anJsinZzpsim//coszpdlp—
apli
0

6ag \c]

) 2n 4 2 5
+a—stin2¢sinlﬁcoswdx// e

ap e

n

2 +3)1(2p + 1) [2wac, .
(H_C_z>;( P e _(21))! )[ Z)jfzjcos(2p+l)lpsmlpcosdep—
0

2aw [** aAa? [y 2
- cos(2p + 1)y sinycosydyy | = =1 +
ao n 3a0 C1
16a3a)3
< ) Z 2p(2p +1)*(2p +2)
o

(4.69)
From Egs. 4.34, 4.35, and 4.60—4.66 we deduce A,(a) and B,(a) respectively

45q4* — 454° — 161984 w
As(a) = 90mdg 4.70)

9a* a* @ o @’ (¢, 2
Bya) = ——0 4 1+ 2
2(4) 12807 64w | 2nway ( * c1> + 6na; <c1 ) T

+ : ( ) ZZp 2p+1)2(2p +2) 4.71)

The amplitude a and the total phase s have to be calculated from the system

(4.72)

a d
t(a) = 907raoj ?
w @ [4582612 — 458%a — 16198820 — 608(1 T i)}
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kﬁ(l)_wl—FJt ﬁ_ﬁ_ﬁ_i_ﬁ 1_|_C_2 +
N 8w 128w3 64w 2mway 1

e2a*w’ (¢ 2828w} o\ 2 &
+22 (—2—1> e (1+—2) > 2p(2p+1)°(2p +2)
n2a} 1)

dt

4.73)

Therefore, the second approximate solution is given by Eq. 4.62 where a(¢) and
Y (1) have to be replaced by Eqs. 4.72 and 4.73 respectively.

In Fig. 4.1 is given a comparison between the analytic solution (4.61) in the first
approximation and the numerical solution for C; = 0.02, C, = 0.01, ¢ = 0.003,
o = 1and ap = 0.1. An excellent agreement was found between the analytical and
numerical solutions.

One can conclude that the method of Krylov-Bogolyubov provides very accurate
results in the first approximation in the case of cubic elastic restoring force and
asymmetric quadratic damping.

4.2 Use of the Method of Krylov-Bogolyubov and Iteration
Method to Weakly Nonlinear Oscillators

Consider the following equation [56, 57].
i + o’u = ef (Qt, u, 1) (4.74)

where @ and 2 are positive constants, in general f is assumed to be a nonlinear
function of both u and i, periodic of Q¢ with period 2n which may be expanded in a
Fourier series and the parameter ¢ is assumed to be small.

According to Ref. [57], we can construct the following iteration formula (named
correction functional, see Chap. 8)

u(t)
0.1

Fig. 4.1 Comparison

between the analytical 0.05
approximate solution (4.61)

and the exact solution of t

Eq. 4.38 for ¢; = 0.02, 1 2 3 4 5 6
=0.0l,¢ = 0. =

[ _00.,8 0.003,w =1, —0.05

dag = 0.1:

numerical results;

analytical results -0.1
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1

Un1(t) = up(2) +$ L sinw(t — 1)[u,” (1) + 0’ u, () — ef (Qr, u,(1), (1)) dt

(4.75)

In this method, the problems are initially approximated with possible unknowns
and so far do not depend on small parameters, such that it can find wide application
in nonlinear problems without linearization or small perturbation. The method
reveals that the approximate solutions obtained by the proposed method rapidly
converge to the exact solution.

We distinguish between two cases, which will be separately treated: the “reso-

nance” case, when w = P with p and ¢q integers and relatively prime, and the
q

“nonresonance” case, for other values of @ sufficiently far from “resonance”. In
what follows we study general and periodic solution of Eq. 4.74.

4.2.1 “Nonresonance” Case (o #+ %’Q)

We have seen earlier, that for ¢ = 0, Eq. 4.74 has the solution u(f) = a cos s, where
a=0, 1// = w. For ¢ # 0, we try a solution of the form

uo(t) = acosy + eXi(t) + e2Xa (1) + 0(&?) (4.76)

which is called the approximation of the third order if X, # 0 (uy = 0(83)) and of
the second order if X, = 0 (ug = 0(32)), X1(t) and X,(¢) are supposed to be periodic
functions of period 27 in both Qf and y. However, the amplitude and the total phase
of the first harmonic are supposed to satisfy the differential equations with separa-
ble variables (“slowly varying”)

a = eAy(a) + Az (a) (4.77)

¥ = o+ ¢B\(a) + £2B;(a) (4.78)

We first try to determine the functions X(¢), X»(¢), A (a), Ax(a), Bi(a), B2(a) so
that Eq. 4.74 be satisfied to within an error of third order in e.

The terms of third or higher order in ¢ will be omitted in the following formulas.
We emphasize that X; and X, are functions depending of 7 instead of u; (a, ) and
up(a, ).

Like at the precedent section, by differentiating Eq. 4.76 twice with respect to ¢,
we obtain

ity = acosy + asinyny + eX; + £2X, (4.79)
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lig = dcosy — 2ay siny — acosyp?® — asiny - + eX| + X, (4.80)

From Eqgs. 4.77 and 4.78 we deduce that

dA dA dA
a= (sl+822> (sAl + 82A2) = &%A, =

da da da
- dB dB dB
b= (oG ) o o) =

@ = (A1 + 2A2) (0 + £B) + 62By) = ewA| + £ (A1B| + wA,)
{pz = (w+eB; + 8232)2 = ® + 2e0B) + *(BI + 20B;)

Introducing these expressions, as well as Eqs.4.77 and 4.78 into Eqs. 4.79 and
4.80 yields

" dA
iig = —aw’® cosy + 8(—2(0A1 sinyy — 2awBj cos —|—X1) +é& KAI d_al_
) dB, ) .
—aBi —2waB;) cosy — | 2wA; + aAy o +2A1B, | siny + X,
4.81)
and
F(Qt,ug, 1tg) = f(Qr,acosyy, —aw siny)+
+e& [gf (Qr,acosyy, — aw siny) X, +
u
of . . ;
+ E (Qt,acosy, —awsiny) (A1 cosy — aB siny + Xl) (4.82)
1
where
0 of (Q !
r (Qt,acosy, —awsiny) = (@ u, )
Ou Ou (u=acos y,u'=—aw siny)

Finally, by substituting Eqgs. 4.76, 4.81 and 4.82 into Eq. 4.75 for n = 0, we
obtain
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uy (t) = up() +5 L sin(wt — wf) [X"1(1) + 0*X (1) — 20A; sin(wt + 0)—

— 2waB cos(wt + 0) — f(Qr,acos(wt + 0), —aw sin(wt + 0))]dr+
82 ! dA]
+— J sin(wt — w){X"5 (1) + 0™ Xa (1) + {(Al —— —aBl—
w Jo da
dB; .
—2awB;) cos(wt + 0) — | 2wA; + aA, = +2AB, | sin(wt + 0)—

_ % (Qr,acos(wt + 0), —awsin(wt 4 0))X, (1) —

- % (Qt,acos(wt + 0), —aw sin(wt + 0))] [A; cos(wt + 0)—

—aBysin(wt +0) + X'1(1)] } dt
(4.83)

By developing the function f in a Fourier series with respect Qt and
Y = wt + 0, we have

f(Qr,acos(wt + 0), —aw sin(wt + 0)) Z Zﬁ‘f cos(kQt + jort + jb)
=0 j=0

+ 37 gy sin(kQr + joot +j0) (4.84)

21
J flo,acos i, —aw sin B)do df
1 2n (27m
fij(a) = ) J J f(a,acos f, —awsin f) cos(ka + jf)dodf, k +j > 1

2n (2n
:ﬁj Jf<°<7dcosl%—awsinﬁ)sin(kocﬂﬁ)dadﬁ,k,jzo (4.85)
0o Jo

In what follows, we should propose that u;(f) = uo(¢) in Eq. 4.83. In this case it is
clear that the sequence u,(f) is a constant and therefore the solution of Eq. 4.74 can
be obtained by only one iteration step, due to the fact the Lagrange multipliers [57],
(t,t) = - sinw(,t) can be exactly identified.

The coefﬁc1ent of £ in Eq. 4.83 would have to vanish and can be written as
follows
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t
J sin(wt—ot) [X"1 (1) + X (t) —20A; sin(wt +60)—
0

—2awB; cos(wt+0) —f(Qr,acos(wt+0),—awsin(wt+0))]dr=

1
=X'1(0)sinwt+wX; (0)coswr—wX; (1) — (2wA1 +go1) [Etcos(a)t—&— 0)—

sin(wt+0)+sin(wt—0 cos(wt—0)—cos(wr+0
_sin )4co ( )} —(2aa)Bl+f01)[ ( )4a) ( )_
1 °° wcos(kQt+jor+j0)  cos(wi—jo)
——tsin(wt+0 } - —
2 k:Oj 0 2 (kQ+jo)’ —w?  2kQ+2(j+1)w
cos(wt+0) } iié’ wsin(kQt+jot+j0)  sin(wt—j0)
CAuQ+2(- Do) S5 Qo) —w?  20Q+2(+ Do
sin(wt+j6) .
s ] <0 i 0) (4.36)

Avoiding the presence of secular term, needs

1 1
A(a) = 25300 Bi(a) = —mfm (4.87)
Observe that for

o0 o0 oo o0

fij cos(kQt + jO) i sin(kQt + j0) )

X (t) = — 7(kaj) 7é (07 1)
22 W0 o of 5 ko o
(4.88)

the Eq. 4.86 is valid. The conditions (4.87) are equivalent with the condition that the
solution X(7) of Eq. 4.86 may not contain terms in sin(w? + 0) and cos(wt + 6).
We may, however to assure the vanishing of the coefficient of &2 /w in Eq. 4.83. The
functions A, and B, may be similarly obtained by requiring that the terms
containing sin(wt + 0) and cos(wt + 0) vanish. Taking into account Eq. 4.87 it
follows that:

d
Aala) = 8aa)2 (01 6];21>

Jo1go1 1> (" [of )
" 4a’®  4nlw o Jo E(a,dcosﬂ—awsmﬁ)xl_,_

+%(a,acosﬁ, —awsin B)X{(A;cos f —aB;sinf + X'1) | sin Bdodf (4.89)
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goi dgoi [
B = o0
24) = o T T B
1 2n 2n o
4nlam Jo Jo |:8_{4(OC,CICOS B, —awsin )X+

+ % (ar,acos B, —aw sin f)(A; cos f — aBy sin § + X')] cos fdocdf  (4.90)

The solution X,(t) does not contain terms in sin(w? + 0) and cos(wt + 0), and
therefore its expansion is readily found to be

cos(kQt —1—10) nof
Xo(t) = E § B — X
10 2n2{ (Q+jo) e Jo au((x acos ff, —aw sin )X+

+ (oc acos ff, —awsin ff) (Al cos f — aBy sin B + X )} cos (ko + jf) doudf—

*_ sin(kQr+jO) [ [
Zuj J {8f(oc acos f, —aw sin )X+
= (kQ+jo)* —w? o o Ou

M8 Q’!@i

0

T

+ G_Z (a,acos B, —aw sin B)(A; cos B — aBy sin B + X'1)] sin(ko + jf)dodp,

(k,j) # (0,1)
4.91)

The amplitude @ and the phase i has to be determined from the Egs. 4.77 and
4.78 respectively. When studying periodic solutions only, we have to set

a=0, Yy=0 (4.92)

and then, by (4.77) it follows that the constant values of the amplitude, say a = a
may be found from the algebraic equation

eA(a) + e*Ax(a) = 0 (4.93)

Next, introducing a, into (4.78), and integrating with respect to ¢, gives the total
phase

¥ = o + [@ + &Bi(ao) + &°Ba(ao)] ¢ (4.94)
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4.2.2 “Resonance” Case o ~ gQ

Let us first assume that o ~ IZQ, with p and ¢ integers, relatively prime, and let us
denote q

2
W = @Q) +eo (4.95)

where o is so-called detuning parameter. The equation of motion (4.74), may then
be written

2

For Eq. 4.96, we try a solution of the form
uo(t) = acosy + X, (t) + &2 X (t) (4.97)

where X(¢) and X,(¢) are periodic functions with period 27 in both Qf andys, with

Y= gQ. In the “resonance” regions, the phase difference 6 between the solution

and the external force exerts a strong influence on the amplitude and frequency of
the forced vibration. Therefore, we write

W= ZQt iy (4.98)

and assume that the functions Ay and By, k = 1,2 in Eqgs. 4.77 and 4.78 depend on
both @ and 0.

a=¢A(a,0) + &As(a, 0) (4.99)

V= SQ + ¢By(a,0) + B> (a, 0) (4.100)

Substituting Eq. 4.98 into Eq. 4.100 gives
0 = ¢B,(a,0) + *B1(a, 0) (4.101)
Equations 4.99 and 4.101 will be used for calculating the functions a(¢) and 0(¢)

after the functions Ay(a,0) and By(a,0), k = 1,2 have been found.
The Lagrange multiplier for Eq. 4.96 is given by the relation
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, q .p
Alt,t) = —=sin=Q(t — ¢ (4.102)
(x.0) = 4 sin2 0 )

We obtain the following iteration formula, corresponding to Eq. 4.96:

p 0

= a sin? Q(z — 1) |, (x pQ 2u T
Unt1(2) = un(t) + Q J qQ( 1) [ n(T) + ( q > n(7)
— &f (Qr,up (1), u/,(7) + saun(r))} dt (4.103)

By introducing now Eq. 4.97 into Eq. 4.103, considering Egs. 4.99 and 4.100, we
obtain the second order approximation

o+ (20) x0-

ur(t) = uo(t) + % JI sinBQ(r —1) ‘

peJo 4

— 21—7QA1 sin(le‘c + 0) - 21—JQaBl cos(l—)Qr + 0)—
q q q q

—f(Qr,acos(ZQr + 9),—ZQaSin<l;Qr + 9))} dt+

+}% J’ singﬂ(‘c — X" (0) + (SQ) 2xz(f)—

0

B,
2P 0n, + 24,8, +a, B4 ap, 2B ) sin(Por o)+
q Oa 00 q

(AlaA”—z QaBz—i—BlaaAg aBz) COS<pQT+0)+O’X1—
q

Oa
8f (Qr acos( Qr—f—@),—astin(pQr—f—B))Xl—
 Ou q q
_x Qt,acos Poacto ,—[—)Qasin [—)Qr+0))><
o’ q q q
x {Al cos (%Qr i 0) — 4B, sin (’égf 4 9>+ X', (r)} }dr (4.104)

By developing the function fin a Fourier series, we obtain
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f(Qt,acos <[3§2t—|— 9) , —PQasin (IZQt + 0)) =
q q q

= Z kaj(a) cos (th +j§Qt +j0> +

k=0 j=0
(o @] [o.¢]
+—j{jj{jg@(a)sn1<k9t4j3§n+j0> (4.105)
=0 =0 4q
where
1 21 (21 p
foola) = J J f(oc,acosﬁ,——Qasinﬁ)dozd[}
4n® Jo Jo q
1 21 (2n p
fij(a) = 5= J J f<oc, acos 8, ——Qa sin ﬁ) cos(ka + jf) dodp,
2n* Jo Jo q

>
1 2n (2w p
gii(a) = ) J J f(oc, acos f3, —5Qa sin /3) sin(ko 4 jf§) docdp,
>0 (4.106)

Taking into account Eq. 4.105 and vanishing the coefficients of ;—g) and 24, we

obtain first, as in the preceding section, the coefficient of % for g # 1, in the form
p

t
J sin? Q(t — 1) {x"l(z) + (EQ)Xl(r) — 2204, sin (’—’Qr + 9) -
0 q q q q

q q

—f(QT,aCOS(%)Q‘E + 0) —saQsin(%?Qr + 0))} dt =

= x',(0) sin? Qr +2.0x,(0) cosL.r — L. Qx, (1) -
q q q q

P 1 D sin(’éQtJrH) Jrsin(%Qtf 0)
—(2=QA; + go1 ) |ztcos(=Qt+ 0 | —¢q +
q 2 q 4pQ

- ZBQaB] cos <BQ‘E + 9) +aacos<BQr + 0>
q
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cos (g Qr — 0) — cos (%’Qt + 0)
4pQ

+ <2ZQaBl —oa +f01) q

2Qcos (th +jLQr+ j9)

1 ke
_itsm(ggtw)] kzgﬁg (ksz+jf—,sz)2—(§ﬂ)2+
cos (’é Qr — jB) cos (§ Qr —|—j0>

+2kQ+2(j+ NEQ 2%kQ+2(j—1)2Q|

e §Qsin<th+j§Qt+j0>
;;m (kQ+j§Q)2—<§Q>2
) sin(ggt— je) ) sin(§Qz+ jH)
2KQ 20+ 1)IQ T 2AQ +2(— )20

In order to ensure that no secular terms appear in Eq. 4.107, resonance must be
avoided, and thus, for ¢ # 1 we obtain

_ 9801
Ala) = 2pQ
_qloa—fo)

So, from Eq. 4.107, we have the following expression for X;:

SN fii cos(kQr + jO)
;; (kQ:rj”Q> ~(ea)’

Z Z gkj SlIl ka +j9) ; (k,]) 7& (0, 1) (4109)
= (kQ —|—ij) - (§Q>

The coefficient of ¢ for ¢ = 1, by the same manipulation as before is
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J; sinpQ(t — 1)[X"1 (1) + (pQ)*X, (x) — 2pQA, sin(pQr + 0)—

— 2paQB cos(pQo + 0) + ga cos(pQt + 0)—
— f(Qt,acos(pQt + 0), —paQsin(pQt + 0))] dt =
= X'(0) sin pQt + pQ;X;(0) cos pQt — pQX; (t)—
1
- Etcosth[(ZpﬂAl + go1) cos 0 + (oa — for — 2pQaBy)sin 0 + g10]+

| .
+ itsmet[(2pQA1 + go1) sin 0 + (fo1 — ga + 2paQBy)cos 0 + fi9]—

-2 2 i
=

0 j=0

pQ cos(kQr + jpQt + jO) n cos(pQt — j0)
(kQ + jpQ)* — (pQ)*  2kQ+2(j + 1)pQ

cos(pQt +]9 ] Zzoc: pQsin(kQt + jpQt + j0)
2%Q+ 2(j - k=0 j=0 (kQ +/PQ) (PQ)
sin(pQt —](9) sin(pQt + j0) ) _
— — =0, (k 0,1),(k 1,0
(4.110)
No secular terms in Eq. 4.110, require that
Jiosinf + g1 cos 0 + go
Ai(a,0) = —
l(a7 ) ZPQ )
oa — for —fiocos 0 + giosin 0
B 0) = 4.111
1(a,0) 2paQ) ( )
The expansion of X; in this case is
i f: fij cos(kQt —|—/0 i >~ g sin(kQt + jO)
=0 =0 (kQ +jpQ)? =0 =0 (kQ +jpQ)* — (pQ)*
(k.j) # (0, 1)
(k,j) # (1,0)
4.112)

Next, let us examine the coefficient of &> in Eq. 4.104. The functions A, and B,
will be determined by requiring the vanishing of coefficients of 7sin(2Qz + 0)
and tcos(i}—’Qt—i— 0) forq # 1, by taking into account that X;(r) and X;(¢) may
contribute to such terms. However, by Egs. 4.109 and 4.112, it follows that X,

and X, do not involve the terms tsin(]—) Qt + 6) and tcos(]—) Qt + 6) and for g = 1
q q

neither the terms ¢ sin pQt and ¢ sin pQt. Hence we may write for ¢ # 1:
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0B, 0By
Az(a79) 2 Q(2A131+GA1 9a +a31 90 +G01)
o q 8A1 8A1 2
BQ(G,G)—TPQ <A1 9a B] 90 aBl Fo] (4113)

where

1 2n p2n 8f p .
ij_ﬁjo L {£<a,acosﬁ,—5aQsmﬁ)X1+

+% (oc,acosﬁ7 —SaQsinﬁ) [Aicosfp —aBysinff +X'1]—

— X, } cos(ko + jB) do.dp k+j>1

1 of
FOO*@L L {8u<a acosﬁ,aQsmﬁ)XlJr

+% (oc,acosﬁ7 ——aQsinﬁ) [Ajcosfp —aBysinf +X'{]—
u q

—O'Xl}d(%dﬁ

1 2n (2m 8f p
= — —=aQsi X
Gy 7 Jo Jo {au(oc,acos/i7 qa smﬁ) 1+

+% (ogacosﬁ7 —paQsinﬁ> [Aj cos B — aB;sin f+ X'{|—
u q

—oXy}sin(ke + jB)dedf  k,j>0 (4.114)
For ¢ = 1, A, and B, become

0B,

Az(a,0) = 50

OB
<2A131+CZA1 1+aBl +Gor+

1
ZQ Oa

+ Giocost — Fiosin0)
1 0A 0A
(A SNy B

Baa0) =5 o\ M5 T B 50

B§F01+Glosin9+chos0) (4.115)

For ¢ # 1, the expression of X5 is
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SIS Fpjcos(kQt + jO
Xz(t):_izz j €08 ( Jj0)

k=0 j=0 (kQ_|_jPQ> _ (L;Q)z

4 oo Gysin(kQt +j0) .
;;(mﬂm) (o) (4.116)

and for ¢ = 1, similar with Eq. 4.116 but moreover (kj) # (1,0)

Summarizing the above results, we see that the third approximation for the
solution of Eq. 4.74 is given by Eq. 4.76 with the functions X; and X, are given
by Egs. 4.109 or 4.112and respectively by Eq. 4.116. The amplitude a and the phase
iy have to be obtained from Egs. 4.77 and 4.78 or by the averaging method [34]:

e 2n 82 21
a:%JO Al(a,Q)d6+EJO Bi(a,0)do 4.117)
X P 21 82 21
HZ%L Az(a,Q)dQ—&—EJO Bs(a,0)do (4.118)

where Ay, A,, B, and B, are given by Eqgs. 4.108, 4.111, 4.113, 4.115 respectively,
accordingtog # 1 org = 1.

To study periodic vibrations we require thatd = 0=0.

For real systems, the expansion of the function f(Qr, o cos i, —ocw sin ) usually
contains only a small number of harmonics, and hence the number of the values m,
n for which “resonance” can actually occur is also small; it generally suffices to take
as values of m and n a few natural numbers close to 1.

In what follows, the responses of single-degree-of-freedom, linear and nonlinear
systems are investigated.

4.2.3 Numerical Examples

Example 1. To better understanding how this method really works, let us apply it to
a linear oscillator with weak viscous damping, where equation of motion is

i+ u= —2euun+ ekcosQt, O<e<<l, u,k, Q>0 (4.119)

As it is well-known, the general exact solution of this equation for ey < 1 is
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u(t) = ag exp(—eut) cos (00 +1/1— 82#2)Jr
ek(1— Q%) 261k

o2 22200s§2t+ o T
(1-9%)" +4e22Q (1-Q%)" + 42120

sin Qf (4.120)

where g and 0 are constants to be determined from the initial conditions.
The only periodic solution of the equation is

ck(1— Q)
(1 - @) + 42207

262 ukQ
(1 -0 +4e2207

cos Qt + sinQt  (4.121)

Uper (1) =

Case la (nonresonance case). By assuming Q # 1, let us apply the above
method for Eq. 4.119 and we propose an initial approximate solution in the form

uo(t) = acos(t 4 0) 4 eX, (1) + £2X5 (1) (4.122)
with
a = ¢Ai(a) + £*Ax(a)
0 = ¢B, (a) + &*B1(a) (4.123)

Eq. 4.83 becomes

X1 (1) = uo(t) + SJ; sin(t — 6)[X"1 + X1 + 2(A; + pa) sin(t + 0)—

1
— 2aB) cos(t + 0) — kcos Q1] dt + & J sin(t — 1)[X"2 + X,—
0

dB
— (ZAQC() + 2A1B1 + aA; d_(ll+ ZﬂaB]) SiH(T + 9)+
dA, 2 ,
+ [ A; e 2aB, — aBi + 2uA; | cos(t + 0) 4+ 2uX'] dt (4.124)
a

and by integrating, the coefficient of ¢ becomes

X'1(0)sint+ X, (0)cost — X, (1) — (A; + pa) [tcos(H—O)—

_ sin(t+0) +sin(1—0)
2

} +aB, [tsin(t+9).+cos(’+9) ;cos(t—f)) ~

k
—Qz—l(cothfcost) =0 (4.125)
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Avoiding the presence of a secular term in Eq. 4.125 needs:
Ay = —pa, B; =0 (4.126)

With this requirement, the solution of Eq. 4.125 is

k
X](t) :XI(QI‘) = W cos Qt (4127)

By integrating and by replacing Eq. 4.127 into Eq. 4.124, the coefficient of £* in
Eq. 4.124 must be vanished:

1 dB
X’z(()) sint+X2(O) cost —Xz(t) — <A2 + AB; +§aA1d—al+

+ paBy) {tcos(r +0) — sin(7 + 0) 42- sin(t — 9)} -

1, dA 1

N cos(r+ 6) — cos(r — 0)] N 2ukQ
2 @ - 1)

5 (sinQt — Qsint) = 0 (4.128)

Again, elimination of secular terms requires
Ay=0, By=—-u (4.129)

We, hence, obtain a solution of Eq. 4.128, which reads

eukQ

X>(t) = @ - 1)2

sin Q¢ (4.130)

From Egs. 4.19, 4.20, 4.126 and 4.129 it follows that

a= —eua
. 1
0= f§g2,} (4.131)

The amplitude a, respectively the phase 0 are given in the form

a = ag exp(—eut)

1
0=0,— Eszuzz (4.132)
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where ag and 0 are constants. Hence, we may write that

u(r) = agexp(—eut) cos {00 + t(l _ ;82'[‘2)} _

2
- f cos Qf + M sin Q7 (4.133)
Q" -1 (@ - 1)
This result is very similar to Eq. 4.120. We obtain the frequency of the damped part
of exact solution (4.120) up to terms of second order in ¢. This can be easily verified
by developing the exact expression of the frequency namely /1 — ¢212 in a power
series of ¢ and retaining only the first term of the expression.

On the other hand, the periodic solution of Eq. 4.119 may be found from the
algebraic equation (4.93). We obtain a = 0 and therefore, for Q # 1, the periodic
solution of Eq. 4.119 is given by

262 ukQ

cos Qt + 5 sin Q¢ (4.134)

uper(t) = _Qz ] (Q _ 1)

Case 1b (resonance case) Suppose now that Q is close to 1 and denote
1 =07+, p =q = 1. We obtain the equation
u(t) = acos(Qt + 0) + X, (¢) + e2X(¢) (4.135)

Equation 4.110 becomes

X'1(0)sinQz + QX (0 )cost—QXl(t)—tcoth[(QAl+an)cos€+

1+ 2 (A 4+ ) [sin Q1+ 0) 4 sin(€r— 0)]+

1
+ (20a QaBl> sin@} +tsith[(QA1 + paQ)) sin0+
( ;

1
+ [ aQB; —aa) COS()+§k:|

G 4QQB‘)[cos(gz—a)—cos(gt+(9)] —0 (4.136)

The coefficients of 7cos Q¢ and #sin Q¢ in Eq. 4.136 must be zero, i.e.

B =———=cos0 (4.137)
a
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So, from Eq. 4.136 we have X,(r) = 0. The coefficient of &” in Eq. 4.104 must be
Oie.

T L %K sl —
20 80" T8a T 4

X(t) =0 (4.138)

sin 0,

The amplitude a and the phase 6 of the first harmonic of the Eq. 4.122 have to be
calculated from the system of differential equations, by considering only A; and B;:

) ek . 0
= — — —sin
a eua 2Qs

&0 ek

0=— = 4.13
2Q  2aQcosl (4.139)
The integration of system (4.139) is rather difficult. That is way we assume

X, = X, = 0 and we suppose the solution in the condensed form:
x(t) = acos(Qt + 0) (4.140)
which implies a tedious calculation. In exchange, the periodic vibration can be

determined by a straightforward algebraic calculation by putting ¢ = 6 = 0 into
Eq. 4.139 and solving the equations obtained for @ and 0. It then follows that:

k ) 2uald ac
a=————, sinf=-— , cosf=—
VA2 + o2 k k
ko 2ukQ .
Uper (1) = ————— cosQt + ————— sin Q¢ 4.141
per (1) 420 + o2 41207 + o2 ( )

2

Taking into account that 6 =

, the periodic solution becomes

262 ukQ
(1 - @) + 46220

ck(1— Q%)

cos Qf +
(1 - @) + 42202

sinQr  (4.142)

per (1) =

i.e. one recovers the exact expression (4.121) of the steady-state vibration and
therefore, the convergence of the method is more rapid in the “resonance” case
than in the “nonresonance” case.

From the above solution process, we can see clearly that the approximate
solution converge to the exact solution relatively rapid.
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Example 2
We consider the forced vibration of an oscillator with linear viscous damping
and cubic elastic restoring force, governed by the differential equation:

it + w?u + 26 + e’ = P cos Qt (4.143)
where
O<e<<l, wkQP>0, w#*Q (4.144)

which is also called generalized Duffing’s equation with damping.
Case 2a (“nonresonance” case)

1
By assuming that o # §Q and o # 3Q and applying the transformation
= P Q 4.145
U=x-+ m cos L2t ( . )

Eq. 4.143 becomes
¥+ o’y + 2ep( QP in Q P Q 3—0 4.146
.X+(U.X+ (CI,LL X—msln |+ ex X+mcos t = ( )

For Eq. 4.146 we propose an initial approximate solution in the form

Xo(t) = acos(wt + 0) + eX(¢) (4.147)
with
a=¢A(a)
0 = ¢By(a) (4.148)

Equation 4.83 becomes

x1(t) = x0(t) —l—% J; sinw(o — 1) {X" (1) + ©*X(1) — 20(A;+

30aP?
2(w? - Q)

2uQP . 30a*P 30a*P
_m Sle‘-i—m COSQI‘"‘M

30aP?
+20) cos Qt + Lz)z cos(wt + 20) cos 2Qt+

2(602 -Q

3
+ pa) sin(owt + 0) + Zoca3 + —2waB | cos(wt + 0)—

cos(2wt+

+ —2)3 (cos3Qt + 3cos Q1) } dt (4.149)
— Q)
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Integrating the last equation and avoiding the presence of secular term, we
obtain

Al = —ua
30a? 30P?

B =224 x . (4.150)
8w 40 (w? — Q)

The parameters a(¢) and 0(¢) are to be calculated by solving the equations

. [3aa? 30P?
i=—eua, 0=g|22 4 x . 4.151)
8w 40 (w2 — Q)

for which, by integration, it follows that

a(t) = agexp(—eut)
3eaP? 30a
0=0p— —— 22 exp(—2ep) (4.152)
4o (w? — QF) 16pwm

where ag and 0, are constants.
Taking into account Eq. 4.150, and imposing that x;(t) = xo(t) into Eq. 4.149,
we obtain

2uQP 30a’P 0P’
x(1) Zﬂiz sin Qr — - >+ - 7| cos Qr—
(0?2 — Q) 2(? - Q%) 4(0? - Q%)
P’ 3uaP?
- oc3 cos Qr — L3 cos(wt 4 0) cos 2Qr—
4(w? — Q%) (w? — 997) 8(w? —Q°
3oawP?
- # sin(wt + 0) sin 2Qt+
8Q(w? — &)

30a’P (30 + Q)
(@? — @) (902 — Q)
1200Qa*P
(w? = Q2)2(9w2 - QZ)

cos 2(wr + 0) cos QU+

sin2(wt + 0) sin Q¢
(4.153)

where @ and 0 are given by Eq. 4.152. Finally by substituting the relations (4.153)
and (4.147) into (4.145) we obtain the solution
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u(t) = acos(wt + 0) + LQZ cos Qf + ex(t) + 0(32) (4.154)

w2

In the case of periodic vibration (¢ = 0)we obtain ¢ = 0 and follows that

P
Mpgr(t) = m COS Qt+

3
+¢& Apz sin Qf — %41)3 cos Qt (4.155)
(? — Q%) 4(w? — Q7)

In order to compare our results with the numerical solution, we select ® = o« =
uw=180Q =2 P =0.2,¢ = 0.01. The comparison of the corresponding analytical
approximate solution (4.154) and approximate periodic solution (4.155) is shown in
Figs. 4.2 and 4.3 respectively. They show that this procedure provide excellent
approximations comparing to numerical solutions obtained by a fourth-order
Runge-Kutta method for small oscillations in different initial conditions.

There are several studies that treated forced oscillations of systems with cubic
nonlinearities, under the influence of slight viscous damping [7, 8, 34, 35, 55, 56]
and so on. The results obtained here can be compared with those given by the
method of successive approximations, the method of harmonic balance, etc. The
solution (4.145) in the second approximation, coincides with the first approxima-
tion (x = 0 into Eq. 4.154) given by the method of multiple scales [34] and Chap. 5.

Case 2b (“resonance” case)

By assuming o = 3Q, we denote w> = 9Q” + ¢5. The governing equation
becomes

ii 4+ 9Q%u + 2¢e i + sou® + eou = P cos Qt (4.156)

By transformation

P
=x+— cos Q) 4.157
U=x Ty ( )

we obtain from Eq. 4.156

P P }
X+9Q2x+2s,u<fc—8—g sith) er(x+8? coth) +

P
+ &0 (x + 32 cos Qt) =0 (4.158)

Initial approximate solution of Eq. 4.158 is in form:

xo(t) = acos(3Qr + 0) + eX(r) (4.159)
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Fig. 4.2 Comparison u(t)
between approximate solution

(4.154) and numerical

solution of Eq. 4.143 for 05
w=a=p=a=1,
Q=2,P=02¢=001,

u(0) = 0.916, (0) = 0.177: t

LR ——

approximate results ~05

Fig. 4.3 Comparison uc)

between approximate solution 0.06
(4.155) and numerical
solution of Eq. 4.143 for 0.04
O=o0=p=a =1, 0.02
Q=2,P=02,¢=0.01, {
u(0) = —0.066, 05/ 1 15 2 85 3
1(0) = 0.0008: -0.02
numerl.cal results; —0.04
approximate results
-0.06

By the same manipulation as before, we have the following solution, neglecting
terms of second order in &:

P uP
t) =acos(3Qt + 0) + — cosQr + ¢ sin Q¢+
u(t) = acos( Ty [64

Q3

( 3oa? 30P? oP

30P?
+ — cosQt — ——— cos(Qr + 0)+
1280%  1638Q° 6494) 2048Q* ( )

2 30a?
20960 cos(5Qt + 0) — P cos(5Qt + 20)—
3 2 3
- % cos(7Q¢ + 20) + O‘% cos(9Q + 30)] (4.160)

where a(f) and O(t)are given by the equations

eoP3

———— sinf)
1228807

. oa® oP? o oP3
0=¢|—~+—=5+————=cos0 4.161
(89 256aQ° ' 6Q  122884Q) ) ( )

a= —egua—+
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with the approximate solution given by averaging method

a(t) = apexp(—eput)

oa? aP? &0
0(t) = 0y — 16HOQ exp(—2eut) + 256Ra0T exp(eut) + —t (4.162)

6Q

The periodic solution of Eq. 4.156 is obtain for a = 0 =0 and therefore we
deduce that a and 0 are given by equations

3op? :
2564Q% |58982412Q° + (96aa292 it A 128092) —o?PP =0 (4.163)
a
, 1228811aQ’
sm@ =
oP3
15364°Q°  48Q*  2048a0Q°

cosf = 73 + P + T (4.164)

The curve described by Eq. 4.163 is named, “resonance curve”. The system
(4.164) has solutions in the conditions

7
12888 a2 <1

oP3 -
15364°Q°  48Q% 2048450
PZ + I+ 0;3 <1 (4.165)

The first order approximate solution in the case of “resonance” for Eq. 4.156 is
obtained from Eq. 4.159 with a(7) and 0(¢) given by Eqs. 4.162.

Fig4.4 illustrates the resonance curves obtained for Q = 1/3, a9 =1,
0o = 0.18328125,¢ = 0.0l, u = a = 1,P = 0.2, 6 = 1.0025, u(0) = 1.23185466,
1#(0) = 0.00028125. These curves are plotted using numerical integration results and
results from Eq. 4.160. One can observe that the results are nearly identical.

Fig. 4.4 Comparison u(t)
between the approximate
solution (4.160) and
numerical solution of

Eq. 4.156 for Q = 1/3,

ap =1, 0y = 0.18328125,
e=00lL,u=a=1,

P =0.2,0 = 1.0025,

u(0) = 1.23185466,

1(0) = 0.00028125:

L ——

analytical results
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This combination of iteration method and method of Krylov-Bogolyubov is a
kind of powerful tool for treating weakly nonlinear problems. Due to the very high
accuracy of the first order (initial) approximate solution, we always stop at the
second iteration step. We can obtain higher order approximation if in the initial
approximation we seek terms in €™ (m > 1). However, the calculation is usually
performed only for m = 1 orm = 2, because the contribution of higher order terms
is generally unimportant and because the formulas obtained for higher
approximations are very intricate.

It is interesting to note that by a certain transformation, the original equation of
motion can be rewritten in the form (4.74). Nonlinear systems of type (4.74) have
been known to arise in many problems related to dynamical systems. It is hoped
therefore that the obtained results demonstrate the applicability of this method but
also underline the importance of the periodic solutions in gaining a better under-
standing of these physically relevant models.



Chapter 5
The Method of Multiple Scales

The origins of the method of multiple scales go back to Krylov and Bogolyubov in
1932. The general principle behind the method is that the dependent variable is
uniformly expanded in terms of two or more independent variables, nominally
referred to as scales.

This obviously requires that the time derivatives of the dependent variable are
similarly expressed, with the general consequence that uniformity is relatively well
preserved even for nonconservative problems incorporating excitations and
dissipations. The multiple independent variables T} are generated with respect to
real time ¢ such that T, = skt, k=0,1,2,....Clearly, then, the time derivatives
will be expanded, in their own right, in terms of partial derivatives, each with
respect to the Ty as follows:

d

ZI:DOHDI + 2Dy + ... (5.1
dZ
— = D +2eDoD; + & (D} +2DoD3) + ... (5.2)

dr?

where Dy = a% , and the assumption is made that the parameter ¢ is small (¢ << 1).
If we consider the equation

ii+oc1u+oc2u2+oc3u3 =0 (5.3)

then, one assumes that the solution of Eq. 5.3 can be represented by an expansion
having the form

M(t, 8) = SMI(T(),Tl, ...,Tm) + 82M2(T0, Ty, ...7Tm)

44" YUy (To, Ty, .., T, ©4)
mfl( 05 L1yeeey m)

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering, 83
DOI 10.1007/978-3-642-22735-6_5, © Springer-Verlag Berlin Heidelberg 2011
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Substitution of Eq. 5.4 and the time derivative expansion into the governing
Eq. 5.3 results in a set of perturbation equations, hierarchically ordered to ¢, which
can then be solved successively. The solution can be determined only avoiding
secular terms [22, 34, 58]. Uniformity is assured if ¢ = 06" 'uy_ ) for all k and
To, Ty, T>. .., Tyy. Secular terms are routinely identified, by means of recognizable
resonance conditions, removed and then equated to zero. This process is invariably
used to determine the amplitude of zero-th order perturbation solution (sometimes
called the generating solution) corresponding to £ = 0 and expressed in complex
form (sometimes real form). We obtain for m = 2:

Diuy + oquy =0 (5.5)
D(2)u2 +ouy = —2DOD1bt1 — Otzu% (56)
D(2)M3 + oquz = —2DogDuy — D%Ml — 2DoDouy — 200u 1y — 0631/{? 5.7

With this approach it turns out to be convenient to write the solution of Eq. 5.5 in
the forms

u = A(Tl y T2) exp(z\/ETO) + A(T} y Tz) exp(fi\/ﬂTo) (58)
or
u; = B(Ty,Tz) cos[y/o Ty + o(T1,T2)] (5.9)

where A(T,T,) is an unknown complex function, A(T,T>) is the complex conjugate
of A(Ty,T,), B(T\,T>) and o(Ty,T,)are unknown real functions. The governing
equations for A (respectively B) are obtained by requiring u, and u3 be periodic
in T().

Substituting for example Eq. 5.8 into Eq. 5.6 leads to

D%uz + oquy = —2i\/o DA exp(iogTy)—

_ (5.10)
— oy [A% exp(2i/aiTo) + AA] + c.c.
where c.c. denotes the complex conjugate of the preceding terms. One can ignore
the initial conditions and the homogeneous solutions in all u, for £ > 2, until the
last step [34].

Any particular solution of Eq. 5.10 has a secular term containing the factor
To exp(ir/a, To) unless

DIA(T),T>) =0 5.11)
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Therefore A must be independent of Ty: A = A(T,). In this case, the solution of
Eq. 5.10 is

_ O(zA(Tz)z

u
30(1

exp(2i/aiTo) — Z—?AA tee. (5.12)

where the solution of the homogeneous equation is not needed.
Now, substituting Eq. 5.9 into Eq. 5.6, it follows that

Djus + iy = —/a1D1B(Ty, T2) sin[y/ar To + (T, T2)|+
—+ BD](p(Tl . Tz) COS[\/OT[T() + <p(T] y Tg)]—

—%ocsz(Tl,Tz)(l 4 cos(2y/o Ty + 2¢(T1,T))) (5.13)

To eliminate secular terms from Eq. 5.13, the following conditions must hold
D\B(T,,T,) =0 (5.14)
Dip(Th,T2) =0 (5.15)

which imply that B = B(T,) and ¢ = ¢(T2).
Having satisfied the conditions (5.14) and (5.15) (called the solvability
conditions), from Eq. 5.13, we obtain

1
=3 %Bz (T>) + 6“7232(5) cos[2/ai Ty + 2¢(T>)] (5.16)
1 1

Substituting u#; and u, from Eqgs. 5.8 and 5.12 into Eq. 5.7 and recalling that
DA = 0, we obtain

901003

— 103 -
D%u3 +oquz = — |2i\/u1 DA + 3—%AA exp(iv/oyTo)—
o

3o + 203 e

2 exp(3iy/ouTy) + c.c. (5.17)
1

In order to eliminate secular terms from Eq. 5.17, we must put

Qo003 — 1005%14

2A=0 (5.18)
30(]

2i\/o;DrA +

In solving equations having the form of Eq. 5.18, we find it convenient to write A
in the polar form:
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A= %a exp(if) (5.19)

where @ and f are real functions of T,. Substituting Eq. 5.19 into Eq. 5.18 and
separating the result into real and imaginary parts, we obtain

ford = 0 (5.20)
1002 — 9

Jaaf + 2 7B s (5.21)
240(1

where the prime denotes the derivate with respect to T5. It follows that @ = constant
and hence that

~ 9ojo3 — 1003 ,

=——=q°T 5.22

B 240(1\/06—1 a1, + ﬁo ( )
where f3, is a constant. Returning to Eq. 5.19, we find that
1 9005 — 1003 .

A= Ea exp (l T\/azszazt + lﬁo (523)

where we used the fact that T, = &t
Substituting u; and u, from Egs. 5.8 and 5.12 into Eq. 5.4 and using Eq. 5.23, we
obtain

2.2
u = gacos(wt + f) — i 60;062 [3 — cos(2wt + 2B,)] + 0(&?) (5.24)
I
where
9 — 1003
0 = o |1+ =5 a4 0(s) (5.25)
o

The constants a and 5 can be determined from the initial conditions.
Using real form of the functions #; and u, given by Egs. 5.9, 5.16 and
substituting into Eq. 5.7 we obtain
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D(Z)M3 +ous = 2\/ED28(T2) Sill[\/aTO + (p(Tz)]—'—

503 3
+ {2\/EB(T2)0290(T2) +6%B3(T2) 5B (1)) - (5.26)

- (6_ " %33@) cos 3[y/a1(To) + (T2)]

The secular terms from Eq. 5.26 can be eliminated if

D>B(T,) =0 (5.27)
2y B(T2)Dap(T>) + Z%fB%Tz) - %asB%Tz) =0 (5.28)

which imply that
B(T,) = By (5.29)

9oj0i3 — 1003
T;) = ———————=BT 5.30
SD( 2) 240(1\/OC_1 0f2 +900 ( )

where fy and ¢ are real constants.
Substituting Eqgs. 5.9, 5.16, 5.29 and 5.30, into Eq. 5.4 we obtain an expression
equivalent with Eq. 5.24:

2p2
e“Bgon
60(1

u = &By cos(Qr + ¢,) — [3 — cos(2Q + 2¢,)] + 0(¢*) (5.31)

where

2
ojoz — 1005 5, 5

Q= o |l+ 24 +0(%) (= ) (5.32)

Several variants of basic method of multiple scales have emerged in recent
times. Such method of multiple scales has been computerized with parallelization
strategies introduced for reasons of optimization [59]. The major texts [22] and [58]
are the most authoritative on multiple scales in the area of vibration research. An
alternative to the standard method [22, 34] is offered in [60] where time scales are
rewritten as T, = Qr and in general T,, = £"Qr. Also Q% and Q are independently so
that Q> = 1 + &0y, + 62612 and Q = 1 + &d5,. For other appreciations, see [61, 62]
and [63].

The structure of the power series for the dependent variable, the systematic use
of timescales and the perturbation parameter ¢ are very significant. We consider, in
what follows the motion of a pendulum with viscous damping having the equation
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04 200 + 3f(0) = 0 (5.33)
where f(0) =sinf ~ 6 — %63 and the very light damping in the form p = &*pu.

In [58] are present three alternative cases. In the first alternative, it is suppose
that

0(t,¢) = e0,(To, Ty, T2) + &205(To, T1, T2) + &°05(To, Ty, To) + ... (5.34)
The perturbation equations are

D%Q] + 60391 =0
D(2)02 + CO%OQ = —2DOD101

(5.35)
2
)
D305 + wj0s = —2DoD10, — 2DoD10; — D30; — 2uDo0; + ?00?
In the second alternative, a standard power series has the form
0(t,€) = 00(To, T1, T2) + 601 (To, T1, T>) + €202(To, T1, T2) + ... (5.36)

For the nonlinear term f(0) = 6 — £y0° with &) replacing the 1/6 used previ-
ously, the perturbation equations become.

D(2)60 + (JJ%O() =0
D30, + wj0, = —2DyD, 0, + 05 (5.37)
D(2)92 + w%@z = —2D0D191 — 2DOD200 — D%Qo — 2/.LD000 + 3760(2)0591

In the last alternative, when f(0) = 0 — ¢2y0° we find the following equations

D%HO + (1)(2]00 =0
D%O] + 60%01 = —2DOD]00 (538)
D%@z -+ wé@z = —2DyD0y — 2D¢D,0y — D%Qo — 2MD000 + ’))0)30(3]

By comparing the three sets of perturbation equation, taking Eqs. 5.35 as the
base-line set, it can be seen that the standard power series together with f(60) =
0— ey03 yields an identical lowest order perturbation equation except for the
subscripting which in this context is irrelevant. However, at the intermediate
perturbation level we find that the standard power series method together with the
first-order, nonlinearity £y0° expansion leads to explicit presence of the cubic term
at this order, as shown in Eq. 5.37, but also noting that this is not present in
Eq. 5.35,. At the highest perturbation level, it can be seen that both right-hand
sides are structurally identical, with subscripts representing the same functionality
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within both sets of equations, except for the modified cubic term w02013/6 in
Eq. 5.35; and 3yw2030; in Eq. 5.37.

Apparently, Eqgs. 5.38 are structurally identical to Eqs. 5.35 except for the
subscripting of the 6; (i = 1,2,3 and 0,1,2 respectively) and also the coefficient of
the cubic terms w}60°/6 in Eq. 5.353and yw}0sin Eq. 5.385.

For Egs. 5.35 the solution can be written in the form

2.2

0 = eage ™ cos | wor — 202 4 g L H.O.T (5.39)
32(0(),[1

where a and f are constants of integration and H.O.T stands for higher order
terms. The same solution procedure can be adopted for Eq. 5.38 and thus the first
approximate solution is as follows:

3 202, B
20T 2ty gl S HOT (5.40)
16600,&

0 = ape ™ cos {wot —

We assumed that 1/6 = ¢y and the second term in the brackets of Eq. 5.40
resembles that of Eq. 5.39 noting that the initial displacement is defined as & in
Eq. 5.39 and g, in Eq. 5.40.

The previous, comparative, example shows that the form of the adopted power
series and the ordering of terms can have a major bearing on the structure of the
solution, with clear connotations for accuracy and physical relevance.

One way to deal with ordering is to have it on some sort of physical appreciation of
the problem, leading to notions of “hard” (F(r) = FocosQt and F(t) = e¢Fcos Qf
as respective examples of this in the case of a single frequency harmonic oscillation)
and “strong” or “weak” damping where damping ratio might be expressed to zero-th
order ¢ for strong damping, or first or second order ¢ in the case of weaker damping.

5.1 Duffing Oscillator with Softening Nonlinearity

The Duffing oscillator with softening nonlinearity has been extensively studied in
the context of a large variety of physical systems [22, 64—70] such as the
oscillations of a pendulum, the rolling motion of a ship, or charge oscillations in
super ionic conductors. In spite of its simplicity this system has been shown to
exhibit complex behaviours in the presence of harmonic forcing and damping,
including, among other features, bistability, period-doubling sequences, chaos
and sometimes unbounded motions.

This above behaviours, apart from being interesting, must be considered because
they can forecast catastrophic consequences for the physical system being
modelled.
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In what follows we study the response of one-degree-of-freedom systems with
cubic nonlinearity to a fundamental parametric excitation (22 = 1), governed by a
non-dimensional differential equation of the form

ii 4 et + u — eou® = ef cos Qt (5.41)
where u, o, f and Q are positive constant parameters and ¢ << 1 (see also Sect.

4.2.3, Example 2).
We consider second-order expansion of the type

u(t,e) = uo(To, T1, T2) + euy (To, T1, T2) + *ua(To, T1, T>) (5.42)
for the proximity of Q to unity:

Q' =1+¢0 (5.43)
where ¢ is a detuning parameter. The natural frequency, equal to unity, of the
oscillators defined in Eq. 5.41 can be rewritten in terms of Q2 by using Eq. 5.43. The
result is the following

i + Q%u + ¢ (i — ou — o’ — f cos Qf) =0 (5.44)

Substituting Eqgs. 5.42, 5.1 and 5.2 into Eq. 5.44, and equating coefficients of like
powers of &, we obtain

Diug + Q*ug = 0 (5.45)
D%ul + @Puy = —2DoD1ug + ouy — 2uDoug + ocug + f cos Qt (5.46)
Djus + @*uy = —2DoDaug — 2DoD 1ty — (5.4)
— D%uo —2uDouy — 2uDyuy + ouy + 30m%u1
In this first case we express the solution of Eq. 5.45 in the complex form
uo(To, T1,T>) = A(Ty,Tz) exp(iQTy) + c.c (5.48)

where A is an unknown complex function of T and T, at this level of approxima-
tion. It is determined by imposing solvability conditions at the next levels of
approximation. Substituting Eq. 5.48 into Eq. 5.46 yields

Djuy + w*uy = (6A — 2iD1A — 2iuQA) exp(iQT,) + «A’ exp(3iQT,)+
. 1 (5.49)
+ 30A”A exp(iQTy) + Ef exp(iQTy) + c.c
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By imposing the solvability condition at the next levels of approximation, from
Eq. 5.49 we obtain

_ 1
2iQD|A + (—0 + 2iuQ)A — 30A’A — 5f =0 (5.50)

If we propose to obtain only first-order approximate solution, then A can be
considered to be a function of T, only. Therefore, a first-order approximation is
obtained by expressing A in the polar form

A = Za(T) explif(Ty) (551)

where a(T,) and B(T,) are unknown amplitude and phase of the fundamental
frequency, respectively.

Substituting Eq. 5.51 into Eq. 5.50 and separating real and imaginary parts, we
find that

- o

a=—pa— o sin f§ (5.52)
w6 30, f
p= o) SQa 740 cos f8 (5.53)

The first-order solution then becomes
u(r) = a(et) cos[Qt + f(et)] (5.54)

where a(er) and f(et) are determined from Egs. 5.52 and 5.53. An analytic approxi-
mate solution of Egs. 5.52 and 5.53 can be obtained by averaging method. We
obtain in this way:

i=—pa (5.55)
. o 3o ,

The solution of Egs. 5.55 and 5.56 are, respectively:

a(t) = a, exp(—eut) (5.57)
30 30“1(% —2eut
ﬂ(t) :ﬁo—ﬁl‘—me (558)

where ag and f are constants.
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The first-order analytic approximate solution by means of Egs. 5.51 and 5.58
becomes

u(t) = age™""" cos (Q - f)r RELL Bo (5.59)
0 20/ T 16u0° ‘
The steady-state periodic motion corresponds to the solution of the system of
equations, obtained from Egs. 5.52 and 5.53 by conditions ¢ = 0 and f = 0. We
obtain

Foo
ua + 20 sinff =0 (5.60)
1-1-3—“ 2—|—Lcos/3:O (5.61)

Eliminating f§ from Eqs. 5.59 and 5.60 leads to the frequency-response equation
(resonance curve)

30a®\
42a2Q% + <aa n %) =0 (5.62)

The detuning parameter ¢ is obtained from Eq. 5.61 in the form

3 2
oo \ /f — 4202 (5.63)
4 a?

The second-order approximation requires elimination of the secular terms in
Egs. 5.46 and 5.47 simultaneously, but now A is considered to be in Eq. 5.51 a
function of T and T,. With Eq. 5.50, the solution of Eq. 5.46 can be expressed as

O(A3
u = T exp(3iQT,) + c.c (5.64)

Substituting Eqs. 5.48 and 5.64 into Eq. 5.47 yields

Du> + Q%uy = —(DJA + 2iQD>A + 2D\ A) exp(iQT,) —

W2 L, (5.65)
- @A A" exp(iQTy) + HO.T. 4+ c.c

Eliminating secular terms from Eq. 5.65, we obtain
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32
DA + 2iQD,A + 2uDA + 8;;;2A3A2 =0 (5.66)

In order to solve Egs. 5.50 and 5.66, we find it convenient to combine them into a
single first-order ordinary-differential equation. For this, from Eq. 5.50 we obtain:

24 _ (a4 1\ poa 3% (424
DlADl(DlA)<u+2Q>D1A ZQDI(AA) (5.67)

But:

D (A*A) = 2AAD|A + A’D\A =
io — 3Biot 5 - _
=—(3u+— |A?A — ——A%A + (A% — 24A
( pt 29) 04 )

if (5.68)
40

and, therefore from Eqs. 5.68 and 5.67 we have

3ioe  Giou _ 92 ., i\ >
24 2 O 5 & FAT 3 g
DiA = < 2924— 3 >AA 492AA + ,u+2Q A+

_ (5.69)
i 3iA? 30AA o f
T\ 20 T o 20/
Substituting Egs. 5.69 and 5.50 into Eq. 5.66 yields
DA + (3iocu 3mx>A2A 15a2A3A2 (/124- o2 >A+
) it e _ _ =
Q 2 2 2
20 8Q 4Q (5.70)

30A> 30AA o iu)
(=S - Er=0
(8(22 407 80 4Q f

From Egs. 5.50 and 5.70 and taking account that eéD|A + &2D,A = % , we obtain

dA 1
20—+ ¢ [(mg —0)A — 30A’A — 24 +

d
3of 5 Ziotu 30(0') 5= ( ) 62>
+ &2 | =LA+ — S |AA- (P +— |A— 5.71
[SQZ ( Q2 aTeY >-71)
3af 1502 4 i
_3 _%AsAz_ﬂ_ff_fz} —0
40 8Q 4Q° 80

In this case, A is a function of ¢ and is expressed in the polar form
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A() = 5a(r) explif(1)] (5.72)

Substituting Eq. 5.72 into Eq. 5.71 and separating real and imaginary parts, we
obtain

3 :2 9¢%
d:—s,ua—szia3+8 — cosfi — (i+ﬂ+ eaf

2 .
20 307 T 0 a ) sinff (5.73)

eo &)t ot (e N 3eao N 1562 a*
20 20 80 \8Q  16Q° 256Q°
o  &af 382afa> guf .
—|==+ cosf — sin
<2aQ 8aQY® 320 4 4aQ* 4

(5.74)

Substituting Egs. 5.48, 5.64 and 5.72 into Eq. 5.42, we find that the second-order
approximation to the solution of Eq. 5.44 for the fundamental parametric excitation
case (2 ~ 1) is

eoa’
u(t) = acos(Qr + ) — Forey cos(3Qt + 3f) + ... (5.75)

where a and f§ are given by Egs. 5.73 and 5.74.
By means of averaging method, from Eqs. 5.73 and 5.74 we obtain an analytic
approximate solution in the form

3eoa®
a=—sguall+ 5.76
U ( 302 ) (5.76)
p= 30 @ _ ﬁ (3 n 38206(: 2 156%0%a* 5.77)
20 20 8QF \8Q 160 256Q°
The solution Egs. 5.76 and 5.77 are obtained in the form
ap exp(—eut)
a(r) (5.78)

\/1 + 38?;% [1 — exp(—2eut)]
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ﬁ<r>=ﬁ0=—(3—“+@+ﬁ),+

20 20 8
4 200 Qo e
3m | 3o 2en au0) ™! 011 — exp(—2eut
+ (382,uoc+ e 2eu 4,UQ> n{ + 802 [1 —exp(—2eu )]}+ 5.79)
4Q°  20Q ) 5 ,
(382#& ‘*‘3?) (8Q% + 3exag ) [1 — exp(—2eut)]{8Q°+

+ 3eaag[l — exp(—2wt)]}71

where aq and f§y are constants of integrations.

For the steady-state periodic responses ¢ = 0 and /3 = Oso that from Egs. 5.73
and 5.74 we obtain

M
cosff = N
(5.80)

sinfi = —
where

M = 1024¢12aQ* + 768% 0’ a> 0P —
— (16Q + 2¢0 + 9e0a®) (1560’ a’ + 48eoa’ + 960a*Q* + 32e0°a+
+1286*p%aQ” + 1286aQ)”)

N = 256Q* + 6462 12Q" + 1286002 + 192c0a*Q* + 166267+ (5.81)
+ 166%a0a® + 276%0%a*

P = (32uaQ® + 12ep0a’) (16Q% + 4o + 3eafa®) + 128euoad’+
+ 1288212 aQ? + 326 6% pa + 96ep0a> Q? + 4862 oa® + 15e0a’

with conditions:

M QP
1< —<1,-1<—<1 (5.82)
8N N

The frequency-response curve of a system governed by Eq. 5.44 is obtained from
Eq. 5.80, eliminating f§ and has the form

M? + 64Q%P? — 64N* = 0 (5.83)
where M, N and P are given by Egs. 5.81.

Figure 5.1 shows the first-order approximation u(f) given by Eq. 5.59, which is
compared with the numerical results obtained from Eq. 5.44 for ¢ = 0.01, ¢ = 0.1,
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Fig. 5.1 Comparison u(t)
between the approximate 1
solution (5.59) and numerical
solution of Eq. 5.44 for

e =001,c =0.1,
Q=1.0005p=0a=1,
f=0.1: numerical t
results, _ _ analytical 1 2 3 4 5 6
results

0.5

-0.5

Fig. 5.2 Comparison u®

between the approximate
periodic solution and 0.4
numerical solution of Eq. 5.44

for & = 0.01, o = 0.00088, 0.2
a=1/2,Q=0.09,p=1,

v=15f=1 T 5 3N a4 5 8f
numerical results, _ _ _

analytical results -02

Q2 =1.0005, u = a =1, f=0.1. Figure 5.2 shows the comparison between the
first-order approximate periodic solution and numerical solution in the conditions
e =0.01, ¢ = 0.00088, a =1/2, 2 =0.099, u=1, a = 1.5, f = 1. One can
observe that the first-order approximate solutions are in very good agreement
with the numerical ones.

5.2 A Parametric System with Cubic Nonlinearity Coupled
with a Lanchester Damper

In what follows, the two equations governing a parametric system with a single-
degree-of-freedom coupled with a Lanchester damper are studied using the method
of multiple scales for the case of fundamental parametric resonance.

Parametrically excited systems are quite frequently encountered in various
applications. These are systems which, in contrast to those externally excited,
have the excitation appearing as a time-dependent coefficient in the governing
differential equation. These systems may exhibit large responses even when the
excitation is small and not close to the natural frequency of the system.

The oscillatory-bare pendulum is a classical example of such systems and has
been treated extensively [22]. Ships also experience this type of behaviour. Systems
with one and two-degree-of-freedom including the effect of quadratic and cubic



5.2 A Parametric System with Cubic Nonlinearity Coupled with a Lanchester Damper 97

nonlinearities have been investigated in [71] and [72]. Non-stationary parametric
oscillators with a single-degree-of-freedom near the principal parameter resonance
is treated in [73] and the response of single-degree-of-freedom parametric system
with cubic nonlinearity is studied near the principal parametric resonance in [74]. In
[75] is investigated a non-linear oscillator having quadratic and cubic nonlinearities
coupled with a Lanchester damper.
The governing equations of a parametric system with a cubic nonlinearity
coupled with a Lanchester damper are [73, 74, 75]:
iy 4 uy 4 2eu(ity — i) + eousd + 2eFu; cos Qt = 0 (5.84)
liy + 2yt —1i1y) =0 (5.85)
where u, o, F and y are known parameters depending of the system and ¢ << 1.

Using the method of multiple scales for the case of the fundamental parametric
resonance (£ ~ 1), one seeks an approximate solution in the form

u(t,e) = uyo(To, Ty, To) + eury (To, T1, Ta) + 2ura(To, Ty, To) + ... (5.86)
uy(t,€) = ux(To, Ty, T2) + euny (To, Ty, T) + szuzz(TO, T,,T,) + ... (5.87)
We define the detuning parameter ¢ according to
P =1+¢o (5.88)
Using Egs. 5.88, 5.84 and 5.85 become
iip + Q%uy +¢ [—ouy + 2u(ity — iip) + e} + Fu, cos Q] =0 (5.89)
iy + 2yt —i1y) =0 (5.90)

Using Eqgs. 5.1, 5.2, 5.86 and 5.87 in Egs. 5.89 and 5.90 yields the following sets
of equations:

Djuyo + Qup = 0 (5.91)
D{uzo + 2yDouzg = 2yDoutyo (5.92)

Diuyy + Q*uyy = — 2DoDyuyg + ourg — 2p(Douro — Dottrg) —
— out}y — 2F 10 cos QT (5.93)

Djuz; + 2yDouzy = 2y(Dour — Dyuag + Dyuugg) — 2DoD1uzg (5.94)
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Djui> + Quip = —2DoDyuyy — (D7 + 2DoDa)urg + oty —

(5.95)
—2M(D1u11 — D1u21) — 30(14%01411 — 2Fuy; cos Qt

D(Z)ngz + 2yDouyy = —2D¢Dup; — (D% + ZD()Dz) Uzo+

(5.96)
+2y(Douia — Dyuzy + Dyuyy + Dauyg — Daunp)

In this the second case we express the solutions of Egs. 5.91 and 5.92 in the real
form

Uy = A(T] s T2) COS[QTO + <,0(T1 y Tz)} (597)
492
Uap = WA(TI,TZ) cos[QTy + (T, T2)]+
/ (5.98)
_ 22 (7). T) sin[QTy + 9Ty, T>)]
Qz+4"/2 1,142 o+ @i, 12

Substituting Eqgs. 5.97 and 5.98 into Eq. 5.93, expanding and arranging yields

2 2
Dguyy + Qup =

Op(Ty,T)

ATy, T
T, +0A(T,,T>) +

= |:2QA(T1,T2) A(Ty,Ty)—

Q2 + 42
20 0A(Ty,T»)
oT;

3o

— ZA3 (T[ 5 Tz):l COS[QT() —+ (p(T] : Tz)} —|- —|— 2IU,QA(T] . Tz)—

— MA(T1 Tz)} sin[QTy + ¢(T,T>)] — 243 (T,T) cos[3QTo+
Q? 4 492 ’ ’ 4 :
+ 3()0(T1 y Tz)] — FA(T] y T2) COS[ZQTO + (p(Tl y Tz)] — FA(T] y Tz) COS[(p(Tl y Tz)]

(5.99)

For a uniformly valid expansion, the secular producing terms in Eq. 5.99 must be
eliminated. Hence, the solvability conditions are

0p(T1,T2) o 2uyQ 300,
—_— =t — 4+ ——A(T},T) =0 5.100
8T1 29 QQ + 4'}/'2 SQ ( 1 2) ( )
OA(T,, T,) uQ?
oT, Q% + 492

AT, T>) =0 (5.101)

The solution of Eq. 5.101 can be written in the form
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A(T1,T>) = A(T>) ex ( “QZT> (5.102)
1,12) = 2) €Xp Q2+4y2 1 .

From Egs. 5.100 and 5.102 we obtain

30(Q* + 492 2u0’
(11, T) = (1) — 2E L) o exp(- s ) -
16uQ Q° + 492
(5.103)
(o 2w N\,
20 Q7 4 492 !

The solutions (5.97) and (5.98) by means of Eq. 5.102, become

2
uQ
= A(T, ———T QT T, T .104
uio ( 2)6XP< O 14 1) cos|QTy + (T, T2)] (5.104)
4y? < e’ )
Uy =————A(Tr)exp| ————T | cos|QTy + o(T1,T>)|+
=gt e g o) (5.105)
294 1y)e ( uQ’ T)sin[QT + o(T),T5)] '
e xpf —H ’
O + 472 2) €Xp QZ+4"/21 0T @i, 12

Substituting Eq. 5.102 into Eq. 5.99, we obtain the equation for u;;:

2A3(T;) 3uQ?

D2uyy + Q%uyy = — exp| — Ty ) cos[3QTy + 3p(Ty, T»)|—
oU11 11 2 P QZ+4~/2 1 [ 0 <p( 1 2)]
FA(T,)e ( uQ T >{cos (Ty,T2) + cos[2QTy + ¢(T1,T2)]}

— Xp| ——5—— , ,

2) €xXp Qz+4y2 1 e, 12 o+ e, 12

(5.106)

The solution of Eq. 5.106 can be written in the form

A3(T. 3uQ?
Ltll:a (2)6 ( ,U

307 P\ Q7 a4y
AT o W
3 TP\ @7 14

T1> cos[3QT + 3p(T1,T2)]+

T1> {cos[2QTy + ¢(T1,T,)] — 3 cos[p(T1,T2)]}

(5.107)

where the function ¢ (T}, T5) is given by Eq. 5.103.
Now, substituting Egs. 5.97, 5.98 and 5.107 into Eq. 5.94 yields
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3ayA3(T 3uQ?
Déum + 2'})D()M21 = —/7(2) [ ( K

16Q Q442
_HFAT) [ uQ?
3 TP\ rap

4Qy*A(T: Q? 30A%(T 3uQ?
(Qz +492) Q +4y 8Q Q° +4y 2Q
3uyQ 20y Q*A(T: Q?
- 2} - A 22 eXP(_zu—zT1>}COS[QTO+90(TIaTz)]—
Q" + 4y (Q2_|_4y2) Q" + 4y

29Q%A(T O’ 30A%(T 3uQ?
Q" + 492 Q" +4y2 8Q Q° + 42 2Q
2Q | APQA(T,) < puQ?
X

T]) Sil’l[3QTO + 3(p(T1 s Tz)]—

T1> sin[2QTy + o(T1,T2)]+

T1> } sin[QTy + (T, T2)]

_ exn| —
Framr (@ ya) T\ @t
(5.108)
From Eq. 5.108 the solution has the form
30pA3(Ty) ( 3uQ? ) .
u(To, Th, T2) = ————F——exp| ——5——=T1 ) sin[3QTy+
200102 = = ea007 + a7 P\ a1 ) ST
243 2
ay“A*(T») < 3uQ )
+30(T1,T2)] —————"—exp| ——5——=T1 ] cos[3QT+
o(T1,T,)] 8Q2(9§22+4y2) p Qz+4y2 1 [ 0
PFA(T2) ( e ) :
+3p(T,,T2)| + —————exp| ————=T1 ) sin[2QT+
(T, T>)] 30(Q% 1 ) p Q2 + 472 1 [2QT,
2 2
V" FA(T2) ( Jie) >
+ (T, T7)]| + —=—exp| ————=T1 | cos[2QT+
(T, T2)) 302 p QZ+4V2 1 [ 0
2uyQPA(T) ( e’ )
+ (T, L)+ ———=exp| ————=T1 | cos|QTo + o(T1, T2)]+
o(T1,T3)] Q1472 p O + 472 1 [QTo + (T4, T>)]
2 2 2
uQ 30A*(T,) ( 3uQ )
+ 29QA(T,) exp| — T exp| — T, | —
OAT) p( Q7 + 42 ‘)[ s P2 aap!
4 2wQ | .
- QT T,,T
2Q Qz+4“/2} sinlf2lo + (71, To)]
(5.109)

We remark that the terms of the form K(73)Tysin[QTy + (T, T,)]and
K (T>)Ty cos[QTo + (T4, T2)]not are resonant terms. Also, in Egs. 5.95 and 5.96
do not exist resonant terms, such as we can write a second-order approximation to
the solutions of Egs. 5.84 and 5.85. In this case, we can consider A(T,) = Ag and
©(T>) = ¢, where Ag and ¢, are constants, because the terms in ¢ are negligible.
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In this way, we obtain the following expression for the second-order approximate
solution for Egs. 5.84 and 5.85, respectively.

uy () = Agexp <
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+
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The constants Ay and ¢, can be determined from the initial conditions for the

first variable u; because in practical cases we are interested on the main mass
(having the displacement u,).
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Fig. 5.3 Comparison
between numerical solution
and analytical solution
(5.110) of Eq. 5.89 in the case
Ap=p=1y=a=0.1,
Q=1.002,c =0.2,

e = 0.01: numerical
results, _ _ _ _ analytical
results

5 The Method of Multiple Scales

uq(t)

0.5

-0.5

-1

If we are interested on the behaviour of the small mass, then from Eq. 5.92
it must be taken into account the initial conditions which refer to the variable u,

[74, 75].

For Eq. 5.89, in the particular case when Ag =1, y = 0.1, p =1, a = 0.1,
Q =1.002, 0 = 0.2, ¢ = 0.01, F = 0.2, the comparison between the numerical
results and approximate analytical results given by (5.110) is shown in Fig. 5.3.

From Fig. 5.3 one can observe that the analytical results perfectly match the

numerical ones.



Chapter 6
The Optimal Homotopy Asymptotic Method

The homotopy continuation method was known as early as in the 1930s. This
method was used by kinematicians in the 1960s in the US for solving mechanism
synthesis problems [76]. The latest development was done by A.P. Morgan at
General Motors [77]. We also have two important literature studies by Garcia
[78] and Allgowar [79]. The continuation method gives a set of certain answers
and some iteration processes to obtain our solutions more exactly.

Consider the following nonlinear algebraic equation

fx)=0 (6.1)

for a given set of equations in n variables x1, xp,. . .,x,. We modify the Eq. 6.1 by
omitting some of the terms and adding new ones until we have a new system of
equations, the solutions to which may be easily guessed (known). We then deform
the coefficients of the new system into the coefficients of the original system by a
series of small increments to obtain our solutions. This is called homotopy contin-
uation technique.

If we wish to find the solution in Eq. 6.1, we choose a new starting system or the
auxiliary homotopy function

gx) =0 6.2)

The auxiliary homotopy function g(x) must be known or controllable and easy to
solve. Then, we define the homotopy continuation function as

H(x,t) =t (x) + (1 —1)g(x) =0 (6.3)

where 7 is an arbitrary parameter which varies from 0 to 1, i.e. r € [0,1]. Therefore
we have the following two boundary conditions

H(x,0) = g(x) (6.4)

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering, 103
DOI 10.1007/978-3-642-22735-6_6, © Springer-Verlag Berlin Heidelberg 2011
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H(x,1) =f(x) (6.5)

This is the famous homotopy continuation method. It is also called the Bootstrap
method or parameter-perturbation method, but these names did not become
popular.

The perturbation procedure requires the existence of a small parameter which is
not always the case. To eliminate these disadvantages, S.J. Liao [80-82], adopted
the homotopy technique which is widely applied in differential topology for
obtaining the approximate analytic solution of the second-order strong nonlinear
differential equation. The embedded artificial parameter p € [0,1] is introduced and
the homotopy transformation of the differential equation is done.

For a given nonlinear differential equation

N(u(x)) =0, xeD (6.6)

where N is a nonlinear operator and u(x) is a unknown function, Liao constructed a
one parameter family of equations in the embedding parameter p, called the zeroth-
order deformation equation

(l —p)L[U(x;p) - MO(X)] +pN[U(X,p)] = 07 X e Da pe [0’ 1] (67)

where L is an auxiliary linear operator and uy(x) is an initial guess. The homotopy
provides us with larger freedom than the traditional non-perturbation method to
choose both the auxiliary linear operator L and the initial guess. At p = 0 and
p = 1, we have U(x,0) = up(x)and U(x, 1) = u(x), respectively. So, if the Taylor
series

U(x,p) = i w(x)p' (6.8)

u(x) = zOC: uy (x) (6.9)

which must satisfy the original Eq. 6.6. Here u(x) is governed by a linear differen-
tial equation related to the auxiliary linear operator L and therefore is easy to solve.
But this early homotopy-analysis method cannot always guarantee the convergence
approximation series. To overcome this restriction, Liao introduced a non-zero
auxiliary parameter 7 to construct a two-parameter family of equations, i.e. zeroth-
order deformation equation

(1 =p)[U(x;p) —uo(x)] = hipN[U(x;p)] x €D, p€0,1] (6.10)
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In this way, the homotopy-series solution Eq. 6.9 is dependent upon x and the
auxiliary parameter /. This auxiliary parameter 7 can adjust and control the
convergence region and rate of homotopy-series solutions. Later, Liao introduced
the zeroth-order deformation equation in a more general form

[ = B(p))IL[U(x;p) — uo(x)] = hA(p)H(x)N[U(x;p)], x €D, p €10,1]
6.11)

where A(p) and B(p) are called deformation functions satisfying
A(0)=B(0)=0, A(l)=B(1)=1 (6.12)

and H(x) is an auxiliary function.

The so-called rule of solution expression, rule of coefficient-ergodicity and rule
of solution existence play important roles and greatly simplify the application of the
homotopy analysis method. The convergence of the series Eq. 6.8 depends upon
the auxiliary parameter 7, the auxiliary function H, the initial guess uy(x) and the
auxiliary linear operator L. The combination of the convergence theorem and
the freedom of the choice of the auxiliary parameter 7, the auxiliary function
H(x), the initial guess ug(x) and the auxiliary operator L establishes the cornerstone
of the validity and flexibility of the homotopy analysis method.

For the zeroth-order deformation Eq. 6.11, Liao suggested to choose a proper
value of i by plotting the so-called 7-curves, but the homotopy analysis method is a
method for the time of computers: without high-performance computers and sym-
bolic computation software such as Mathematica, Maple and so on, it is impossible
to solve high-order deformation equations quickly so as to get approximations at
high enough order. Without computer and symbolic computation software, it is also
impossible to choose a proper value of the parameter 7. It is true that expressions
given by the homotopy analysis method are often lengthy and thus can be hardly
expressed on only one page. Note that one needs much more time to calculate a
traditional “analytic” expression in a length of half page by means of a traditional
computational tool such as slide rule [82]. This is an original concept of “analytic
solution” unlike the traditional concept of analytic solution, which has been formed
100 years ago.

In a whole different manner, we proposed in [83—89] another similar technique
called the optimal homotopy asymptotic method (OHAM). Instead of an infinite
series, we need only a few terms, mostly two or three terms. Our method is applied
successfully to obtain the solutions of currently important problems in dynamical
systems and we have also shown its effectiveness, generalization and reliability.

The OHAM is not only useful for nonlinear differential equations but also it is
useful for linear and nonlinear partial differential equations [90-100]. It is a
powerful method for solving nonlinear problems without depending on small
parameters, which shows its validity and potential for the solution of nonlinear
problems in science and engineering applications.
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6.1 Basic Idea of OHAM

We apply OHAM to the following differential equation

L(u(x)) + g(x) + N(u(x)) = 0, B(u,ji) =0, x€D (6.13)

where L is a linear operator, x denotes independent variable, #(x) is an unknown
function, g(x) is a known function, N(u(x)) is a nonlinear operator and B is a
boundary operator.

By means of OHAM one first constructs a family of equation:

(1 =p)IL(¢(x;p)) + g(x)] = H(x,p)[L(p(x;p)) + 8(x) + N(¢(x; p))]
B<¢(x,p), é )) 0 (6.14)

where p € [0,1] is an embedding parameter, H(x,p) is a nonzero auxiliary function
forp # 0and H(x,0) = 0, ¢(x, p) is an unknown function, respectively. Obviously,
when p = 0 and p = 1 it holds

O (x,0) = up(x), ¢(x,1) =u(x) (6.15)

respectively. Thus, as p increases from 0 to 1, the solution ¢(x, p) varies from ug(x)
to the solution u(x), where ug(x) is obtained from Eq. 6.14 for p = 0O:

L(up(x)) + g(x)) =0, B<uo,%) =0 (6.16)

We choose the auxiliary function H(x,p) in the form
H(x,p) = phi(x,C;) + p*ha(x,C}) + ... (6.17)
where hy(x,C,), k = 1,2,... are the auxiliary functions depending on x and on the

constants C,,, n = 1,2,. .., which will be defined later.
Let us consider the solution of Eq. 6.14 in the form

O (x,p, Cr) = up(x +Z (x,Co)p' k=1,2,.. (6.18)

i>1

Now, substituting Eq. 6.18 into Eq. 6.14 and equating the coefficients of like
powers of p, we obtain the governing equation of uy(x) given by Eq. 6.16, and the
governing equation of i (x), i.e.
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L(uy(x)) = hy(x, Ci)No(uo(x)), B(ul,%) =0 (6.19)

k—1
L(ux(x) = w1 (x)) = helNo(uo(x)) + D Il L(ui—i(x))+
i=1
duk

—i—Nk_i(uo(x),ul(x),...,uk_i(x))], k=2,3,.. B(Mk, ar

) =0 (6.20)

where N, (up(x), u1(x), ..., un(x))is the coefficient of p™, obtained expanding
N(¢(x,p,C;))in series with respect to the embedding parameter p:

N(¢(x,p,Ci)) = No(uo(x)) + > Nin(ug, ooy tn)p™, i =1,2,...  (6.21)

m>1

where ¢(x,p, C;)is given by Eq. 6.18.

It should be emphasized that uy for k > 0 are governed by the linear Egs. 6.16,
6.19 and 6.20 with the linear boundary conditions that come from the original
problem, which can be easily solved. The convergence of the series Eq. 6.18
depends upon the auxiliary functions 4;(x,C,). There are many possibilities to
choose the functions 7;(x,C,). The convergence of the solutions #, and conse-
quently the convergence of the solution u(x) depend on the auxiliary function
hi(x,C,). Basically, the shape of #;(x,C,)must follow the terms appearing in
Eq. 6.20. Therefore, we try to choose 4;(x, C,)so that in Eq. 6.20, the product

hilL(t5—i(x)) + Ni—i (0 (%), 11 (%), ., ti—i(x))]

be of the same shape with other terms which appear into Eq. 6.20. For example
hi(x,Cy)could be chosen as exponential function, trigonometric function, polyno-
mial function and so on, depending on the shape of the terms already present in the
iteration given by Eq. 6.20.

If the series Eq. 6.18 is convergent at p = 1, one has

u(x,Ci) = uo(x) + Y _we(x,C;), i=12 .5 (6.22)
k>1

Generally speaking, the solution of Eq. 6.13 can be determined approximately in
the form

m
i(x, C;) = uo(x +Zuk i =1,2,..s (6.23)
k=1

The Eq. 6.23 is named approximate solution of order m.
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Now, substituting Eq. 6.23 into Eq. 6.13 it results the following residual
R(x,C;) = L(a(x,C;)) + g(x) + N(u(x,Cy)), i=1,2,..s (6.24)

If R(x,C;) = 0 then i(x, C;) happens to be the exact solution. Generally such
case will not arise for nonlinear problems. At this moment, the m th-order approxi-
mation given by Eq. 6.23 depends on the constants Cj, i = 1,2,...,s and these
constants can be optimally identified via various methods, such as the least square
method, the Galerkin method, the collocation method and so on. The first option
always should be minimizing the square residual error:

b
J(Cy,Cy, ..., Cy) = JRz(x,cl,cz, ooy Cy)dx (6.25)

where a and b are two values depending on the given problem. The unknown
constants Cy, C,,. . .,C, can be identified from the conditions

ol ol aJ
o === ac =0 (6.26)

With these constants known (namely convergence-control constants), the
approximate solution of order m (Eq. 6.23) is well-determined. Another convenient
possibility to determine the optimal values of the constants C; is to solve the system:

R(xl,Ci) = R(XQ,C,‘) = ..= R(XS,C,‘) = O, = 1,2, ey S (627)

where the residual R is given by Eq. 6.24.

Our procedure contains the auxiliary functions %;(x, C,), which provides us with
a simple way to adjust and control convergence of the solution. It is very important
to properly choose the functions A;(x, C,)which appear in the m th-order approxi-
mation Eq. 6.23.

In particular, we consider a nonlinear differential equation of the form

ii(t) + o®u(t) = f(u(t), u(t), ii(r)) (6.28)

where the dot denotes derivative with respect to time, w is a constant and f is in
general a nonlinear term. The initial conditions are

u(0) = A, #(0)=0 (6.29)

where A is the amplitude of the oscillations. Note that it is unnecessary to assume
the existence of any small or large parameter in Eq. 6.13 or Eq. 6.28.
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Equation 6.28 describes a system oscillating with an unknown period T.
We switch to a scalar time 7 = % = Q. Under the transformations

1=Qr u(r) = Ax(t) (6.30)

the original Eq. 6.28 becomes
1
QX' (1) + 0’x(1) = Zf(Ax(‘c),AQx’(r),AQ%c”(r)) (6.31)
and the initial conditions become

x(0)=1, x(0)=0 (6.32)

where the prime denotes the derivative with respect to 7.
The family of Egs. 6.14 can be written as

(1 =p)L(¢(z,p)) = H(z,p)[N(d(7,p), 24, p))] (6.33)

where L is a linear operator

2
L(@(p) = 8| TUEP) 4 e p) (634)

while N is a nonlinear operator

> d(z,p)
or?
9¢(z,p)

ot

+ (0 + ) ¢(1,p)

2
4200 PEEP) i) 639)

N((i)(‘[,p), Q(LP)) = Qz()ﬂp)
L F(AB(x.p), A p)

where A is an arbitrary unknown parameter and , will be given later. From
Egs. 6.29 and 6.30 we obtain the initial conditions

_ ., 9¢@p)|
pOp) =1, 5= =0 (6.36)
In this case, when p = 0 and p = 1 it holds
¢(1,0) = x0(7), ¢(7,1) =x(7), Q(0) =Q, Q1) =Q (6.37)

where xo(t) is an initial approximation of x(t). Therefore, as the embedding
parameter p increases from O to 1, ¢(z,p) varies from the initial approximation
xo(7) to the solution x(7), so does Q(p) from the initial approximation Q, to the exact
frequency Q.
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Expanding ¢(t,p)and Q(p)in series with respect to the parameter p, one has
respectively

o (t,p) = x0(1) + px1 (1) +p2x2(r) + .. (6.38)
Q(p, 1) = Qo +pQ; + p*Q + ... (6.39)

If the initial approximation xo(7) and the auxiliary function H(z, p)are properly
chosen so that the above series converges at p = 1, one has

x(t) = x0(7) +x1(7) + x2(7) + ... (6.40)
Q=0Q)+Q; +0Q + ... (6.41)

The series Egs. 6.40 and 6.41 contain the auxiliary function H(z,p). The results
of the m th-order approximations are given by

X(t) = xo(t) +x1(7) + ..o + 20 (7) (6.42)
Q= Qo+ Q1+ ... + Qg (6.43)

If we substitute Eqs. 6.42 and 6.43 into Eq. 6.33 and if we equate to zero the
coefficients of various powers of p we obtain the following linear equations

L(xg) =0, x(0)=1, x,(0)=0 (6.44)

L(X,‘) —L()Ci_l) = Z/’lei_j(X(),X], ...,xi_j,QO,Ql,...Q,«__,-,a,/l);
= (6.45)

X,‘(O) ZX/I‘(O) ZO7 i = 1,2,...}’}’1— 1
m—1
L) = L(Xm-1) = > hiNp-1-j + huNo,  x(0) = ,,(0) =0 (6.46)
J=1

where Ny are obtained from the equation

N(¢’Q) = NO('XO7QO7A?)*) +pN1 ('XOabeO)QlaA7;L)

5 ) (6.47)
+17 NZ(—X()y-Xl7-X27QO,QlaQ2?A7/L) + ..

Note that Q can be determined avoiding the presence of secular terms in
Egs. 6.45 and 6.46.
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The frequency Q depends upon the arbitrary parameter A and we apply the so-
called “principle of minimal sensitivity” [101] in order to fix the value of 4. We do
this imposing that

dQ
7 0 (6.48)

This principle of the minimal sensitivity appears for the first time in the quantum
field theory, A¢* theory or quantum chromodynamics [101]. In its original formu-
lation a Lagrangian density £ which is not exactly solvable is interpolated with a
solvable Lagrangian L,(4) depending upon one or more parameters A:£0 =
Lo(A) + 0(L-Ly(1)), O being a parameter. We notice that the interpolation of the
full Lagrangian with the solvable one, £y(4), brings an artificial dependence upon
the arbitrary parameter A. Such dependence, which would vanish if all perturbative
orders were calculated, can be made weaker to a finite perturbative order, by
requiring some physical observable P to be locally insensitive to 4, i.e. 9P /91 = 0.

In the above application this physical observable P is in fact the frequency €.
This condition is known as the principle of minimal sensitivity and is normally seen
to improve the convergence to the exact solution.

Unlike homotopy analysis method, in the proposed procedure (OHAM) the
construction of the homotopy is quite different. In the frame of OHAM the linear
operator L is well defined by Eqs. 6.16 or 6.34 and the initial approximation is
rigorously determined from Eq. 6.44, while in the homotopy analysis method these
ones are arbitrarily chosen. Instead of an infinite series (as is the case of the
homotopy analysis method) the OHAM searches for only a few terms (mostly
two or three terms). The way to ensure the convergence in OHAM is quite different
and more rigorous. Unlike other homotopy procedures, OHAM ensure a very rapid
convergence since it needs only two or three iterations for achieving a very accurate
solution. This is in fact the true power of the method. OHAM does not need a
recurrence formula as other homotopy procedures (such as homotopy analysis
method) do. OHAM is an iterative procedure which often converges to the exact
solution after only two or three iterations. Iterations are performed in a very simple
manner by identifying some coefficients. OHAM does not need high-order
approximations. OHAM does not use the rules established in the frame of
homotopy analysis method, it is a self-sustained method which has no “open
questions” as is the case of other homotopy procedures. OHAM does not need the
restrictive conditions A(1) = 1, B(1) = 1 as the homotopy analysis does. The
homotopy analysis method is a special case of OHAM when H(t,p) = ph where
the parameter %is chosen from the so-called “Zi-curves”. An important feature of the
OHAM is that using Eqs. 6.26, 6.27 or 6.48 a minimization of errors is obtained.
Finally, OHAM provides an analytic solution for complicated nonlinear problems
expressed on only two rows, unlike other homotopy procedures which need few
pages to express an analytic solution.

In the following, several examples are given to demonstrate the general validity
and the great potential of the OHAM
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6.2 Duffing Oscillator

We consider the well-known Duffing oscillator

i + *u = f(u) (6.49)
where f(u) = —au’(from Eq. 6.28) and o and a are real parameters. The initial
conditions are

u(0)=A, u#(0)=0 (6.50)

Under the transformations Eq. 6.30
=0 u(t) = Ax(1) (6.51)
the original Eq. 6.49 becomes
Q%' (1) + w’x(1) + aA’* (1) = 0 (6.52)

where prime denotes the derivative with respect to .
We construct Eq. 6.33 in the form

(1 =p)L($(z,p)) = H(p,7)[Q*¢" (v, p) + &’ ¢(z,p) + aA’¢*(z,p)][0,1] (6.53)
where

¢(1,p) = x0(7) + px1 (1) + pPxa(2) + ... (6.54)

Q*(p) = 0 + o1p + 0ap® + ... (6.55)

while L is the following linear operator:

P (r,
Lo(e.p) = o |50 4 (e p) (656
The Eq. 6.44 becomes:
% (x4 x0) = 0, x0(0) = 1, x’(0) =0 (6.57)

Equation 6.57 has the solution

Xo(t) =cost (6.58)
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From Egs. 6.54, 6.55 and 6.53 and expanding the nonlinear operator Eq. 6.35 for
A = 0, because we consider only one iteration, we obtain:

N(¢p, Q) = No(x0,Q0,4) + pN; (x0,x1,Q0, 01,A) + ... (6.59)

where
No(x0,Q0,A) = 0}xy + *xg + aA’x; (6.60)
Ny (x0,x1, Qo, 01,A) = 01Xy + x| + 0*x; + 3aAx0x; (6.61)

If we choose
hi(t,p) = Cy + 2C;, cos 2t + 2C5 cos 41 (6.62)
and substituting Egs. 6.58, 6.50 and 6.62 into Eq. 6.45, for i = 1, we obtain:

o} ( +x1) = (Cy +2C5 cos 2t+
A2 :| (6.63)

+2C5cos41) | (0* — wf + %aAz) COS T +aT cos 3t

We note that in the right-side of Eq. 6.63 only odd-order harmonics appear in the
square brackets. By using simple manipulations, Eq. 6.63 becomes

3
w%(x’l' +x1) = (Cl + Cz)(wz - 60(2) +ZCZA2) +

A2
ai(Cz + C3)] cos T+
L 4
[ 3 CaA?
(€2 Co)(@ - 0 + 5 aA?) + =

} cos 31+
: 3 A2
+ |C3(0* — 0} +ZaA2) + Caa

] cos 5t+

C3CZA2
+

cos 77, x1(0) = x'1(0) =0 (6.64)

Avoiding the presence of a secular term needs:

2 2 1 2 3 2
= — =~ dA 665
@y w” + ( 1 2) ( )

With this requirement, the solution of Eq. 6.64 yields

Ak (C24C1Cy— C3— 20,05 —C3)
o 32(1)%(C] +C2)
aAz(C1C2 +C%—C2C3—C§) aA*C

3
96a(CrrCy) SOOI gy p(cosTeosT)

x1(1)

(cost —cos31)+

(6.66)
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For m = 1 into Eq. 6.42, we obtain the first-order approximate solution:

X(t) = xo(t) + x1(7) (6.67)
where xo and x; are given by Egs. 6.58 and 6.66 respectively. Using the transfor-
mation Egs. 6.51 and 6.67, the first-order approximate solution of Eq. 6.49
becomes:

i(t) = acos Qr + fcos 3Q¢ + y cos 5Q¢ + J cos 7Qs (6.68)
where Q is obtained from Eq. 6.55 and 6.65

3C1 +4C; +C3)
@ =} = o? + 3C 2 aA? 6.69
S o B (6.69)

and

aA3(C? +4C,Cy + 6CC5 — 11C,C5 — 4C% +2C3
32Q%(C, + Cy)

_aA¥(C3+2C,C3+ C3— C1— C,Cy)

B 320°(Cy + Cy)

_aA} (G053 + C5 — CC, — C3) P aA3Cs

96Q%(Cy + C3) T 1920?

o=A+

B

y (6.70)

The substitution of Eq. 6.68 into Eq. 6.49 leads to the residual of the form

R(t,Cy,Cy,C3) = it + w*ii + air® (6.71)

The constants Cy, C;, C3 can be determined by means of Egs. 6.26.

6.2.1 Numerical Examples

In order to illustrate the remarkable accuracy of this method, we compare the
approximate frequency given by Eq. 6.69 with the exact frequency known in [40]

-1

0 _m/Itad’ J do A 67
o 2 V1 = misin’0 T 2(1+aA?) '
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For A = 1 and w = 1, and different values of a, we consider the following three
cases:

Case 6.2.1. (a) a = 1. In this case from Egs. 6.26 we obtain: C; = —1.08262;
Cy, = —0.417895;C3 = 0.498748

Case 6.2.1. (b) a = 2. The constants are: C; = —1.05329; C, =0.127917;
C3; = —0.0450043

Case 6.2.1. (¢c) a=10. It is obtained: C; = —0.865779;C, = 0.167738;
C3; = —0.0794433

For comparison, the exact frequency obtained by integrating Eq. 6.72 and the
approximate frequency computed by Eq. 6.69 are listed in Table 6.1

Table 6.1 indicates that the formula Eq. 6.69 can give excellent approximate
frequencies for different values of the parameter ¢, when A = o = 1.

Figures 6.1-6.3 show the comparison between the present solutions obtained
using our procedure and the numerical integration results obtained by using a
fourth-order Runge—Kutta method.

Table §.1 Comparisqn of . 2 0..Eq 6.72 QEq 669
approximate frequencies with T3l 307774
the corresponding exact 31778 317774307

frequency of the Duffing 2 1.56911 1.56907907
oscillator 10 2.86664 2.866430119

—_

u(t)

0.5

Fig. 6.1 Comparison =t
between the solutions of 1 2 3 4 5 6
Eq.649forw =A =a=1:
numerical solution; _
_ approximate solution given
by Eq. 6.68 -1

Fig. 6.2 Comparison t
between the solutions of 1 2 4 6
Eq. 649 foro =A =1,
a=2: numerical
solution; _ _ _ approximate
solution given by Eq. 6.68 -1
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Fig. 6.3 Comparison u(t)
between the solutions of 1
Eq. 649 foro = A =1,

a = 10: numerical

solution; _ _ _ approximate 0.5

solution given by Eq. 6.68

-0.5

-1

In summary, it can be seen that the solutions obtained by OHAM are nearly
identical with that given by the numerical method. We find that the parameter a
does not need to be small.

6.3 Thin Film Flow of a Fourth Grade Fluid Down a Vertical
Cylinder

Consider a fourth grade fluid falling on the outside of an infinitely long vertical
cylinder of a radius R. The flow is considered in thin, uniform, axisymmetric film
with thickness J, in contact with stationary air. In cylindrical coordinates, we have
[83, 102-104]

ZIZ (201 + o) — 5 [ (Z:) +4( s 7+ s+ )jlr(ﬁ”) ] (6.73)
Op wd ( du du\’
oz rdr ( d‘) (ﬁz—i_ﬁ%) [ (dr)

where p # p(z)is pressure, oy, 02, B2, B3, 3, V4, 75 and yg are known parameters and

Eq. 6.74 further gives
2 dPu " du\®
3 e -
dr dr? dr

+ pg (6.74)

d’u 2(B, + B3)
’ﬁ+d}’+ 1

The boundary conditions are:

d
u(R):o,d—Lr‘ZOatrzRM (6.76)
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Defining

_ pgR? b— (P + Bs)

r R
= — = — k
n=gf=Ju iz R
Equations 6.75 and 6.76 reduces to

d&f  df
—— 4+ ——+k 2b
Mt gt R0+

In accordance with Egs. 6.78 and 6.79, the linear operator is chosen as:

L(¢(n,p)) =1

5
7d_1+ﬁv
dr\* dr\*
(dn> ””(m)

>¢(n,p) N ¢ (n,p)

and we define a nonlinear operator as

o o

N($(n,p)) = 2b [(W)S N 3n<8¢((9:77,p)>

and the function g(n)as

The initial conditions are

9¢(d,p)
on

$(0,p) =1, =0

Equation 6.16 can be written as
i !
o tfo+kn=0
fold) =0

It is obtained
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6.77)

(6.78)

(6.79)

(6.80)

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)

(6.86)
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Equation 6.19 becomes

"l = 2mb(f} + 3nffY) (6.87)

fild)=0 (6.88)

If we choose &y (n, C;) = Cy, where C; is a unknown constant, then the deriva-
tive of solution of Eq. 6.87 subject to condition Eq. 6.88 is given by

, 1 (Y
fi(n) ==C1bk (——n> (6.89)
() =300 (7
Equation 6.20 for k = 2, reduces to

2
Y+ =nfl 1+ Ci{nfl + £+ 6blfy fl+

) 2ol 1 gl ool ;3 12 o1 (6.90)
+n(fo f1 + 2 f1f0)]} + 2bha(f'y” + 3nfo'f7)
AHd)=0 6.91)

Choosing ,(t,C;) = C,, with C, constant and substituting Eqs. 6.86 and 6.89
into 6.90 and then integrating Eq. 6.90 with condition Eq. 6.91, we obtain the
derivative of second-order solution:

, 1, ., A N 3 (Y
fz(n) :Z(Cl +C1+C2)bk <?—7]) +§C1b k (;—77) (6.92)

Thus the derivative of solution up to second order is given by
_ C & L A
f'n) =fo+h+h =« ( - n> + ﬁ( - 77> + v( - n) (6.93)
Ui n n
where
B =

3
o= (C24+2C, + )bk, y = gclbzks (6.94)

N
ENY,

Substituting the derivative of the solution up to second order Eq. 6.93 into
Eq. 6.78, results in the residual:
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R(1,C1,C2)=—2(+2b27) <__,7) (2+ >
—2(y+6bx*A3) ( 77) (_+377>
—12ba (> +ay < n>6<3 +477> 4bp° (;2 )8(4%2+5,,)
—12by(B* +o) (6717 n) (50:7 +6n)—
) (o) o) ()

(6.95)
Forn € [g , d] , the functional Eq. 6.25 becomes:
d
J(C1,Cy) = J / R*(n,Cy,Ca)dn (6.96)
d/3
The constants C; and C, result from the conditions:
ﬂ—Zr Ra—Rd =0 or 2r Ra—Rd =0 (6.97)
oC, d/3 aCy ’ (9C2 d/3 0C, '

In a particular case when k = b = 1,d = 1.02 (in Ref.[102], b > 0.3 is consid-
ered a parameter corresponding to strong nonlinearity), from Eqs. 6.97 are
obtained:

C; = —0.0010842826666
C, = —0.0225161113357

From Eq. 6.93 the derivative of solution is obtained up to second order in the
form:

. 1.0404
f'(n) =05 (T — 17> — 0.024683501 <

1.0404 3
) -
(6.98)

1.0404 >
- 0.000406606( - 77)
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By integrating Eq. 6.98 in the initial condition Eq. 6.79, we obtain the solution of
second order for Eq. 6.78 in the form:

_ 0.000123912  0.012707805
fn) = 7 7

1.02
+ 0.0000677671° + 0.595775602 Inn) 4 0.2677778886, 1 € [3, 1.02}

— 0.2863204531 4 0.0056420837* +

(6.99)

Figure 6.4 shows the comparison between the present solution obtained from
formula Eq. 6.99 and the numerical integration results obtained from Eq. 6.78 by
using the fourth-order Runge—Kutta method.

It can be seen from Fig. 6.4 that the solution obtained by the present method is
quasi-identical with that given by the numerical method, demonstrating very good
accuracy.

6.4 Damped Oscillator with Fractional-Order Restoring Force

In this section we consider the nonlinear oscillator with damping and fractional-
order restoring force

d*x dx 1
W+2ka+ax+bx|x| =0 (6.100)
0025 ; . . |
- \ —
0015 : -
. \k\l-h
E oombk \K"X _
*,
0.005 X -
ok LI
| | | |
-0.005 - - - - .
0 s10°  110* 1510t 210 2510

f

Fig. 6.4 Comparison between the results obtained using the proposed method and numerical
method for Eq. 6.78: numerical simulation; -+-+-+- approximate solution Eq. 6.99
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where k, a and b are constants and n > 0.

The initial conditions are given by

where the dot denotes derivatives with respect to time ¢.

Under the transformations

x=Ae My 1=kt

the original Eq. 6.100 becomes

Y (= 1)y + eyt =0

The initial conditions transform to

where prime denotes the derivative with respect to t and

a
OC—E,

We apply OHAM for Egs. 6.102 and 6.103. The linear operator is

L(¢(t,p)) =

where 7 is an arbitrary constant unknown at this moment.
We modify the family of Egs. 6.14 in the following form

(1 —p) [L(¢(z,p)) + g()] = H(z,p)N((z,p))

where the nonlinear operator is

PP(t,p)

N(¢(T,p)) = T‘F (OC - 1)¢(T7p) + ﬁe<l_n)f¢(rap)|¢(fﬂp)|n71

The initial conditions become

$(0,p) =1,

>(z,p)

b

_ n—1
p= i

o012

(. p)
ot

=0

+72¢(t,p)

=k
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(6.101)

(6.102)

(6.103)

(6.104)

(6.105)

(6.106)

(6.107)

(6.108)
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According to Egs. 6.105 and 6.16, we choose
yo(t) = e # cosyt, g(t) = e ¥ (4% cos yT + 20y siny1) (6.109)
where 4 and y are arbitrary unknown constants.
In order to obtain the first-order approximate solution of Eq. 6.102, the case

m = 1in Eq. 6.23 is considered. Therefore, from Eq. 6.19 the first-order problem is
obtained:

L(y1(1)) = hi (7, Ci)(No(yo(7)) (6.110)
The operator No(yo) is
No(o(t)) =y + (& — 1)yo + B yq|yo|" " (6.111)
The last term of Eq. 6.111 can be written as
Yolvol" ™" = [yo["sign(vo)
where sign(yo) = 1 if yo > 0 and sign(yo) = —1 if yo < 0.

Substituting Eq. 6.109; into this expression, the following Fourier series expan-
sion is obtained

Iyo|"sgn(vo) = e "**(ay, cos yt + a3, cos 3yt + as, cos 5yT + ....) (6.112)
where
4 3
Wyt =— J(cos u)" cos(2j + udu,, j=0,1,2,... (6.113)
Toon
0

In this way, from Eqs. 6.109, 6.112 and 6.111 one has

No(yo) = e *[(2% + & — 1) cos yt + (22 — y)y sinyt]+
+ e~ =T (g1 cos yT + az, cos 39T + ... 6119
It is assumed that
hi(t,C;) = Cy +2C, cos 2yt
where C; and C, are unknown constants.

Substituting this equation and Eqgs. 6.114 into 6.110, the equation in y(t) is
derived:
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V' 92y = e F[(CL +Co) (A2 + o — 1) cosyt+
+(C1 — Ca)(2yA— ) sinyt ++C5 (A2 + o — 1) cos3yt+
+Cy(22y —9?) sin3yt] 4 fe~ PV (a1, C1 + (a1, + a3,) Ca) cos pr+
+ [aznC1 + (a1, + as,)Ca] cos 3yt + (a5,Cy + az,C2) cos Syt + ...}
(6.115)

which has the solution

y1(t) = Bcosyt 4 Dsinyt + e ** (M cos yt + M cos 3yt+
+ Ny sinyt + N3 sin3y7) + e~ #=17(P| cos yt + P3 cos 3yr+ (6.116)
+ Pscos 5yt + Qg sinyt + Q3 sin 3yt + Qs sin 5y7 + ....)

where B and D are integration constants and

Cil(o = DA+ 2+ 427 =293 + ClA(o — 1) + 22 — 4922 + 297

Ml = Y]
(A7 +4y?)

Ve — Col(o = 1)(22 + 72 = 92p) + At + 4232 — 307y — 397

L=

(2492 —99)" + 903y + 1)

. = Cil2y(1 =) =22 + Ca[29(1 — @) — 4% + 7]

=

A2+ 492)

. — CaBB— 0)(A2 + Ay) =32 = 239 — 192392 + 1149° — Y

3 p—

(22 492 = 9m)" + 902 + 72)’
Pl _ ﬁ[(/ll’l +n— 1)2 + y2 - ;Lz][alncl + (aln + a3n)C2]
[(ntn—172 4792 =22 +420n+n— 1)

py = BlUn+n =1 +7° = 92a3,C1 + (ann + a5,)C)

[+ n—1)2 492 — 922 +3622(n +n— 1)

_ PBlAn+n— 1)2 +92 - 2512}(a5,,C1 + az,C)
YT Untn— 12492 - 252 4100220 +n— 1)

=2BA(An+n — 1)[a1,Cy + (a1, + a3,)Ca]
1 =
[+ = 1) 492 = 21 +47%0m +n = 1)
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—6pL(An +n — 1)]az,Cy + (ay, + as,)Ca)
[+ 0= 1) 492 = 922" +362%(n +n — 1)?

03 =

—IOﬁ}(ln +n—- 1)(a5,,C1 + a3,,C2)

Os =
[(2n4n— 172492 — 2522 +10022(2n +n — 1)

(6.117)

The first-order approximate solution is obtained from Eqgs. 6.23, 6.109 and 6.116
and therefore

¥(1) = yo(t) +31(7) (6.118)

The constants B and D which appear in Eq. 6.116 can be determined from the
initial conditions Eq. 6.103. The first-order approximate solution of Eq. 6.100 is
obtained from Eqs. 6.118, 6.102 and 6.101 and can be written in the form

%(t) = Ae M{—(M; + M5 + Py + P5 + Ps) cos ykt+

14+4 4 in+n—1
+[T+;(M1+M3)+f(P1+P3 +Ps) — (N1 +3N3 + 01+

+ 3053 + 505)] sinykt} + Ae” VR [(1 4 M) cos ykt + M3 cos 3ykt+
-+ N sin ykt + N3 sin 3pke] + Ae’()'“)"kt(Pl cos ykt + P3 cos 3ykt+
+ Ps cos Sykt + Qy sin ykt + Q3 sin 3pkt + Qs sin Sykt)
(6.119)

where the coefficients M;, N;, P, Q;, i = 1,3; j = 1,3,5 are given by Egs. 6.117

The convergence of the solution x(t) and, consequently, the convergence of the
approximate solution X(t) depend on the auxiliary function #(z, C;). Basically, the
shape of h(t,C;) (or hy(t,Ci),..., hy(t,C;) in other nonlinear problems) must
follow the terms appearing in Eq. 6.114 which are cosyt, sinyt, cos3yt,...
Therefore, h;(t,C;) should be chosen so that in Eq. 6.110 the product
hy(t,C;)No(1) be of the same shape with the other terms from Ny(t) (a combination
of functions cos yt, cos3yt, sinyt). For example, one can choose

hi(t,C) = C'| + 2C5 cos 2yt + 2C cos 4yt
or
hi(z,C!) = C] + 2C} cos 4yt + 2CY sin 6yt
where C', C,, C4,CY, C, C are unknown constants.
In other applications, such as those presented in [84—89], the functions %, (z, C;),
hy(t,Cj) or hy(t,Cy), can be chosen as exponential functions or polynomial

functions, depending on the shape of the terms already existing in the specific
iteration.
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6.4.1 Numerical Examples

We illustrate the accuracy of this approach by comparing previously obtained
approximate solutions with numerical integration results calculated by means of
the fourth-order Runge—Kutta method.

Case 6.4.1.a

In the first case considered, it is assumed that a =1, b =1, k= 0.1, n = 3,
A = 0.5. This corresponds to the oscillator with a linear-plus-cubic restoring force.
It should be noted that the value of the parameter of nonlinearity b is not small.

From Eq. 6.113, one finds

ai3=0.75 a33=025 as3=0
By means of the collocation method, one obtains
C; = —1.133641, C, =0.227603, A= 13.0497722, vy = 10.244569
The first-order approximate solution becomes

1
x = ze (101717 cos 1024461 — 0.063556 sin 1.024461) +

1
+ Ee—l-4"498’(—0.00176381 cos 1.02446¢ — 0.00857627 cos 3.07337t+

+ 0.274502 sin 1.02446¢ — 0.0532868 sin 3.07337¢)+

1
+5 e *214%81(_0.00666211 cos 1.02446¢ — 0.0000715917 cos 3.07337t—

—0.000100285 cos 5.12228¢ + 0.00439515 sin 1.02446¢+
+0.000868631 sin 3.07337 — 0.000218981 sin 5.122287)
(6.120)

This solution is plotted in Fig. 6.5 together with the numerical results and good
agreement between them is found. These time solutions represent an oscillation

0.4 |!

0.2
Fig. 6.5 Comparison
between the approximate /\ /\ VAN P
result of Eq. 6.100 (solid line) \/ v \@f P " P
given by Eq. 6.120 and

numerical results (dashed -0.2
line) fora=b=1,A =0.5,
k=0.1,n=3 -0.4




126 6 The Optimal Homotopy Asymptotic Method

with decreasing amplitude, approaching the zero equilibrium point, which
corresponds to stable focus in the phase plane.

Case 6.4.1.b

For the second case we considera = 0,b =1,k =0.1,n = 3,A = 0.5 and we
obtain

Ci = —0.405949,C, = 0.391642, 4 = —0.227844,y = 0.645668

and the first-order approximate solution is

1
X(1) = 3¢~ "V(~0.479616 cos 0.06456681 — 1.12506 5in 0.06456681) +

1
+3 e 007721561 861615 cos 0.06456681 + 0.374566 sin 0.06456687—

—0.165853 cos 0.19377 — 0.183676 5in 0.1937¢)+
1
+5 e OB194710.960311 cos 0.0645668¢ + 0.274582 sin 0.06456681-+

+ 1.33225c0s 0.1937¢ + 0.214526 cos 0.322834¢—
— 1.42483 5in 0.1937¢ 4 0.755112 sin 0.322834¢)
(6.121)

This analytical solution is plotted in Fig. 6.6 and agrees well with the numerical
solution. This solution indicates that there is no oscillation in this case.

Case 6.4.1.c

In this case, if we considera = b =1,k =0.1,n = 3/2,A = 0.5, then

a3 = 0.915311716, a33 = 0.101701301, as5: = —0.009663924

3
2
and

C, =0.302498,C, = —0.257482, 4 = 2.16821,y = 12.3432

Fig. 6.6 Comparison
between the approximate
result of Eq. 6.100 (solid line)
given by Eq. 6.121 and
numerical results (dashed
line) fora =0,b =1,
A=05k=01,n=3

50
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Fig. 6.7 Comparison X
between the approximate
result of Eq. 6.100 (solid line)
given by Eq. 6.122 and
numerical results (dashed
line) fora=b=1,A=0.5,
k=0.1,n=3/2

6 8 4/ 10

The approximate solution is

1
x(f) = 56"“’(1.013284 cos 1.23432¢ — 0.0524102 sin 1.23432¢)+

1
+3 e 031682110 018425 cos 1.23432¢ — 0.176664 sin 1.23432¢+

+0.109537 cos 3.70295¢ + 0.0243331 sin 3.70295¢)+

1
+5 e~ 0475231510 00649996 cos 1.23432¢ — —0.000653951 sin 1.23432¢—

—0.098116 cos 3.70295¢ — 0.01277 cos 6.17159¢ + 0.02125 sin 6.17159¢)
(6.122)

The comparison between the approximate and numerical solutions shown in
Fig. 6.7 indicates that they agree well for the first two cycles, for ¢ € [0,12.6] and
then the accuracy of the analytical solution deteriorates. In this case one can
consider the motion interval by interval, for # € [12.6-21.8] and so on.

Figures 6.5-6.7 show a comparison between the first-order approximate analyti-
cal solutions of Eq. 6.100 and the numerical results. One can observe that the first-
order approximate analytical results obtained through OHAM are near the
numerical simulation results for various values of the parameters.

6.5 Nonlinear Equations Arising in Heat Transfer

6.5.1 Cooling of a Lumped System with Variable Specific Heat

Consider the cooling of a lumped system [84, 105-107]. Let the system have
volume V, surface area A, density p, specific heat ¢ and initial temperature T;. At
time ¢ = 0, the system is exposed to a convective environment at temperature 7T,
with convective heat transfer coefficient . Assume that the specific heat c is a linear
function of temperature of the form
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c=cql+ (T -T,)]

(6.123)

where ¢, is the specific heat, at temperature T, and f is a constant. The cooling

equation and the initial conditions are as follows:
ar
PVCE‘FhA(T — Ta) = 0, TU = T,‘

where by using

we have

d
(14—814)61,—z—&-u:07 u(0) =1, x € [0,00)

According to Eq. 6.13 we have:
L(u(x)) = ' (x) + u(x), g(x) =0, N(u(x)) = eu(x)u'(x), u(0) =1
d

[—
where =4

Equation 6.16 becomes
1y (x) + uo(x) = 0,up(0) = 1
from which we obtain
up(x) =e
Substituting Eq. 6.128 into Eq. 6.19 we get
Uy (x) 4+ uy (x) = —ehy (x,C)e™™, u;(0) =0
where Ay (x, C;) = Ci(constant) and therefore
up(x) = eCr(e ™ —e™)
For k = 2 and k£ = 3 into Eq. 6.20 we have respectively:

uh(x) + up(x) = [(26% — &)CT — eCy — eha(x, C))] e > — 36°Cie ™,

(6.124)

(6.125)

(6.126)

(6.127)

(6.128)

(6.129)

(6.130)

(6.131)
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with the solution for /; (x, Cj) = Ca(constant):

2
Lt2<x) = |:<% — S)C% —&Cy — SCQ] e "+

(6.132)
.3
+ [(e - 282)C% + ¢C + ¢Cs] e X+ ESZC%€73X

and

Uy (%) +us(x) = [(=26% +4e® — &) CF + (4e® — 26) 2+
+ (462 = 26)C,Cy — 6Cy — £Cy — eh3(x,C;)] e >+
+[(96% — 66%) C} — 66°CT — 66°C1C] e — 8’ Cle ™, u3(0) =0
(6.133)

which have the solution, if we consider /3 (x, C;) = Cz(constant):

uz(x) = —[(8¢” + 8&> + &) C} + (8% + 2¢)CT+(8¢” + 2¢)C,Cr+
+&Cy + 6Cy + £C3le ™ + [(26% — 46® + ¢)CT + (26 — 46%)CF
+ (26 — 4e*)C1Cy + 6Cy + eCy + £C3) e
+ [ (1262 — 186%)CT + 126°CT + 126C1Co] e 4 246’ Cle™  (6.134)

The approximate solution of this third order is obtained from Eqgs. 6.128, 6.129,
6.132, 6.134 and 6.23 for m = 3:

a(x) = up(x) + uy (x) + ua(x) + uz(x)
and we obtain:
A(x) = Aje™ + Age > + Aze > + Age ™ (6.135)

where

15

Ay =1-3eC; —26C; — &C3 — (38 —|—782) CT — (2¢ +8¢%)C1Co—

— (e+8¢ +85) C}
Ay = 3eCy + 26Cy + &C3 + (36 — 66%)C2 + (26 — 46%)C1Cr+

+ (e — 482 + 264 C3

27
A = EBZC% + 126°C1C, + (126% — 186%)C
Ay = 246°C} (6.136)
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The residual Eq. 6.24 for m = 3 is obtained in the form:

R(x,C1,Ca,C3) = (A + eA?)e ™ + (243 + 364, Ay)e +

+ (3A4 + 2643 + 4eA1Az)e ™™ + 5e(A 1A + ArAz)e "+
+ 36(A3 + 242A4)e” % + TeAsAge™ ™ + deAje™

(6.137)

Forx; = 1,x, = 2, x3 = 3 into Eq. 6.137 we obtain the approximate solution of
the third order for e=1 and ¢=2 respectively (see Eq. 6.27).
ii(x) = 2.666666 ¢ — de™ > 4 3¢ — 0.6666666 ¢ (6.138)
ii(x) = 4.460824085¢ " — 11.54898853¢ >+

_ (6.139)
+14.65491942¢ ™% — 6.566754975¢*

Figures 6.8 and 6.9 show the comparison between the present solution and the
numerical integration results obtained by a fourth-order Runge—Kutta method, for
cases e=1 and ¢=2, respectively.

It can be seen from these figures that the solution obtained by OHAM is nearly
identical with that given by numerical simulation.

Fig. 6.8 Comparison between the results obtained by the present method Eq. 6.138 and the
numerical results of Eq. 6.125 for ¢ = 1; -+-+-+-+- present solution

numerical solution
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Fig. 6.9 Comparison between the results obtained by the present method Eq. 6.139 and the
numerical results of Eq. 6.125 for ¢ = 2; -+-+-+-+- present solution; numerical solution

6.5.2 The Temperature Distribution Equation in a Thick
Rectangular Fin Radiation to Free Space

Now we will consider a nonlinear equation, the temperature distribution equation in
a uniformly thick rectangular fin radiation to free space with non-linearity of high
order [84, 105-107]:

W' (x) —eu*(x) =0, u(l) =1, '(0) =0, x € 0,1] (6.140)
According to Eq. 6.13, we define the operators:

L(u(x)) = " (x), N(u(x)) = —eu*(x), g(x) =0, (6.141)

ug(x) =0, u(1) =1, «'(0) =0 (6.142)
It is obtained:
up(x) =1 (6.143)
Equation 6.19 can be written as

u(x) = —ehjug(x), u1 (1) =0, u}(0) =0 (6.144)
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with 1y = C (constant) and therefore the solution is

1
uy(x) = —5¢C) (x> —1) (6.145)
Equation 6.20 for k = 2 and s, = C, (constant), becomes
u'(x) — i (x) = Ci[u" (x) — 43”(3)( Jur ()] + Ca[— ”‘0] (6.146)
(1) = 0, 2(0) = 0 ‘
and we obtain the following solution:
1
Uy (x) = 6[(58 +38)C3 + 3¢Cy + 36C,)—

| (6.147)

) [(26% + &)CT 4 6Cy + eCax* + gszC%x“

Equation 6.20 for k = 3 and h3 = C5 (constant) is

U3 (x) — "5 (x) = C [u"(x) — (614 (x) - 145 (x) + 415 (x) - 1 (x)) |+
+Co [u"1(x) = deug (¥)uar ()] +Cs [eaig (1)], 13 (1) =0, u'3(0) =0

(6.148)
The solution of Eq. 6.148 becomes:
1
15(%) = Teo [4326°CT + 8962CT + 3006°C1C; ] +
1
+52 [76C + 14eC? — 56C,Cy + 7eCy + TeCay — 126C3]—
1
-0 [(366” + 3¢)C} + (76> + 68)C2 + (248 — 38)C,Cr+ (6.149)

+ 3eC + 36Cy — 66C3)x° + 54 [(16s —&)C; + (267 — 26)CT+

1
eCol* + — [¢°C — 126°CH]x®

2_ —
+ (8? 8)C1C2 8C1 180

Finally, the approximate solution of the third-order of Eq. 6.140 is given by

i#(x) = By 4 Byx* 4 Byx* + Bgx® (6.150)
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Where

1
By = 125 [4326°C1 + 89:°CT + 3006°C1 Co |+

1
54 [76CT + 266CT = 5¢C1Ca + 316C) + 316C2 — 126C5 + 24]

1
By=—1 (366> + 3¢)C] + (196 + 12¢6)CY
+ (24& — 3¢)C1Cy + 156C) + 156C, — 66C3]

1

B
MY

[(166% — €)CT + (667 — 2&)CT + (8> — &)C1C, — &Cy — &C)

1 22 33
B = 55 [£CF — 125°C) (6.151)

From Eq. 6.24 for x| = %,xz = %,x3 = % we obtain the following approximate
solution of the third order for different values of e:

e=1: u(x) = 0.775052997 + 0.204645365x>+

) ) (6.152)
+0.020278343x* 4 0.000023293x
e =21 u(x) = 0.698299431 + 0.282644054x>+ 6.153)
+0.019027065x* + 0.000029291x° '
e =31 u(x) = 0.654819681 + 0.325418252.>+
(6.154)

+0.019710533x* + 0.000051532x°

Figures 6.10-6.12 show the comparison between the results obtained by the
present procedure and the numerical integration results. It can be seen that the
obtained results are nearly identical with the results obtained numerically using a
fourth-order Runge—Kutta method, for the cases ¢ = 1, ¢ = 2 and ¢ = 3.

6.6 Blasius’ Problem

Blasius equation is one of the basic equations of fluid dynamics. Blasius’ equation
describes the velocity profile of the fluid in the boundary layer theory on a half-
infinite interval. A broad class of analytical solutions method and numerical
solutions methods were used to handle this problem. The Blasius equation is the
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Fig. 6.10 Comparison between the results obtained by the present method Eq. 6.152 and the
numerical results of Eq. 6.140 for ¢ = 1; +-+-+-+- OHAM; numerical solution
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Fig. 6.11 Comparison between the results obtained by the present method Eq. 6.153 and the
numerical results of Eq. 6.140 for ¢ = 2; +-+-+-+- OHAM; numerical method

mother of all boundary layer equations in fluid mechanics. Two forms of Blasius’
equation appear in the fluid mechanics theory, where each is subject to specific
physical conditions. For instance, consider the two-dimensional laminar viscous
flow governed by a nonlinear ordinary differential equation [81, 108—112]

1
u" (n) + s u(mu’(n) =0, 7 €0,00) (6.155)

subject to the boundary conditions
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Fig. 6.12 Comparison between the results obtained by the present method Eq. 6.154 and the
numerical results of Eq. 6.140 for ¢ = 3; +-+-+-+- OHAM,; numerical method

u(0) =0, u'(0)=0, u'(oc)=1 (6.156a)
or

u(0) =0, W (0)=1, u'(c0)=0 (6.156b)

It is obvious that the differential equations are the same, but differ in boundary
conditions. For small n [81] and by using perturbation method, a solution of
Blasius’ equation was obtained in the form

N 1\ At 3k-+2
= = 6.157
=3 (-3) Gz 6157
where
STE
Ap=Ar =1, Akzz( 3 )A,«Ak_,«_l (k>2) (6.158)
i=0

Note that the expression Eq. 6.157 is not closed, because ¢ = ' (0) is unknown.
By means of matching two different approximations at a proper point, Blasius
obtained the numerical result ¢ = 0.332. In 1938, Howarth [113] gained a more
accurate value ¢ = 0.33206 by means of a numerical technique. However, by
means of ¢ = 0.33206, u(n) given by Eq. 6.157 is valid in a small region
0<n<5.69.



136 6 The Optimal Homotopy Asymptotic Method

By the homotopy analysis method [81], Liao obtained a similar series solution,
which is valid in the whole region [0, co]. The solution reads

00 k
u(n) = lim i LY AT s ®,,,(h), n €[0,00), h € (—2,0)
77 _m~>oo — 2 (3k+2)'n m,n 777 I I ’

k=0
(6.159)
where
0 n>m
m-—n m

®,,,(h) =< (=h)" +k—1DH1<n< 6.160
RS RS S GRS (RN S IV e G

1 n<0

Many of the mathematical methods employed in nonlinear problems may be
successfully tested on the Blasius equation, which seems to be very simple, but
what appears to be a simple problem is really not that simple, it is very difficult to
search for an approximate analytical solution. So, it has appeared ever-increasing
interest of scientists and engineers in searching for analytical solution of the Blasius
equation. An explicit, totally analytic approximate solution for Blasius equation, by
means of Homotopy Analysis Method is obtained by Liao [114]:

M 0 M+1 M 2(m—n+1)
_ o 7, ) mmn_k
u(n) = 77+A}glgc g by + E exp( mn)( E E b )] (6.161)

m=0 n=1 m=n—1 k=0

where the coefficients b;"" contain the auxiliary parameter 2 and the so-called
spatial scale parameter /.

J.H. He [115] proposed a perturbation technique coupled with an iteration
technique. Comparison with Howarth’s numerical solution reveals that the pro-
posed method leads to the approximate value ¢ = 0.3296 with 0.73% accuracy.

The variational iteration method is applied for a reliable treatment by Wazwaz
[111]. Abbasbandy [112] applied in his work an efficient modification of the
standard Adomian decomposition method.

In the following, we apply OHAM to Blasius equation. We note that there are
many possibilities to choose the auxiliary function H(n,p), initial guess ug(n)and
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linear operator L. Using the initial conditions Eq. 6.156a, we choose the initial
guess g as

11
o(n) = 1=+ ze*’”’ (6.162)

where £ is a positive unknown constant. Then, from Eqgs. 6.156, 6.16 and 6.162 we
choose the linear operator in the form:

L(f(n) = u" + ku" (6.163)

The nonlinear operator N given by Egs. 6.21 and 6.155 becomes:

" 1 " n 1 " "
N(n,p) = uy + 5 Hotty + ply, +§(u0”1 + urug) |+

| (6.164)
+p*[uy + 3 (totty + wruy + upuy)] + ...
From Eq. 6.164 we obtain
m 1 "
No(uo> = U + Euouo (6165)
m 1 " "
Ni(ug,u1) = u, + 5(“0”1 + uyup) (6.166)
" 1 " " "
Na(ug, uy, uz) = u, + 3 (uouy + uyuy + upuy) (6.167)
Substituting Eq. 6.162 into Eq. 6.165, it is obtained:
N, _l — 2_1 —kn 1—2/«71
Q(M()) = (2 kn —k 2)6 + 26 (6.168)

Case 1. If we choose m = 1 into Eq. 6.23 and using Eq. 6.168, we consider the
auxiliary function / (7, p) in the form

hi(n,p) = Ci + Cre™ " + Ce 1 (6.169)

where Cy, C; and C3 are unknown constants at this moment. In this case, Eq. 6.19
becomes:

" n 1 1 1
Uy +kiy = (Cy + Cae™ + C3e™ N [(G kn — k2 — 2)e ™ 1 4 e
1 1= (G 2 3 )[(2 n 2) 3 ] (6.170)

u1(0) = u;(0) = uy(00) = 0
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The solution of Eq. 6.170 becomes:

C] 5C1 Cz C2 C3 11C3

m) = =gt 186 Tor 364k

c , (G 3¢, €1 5C G
* [—’7 *(—‘Q)“m‘—*mfﬁ

4k 242
Ci G| 4y | G G G G| oy
3643 6/J c T e e tw we)t

Cs G G G|y Gy
— 3 m_ =3 ik 6.171
N { 36k2" 36k | 18k 216k3} ¢ 96k3 ¢ (6.171)

The first approximate solution Eq. 6.23 is

i(n) = uo(n) + ur(n) (6.172)
Substituting Eqgs. 6.162 and 6.171 into 6.172 we obtain:
1 G 50 G G G 116G
O e S TR IR TTE 9/< 86443
c, 5 (C 3¢, 1-C, 5C, G
- C - =
Tlart <2k2 1) pTe + k24K 2k 617
+&_é *k77_|_ _2 +9_&_C2 6*2/‘77_'_ ‘
36k3 6k 82 T4k sk 8K
[ C3 C2 C3 C3 —3kn C3 —4kn
17362 366 18k 216k3} ¢ 96k3 ¢
The residual Eq. 6.24 becomes in this case:
1
R(n,C1,Ca, Ca,k) = " (n) + S u(m)a” (n) (6.174)

From the Eqgs. 6.26, which become

or —Q:OJ: 1,2,3

ac; Ok

we obtain:
C, =0.117625, C, = —5.47261, C3 = 5.20066, k = 0.453827 (6.175)
From the Eq. 6.173 we obtain:

u”(0) = 0.330626 (6.176)
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Fig. 6.13 Residual of R(t)
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From Fig. 6.13 and. Eq. 6.176 we can observe that the first approximate solution

Eq. 6.173 is in good agreement with the exact solution

Case 2. If we choose m = 2 and the auxiliary function of the form:

H(p,n) = pDy + p*(D1]* + D3n + Dy + Dse ")

where D,....Ds are unknown constants, Eq. 6.19 becomes in this case:

" " k 1 l
uy +kuy =D, [(27] — K - 2)6’”’ +262k”7]

and the solution is given by

D, 5D
M](U) :7_W+
D] 2 D1 3D1 D] —k Dl — 2k
“1 “l _p UL P ok 2L 2k
+ {4/(” * <2k2 1>"+ 4 k}e 8 ¢

Equation 6.20 for k = 2 can be written as
" " " " " 1 " "
U, + ku, — (uy, + ku,) = Dy |u, +3 (uoul + uluo) +
+ <D2’172 =+ D377 + Dy + Dseikn) (Mg) + ku;;)

Substituting Egs. 6.162 and 6.179 into Eq. 6.180, it is obtained:

(6.177)

(6.178)

(6.179)

(6.180)
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3
—D%—

" " 1 1 1
Uy + kuy = [gk(D% +4D,)n’ + (—kD3 —k*Dy — 5D =3

3 1 3p? 1
- 4/<21)%> (2le + 2D} + 1D + ==L 4~ kD4 — KDs—

8 k

1 1 3 D}
——D; |n—k*D, —=D, —=D? - 2k*D? - —L —i’D,—
23)’7 R g T A

1 —kn) 1 2 2 1 1 2 D%
—5Dafe "+ Z(Dl-i-ZDz)n + (kD5 +5Ds —kD} — - 0+

2 4k
1 3D2 1 1 1 5D
—D, +D*+ —D4—k*Ds —=Ds|e 2"+ (=D —3kn
+2 1+ D7 4_/{2Jr 5 25:| + 3 16/{26
(6.181)
In the initial conditions
£(0) =£(0) = f3(c0) =0, (6.182)

Equation 6.181 has the solution

8k* -5 96k* — 147 16k*> — 17 8k —5
Hn) = Dy + Dyt —gm—Ds+ =3

813 16k Dat
9k2 —2 360k —359 , [DI+4D, , (5— 2k
TG T T R [ 2k < 6k?
D; 1—2k2) , (Dl 7 — 4> 3-2k D,

D)+

[TRETE T Tl 2T T Pty

8k* — 8k2 +9 1262 96k 2 —2k?
—em D2)2+( s D1t g Dat 5 Dat

1 — 242 17-20k% ,\  3—4k% 79 —48k2
- DY )i+

D D
a2 4 16k* SR TE 2+

19 — 16k> 3 — 4k? 5— 1242 157 — 14442 o
+—8k4 D3+ 4k3 D4+ 24/{3 D5+ 96k5 D1:|e‘ ]+

_Di+2 5 (D2 D3 Ds 4°-3.,\ Di_
1663 8K3

T oA TT N

11D, D3 Dy 2k —1 8k —13 2
——— 4+ Ds+——"D} Y
165 4k se sl ST T3 +
5D? — 8k*D
712 SR 3 o= 3kn (6.183)
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The second approximate solution Eq. 6.23 is

iu(n) = uo(n) + ui(n) + uz(n) (6.184)

Substituting Egs. 6.162, 6.179 and 6.183 into Eq. 6.184 we have:

ii(n) =n+ Ao+ (Aun* + A’ + Ann® + Ann+A)e 1+

v (6.185)
+ (A + Apim + Agg) e + Azpe N
where
1 8k -5 96k> — 147 16k — 17
Ay = —— D D
0 PR R I TS 2 8k 3t
8k2 -5 9k2 — 2 360k — 359
D D 2
T P e ST T assk [
D? +4D, 5 —2k? D; 1—2k?
Apg =L 72 p, =2 By p?
14 ok BT Ter 2T e T U
Dy 74k 3 — 2k Dy 8k*—8k*+9
App ==+ D Dy 428~ 20 T
=t e Pt T T e !
1 — 212 9 — 6k2 2242 1 — 212 17 — 20k2
A = D D D D?
11 2 1+ @ 2+ & 3+ e 4+ o/ 1
13-4k 79 — 48K> 19 — 16k
Ap=-+>—"D D D
10 k+ E 1+ YE L+ PYe) 3+
+3—4k2 5— 12k? 157 — 144K% _,
43 T s T 96k5 !
D? +2D,
Ayy — — L 7=
2 16k3
D, D; Ds 4k*-3
A A R R
2 TR TR T
D, 11D, D; D, 2k2—1 8k —13
Agg = — L 22 23 4 D D
20 016 A sl sl STt U
5D% — 8k*D
=L 05 (6.186)

288k>
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In this case, the residual Eq. 6.24 is

R(1, Dy, ..., Ds, k) = @ (n) + ()i (n) (6.187)

Equations 6.26 become:

o5 _ ol _
oD; Ok

0, i=12,..,5 (6.188)
From Eq. 6.188 the constants D; and k are determined as:

D; = —2.036463964; D, = —0.874158223; D3 = 4.585694066;

(6.189)
D, = —3.825618257; D5 = 0.319068718; k = 0.948929591

From Eq. 6.188 we obtain
i"(0) = 0.330667 (6.190)

The second analytic approximate solution agrees very well with Howarth’s
numerical results [113], as shown in Table 6.2 and in Fig. 6.14. Clearly, the higher
the order of approximation is, the better the approximate results will be.

Table 6.2 Comparison of the analytic approximate solutions ii(n)in cases m = 1 and m = 2 with
Howarth’s numerical results [113]

n i(n)given by Eq. 6.173 ii(n)given by Eq. 6.185 Numerical results [113]
0.4 0.02562 0.02676 0.0266
2 0.62234 0.65177 0.6500
32 1.50473 1.57388 1.5690
4 2.21506 2.31028 2.3058
5 3.16978 3.28834 3.2833
6 4.15538 4.28703 4.2797
7 5.14907 5.28814 5.2793
8 6.14257 6.28756 6.2793
10 8.12469 8.28358 8.2793
R(t)
0.02

0,01(\
vﬁ\/m 5 20 25 30

-0.01

Fig. 6.14 Residual of
Eq. 6.185 -0.02



6.7 Oscillations of a Uniform Cantilever Beam Carrying an Intermediate Lumped Mass 143

It is clear that OHAM provides us with a simple way to optimally control and
adjust the convergence of the solution and can give good approximations in few
terms.

6.7 Oscillations of a Uniform Cantilever Beam Carrying
an Intermediate Lumped Mass and Rotary Inertia

The problems related to large-amplitude oscillations of non-linear engineering
structures have received considerable attention in the past years [116, 117]. Engi-
neering structures undergoing large-amplitude oscillations often involve discretizing
the structure, when free vibration analysis is performed, and results in a temporal
problem having inertia and static non-linearities. Such problems are not amenable to
exact treatment because of their complexity and approximate techniques must be
resorted to [118].

The problem of large-amplitude vibration of a uniform cantilever beam
approached in this section is of practical interest because many engineering
structures can be modelled as a slender, flexible cantilever beam carrying a lumped
mass with rotary inertia at an intermediate point along its span hence they experi-
ence large-amplitude vibration.

Often linearization techniques are employed in order to approximate such non-
linear problems. One may question the accuracy of using such a linear mode
method, which are a frequently used method in the analysis of non-linear continu-
ous systems to approximate the large amplitude non-linear behaviour [118].

In this section we consider a clamped beam at the base, free at the tip, which
caries a lumped mass and rotary inertia at an arbitrary intermediate point along its
span. The beam is considered to be uniform of constant length and mass per unit
length and the thickness of this conservative beam is assumed to be small compared
to the length so that the effects of rotary inertia and shearing deformation will be
ignored. Moreover, the beam is assumed to be inextensible, which implies that the
length of beam’s neutral axis remains constant during the motion. These
assumptions are the same as those used in references [117, 118]. In these conditions
one can derive the discrete, single-mode, of order three nonlinearities, beam
temporal problem [118]:

d*u ,d*u du\* 3
W‘FM*FOCM WJFW(E) 4+ pu’ =0 (6.191)

subject to the initial conditions

—(0)=0 (6.192)
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This system, where o and f are modal constants which result from the
discretization procedure [118], describes the large-amplitude free vibrations of
the considered slender inextensible cantilever beam, which is assumed undergoing
planar flexural vibrations. The third and fourth-terms in Eq. 6.191 represent inertia-
type cubic non-linearity arising from the inextensibility assumption. The last term
is a static-type cubic non-linearity associated with the potential energy stored in
bending.

In order to analytically solve this problem, we introduce a new independent
variable

=0 (6.193)
then Egs. 6.191 and 6.192 become
W'+ Ku+ wu” + o + piPu® =0 (6.194)
and
u(0)=A, u'(0)=0 (6.195)

where the prime denotes differentiation with respect to t and k = Q'. The new
independent variable 7 is chosen in such a way that the solution of Eq. 6.194, which
satisfies the assigned initial conditions in Eq. 6.195 is a periodic function of t, of
period 2n. The period of the corresponding non-linear oscillation is given by
T = 2n/Q. Here, both periodic solution u(t) and frequency Q depend on A.

Under the transformation

u(t) = Ax(r) (6.196)
Equation 6.194 becomes
X+ x4 a4 ax> + k>3 =0 (6.197)
where a = aA%, b = ,8A2 and the initial conditions become
x(0)=1, ¥(0)=0 (6.198)
From Egs. 6.16, 6.19 and 6.20 (m = 2), we obtain the following equations:
x0"+x =0, x(0)=1, x,(0)=0 (6.199)

X1 4 x1 = hy (1, GG + kgxo + axgy + axox2 + bk

6.200
xl(O) lel(()) =0 ( )
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X+ xa — (K1 +x1) = hy(t,C) X+ kgxy + 2kokixo+

/" 2.1 /o 2
+ a(2xpx1x0 + xgx1 + 2x0x 0] + x5 x1 )+

3 2.2 " 2 (6.20D)
+ b(2kokixy + 3kgxgxi)] + ha(t, Ci) [xo + kgxo+
+ a(x(z)x/é + xoxf)z) + bkgxg],xz(O) =x(0)=0
where
k=ko+k +k + .. (6.202)
Equation 6.199 has the solution
Xo(t) =cost (6.203)

If this result is substituted into Eq. 6.200 and assuming /,(t,C;) = C;, we obtain
the following equation

cos3t =0,

3bk —2 Ci(2 b—>b
x//1+xl+cl (k(2)_1+0—a> cos w

4 314
x1(0) =x'1(0) =0
(6.204)

where C; is an unknown constant at this moment. Avoiding the presence of a
secular term needs:

2a 4+ 4
2
= 6.205
O 3b+4 (6205)
with this requirement, the solution of Eq. 6.204 is
Ci(2 b—b
xi (1) = % (cos 3t — cos 1) (6.206)

If we substitute Eqgs. 6.203, 6.205 and 6.206 into Eq. 6.201, we obtain the
equation in x,:
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Ci(2 b—b —C1(2 b — b)(2 3ab + 3b
Wy = QAT D) (o |ZC1Ratab = b)2a+3ab+3b)
3b + 4 8(3b + 4)
kokl bkokl C] (2a + ab — b) (30 + 8)
—3b+4 C - 3
+3 (3b+ )] cosT + 1[ 3 8SGb+4) cos 31+
2(2a + ab — b)(b — 4ab —
3Ci(2a +ab —b)(b : ab — 6a) cos 5e+
8(3b +4)
b—2a—ab ;
+ o (7, Ci) [W} cos 37, x2(0) = x,(0) =0
(6.207)
No secular terms in x,(7) requires that
Ci(2 b — b)(2 3ab + 3b
g, = C1a+tab - b)Q2a+3ab +3b) (6.208)

4ko(3b + 4)°

From Egs. 6.201, 6.205 and 6.208 we obtain

2at4 Ci(2a+ab—b)(2a+3ab+3b) [3b+4
ko j2atd, Cil2atab - b)( atlabt ) [t (6.209)
3b+4 4(3b +4) 2a+4

and therefore

-1
01— /2a—|—4+C1(2a+ab—b)(2a+3ab+3b) 3b+ 4
- o 3b+4 4(3b + 4)° 2a+ 4

(6.210)

Substituting Eq. 6.208 into Eq. 6.207 and considering C,, C3 and C, unknown
constants in /,(t) = C, + 2C5 cos 2t + 2C,4 cos 41, we obtain C4, = —C5 and

(1) = (Ci +Co)(b—2a—ab) C3(2a + ab — b)(3a + 8)
2 8(3b + 4) 64(3b + 4)
bC%(2a + ab — b)(2a + 3ab + 3b)
64(3b + 4)°

C1(2a+ab — b)(b — 4ab — 6a)  C3(b —2a — ab)

64(3b +4)° 24(3b +4)
~ C3(b—ab—2a)

48(3b +4)

(cost — cos37)+

] (cost —cos51)—

(cost — cos71)

(6.211)
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The second-order approximate solution is

(v) = x0(z) +21(7) +22()

=

where xo_x; and x, are given by Egs. 6.203, 6.206 and 6.211 respectively.
Using the transformations Eqs. 6.193 and 6.196, the second order approximate
solution of Eq. 6.194 becomes:
i(r) = Bcos Qr + C cos 3Qt + D cos 5Qt + E cos 7Q¢ (6.212)
where B, C, D, E and Q are given respectively by:

F(12Cy + 6C, 4 C3)

B=A-— -
48(3BA2 + 4)
 CIF(18fA° + 33B°A% + 520 A% 4 36247 + 94BA% + 64)
32(3pA2 4 4)°
_(2C+C)F
~ 8(3pA2 + 4)

CIF(24uB7A + T00PA* 4+ 697 A* + 484A2 + 192BA% + 128)
_|_
64(3pA2 + 4)°

p — CIF(62A? + 4afp® — BA?) | C5(20A” + afA* — A7)
64(3ﬁA2 + 4)2 24(3ﬂA2 + 4)

£ C3(BA? — 20A% — apA%)
B 48(3bA2 + 4) ’

o_ [ [ +4  CiF@aA~3apx° +3p4) [3pA7 14 1 6214)
3pA% + 4 4(3BA2 + 4)° 20A2 + 4

The constants C;, i = 1,2,3,4 will be obtained using the least square method.
In this analysis, periodic solutions are analyzed for the cantilever beam under
study. Beside the role of the large amplitude A, a special role is played by the modal
constants o and /5, which depends on the inertia parameters of the attached inertia
element with mass M and rotary inertia J. We do not approach the simplest cases
when the modal constants a, § are small (0.1 or 0.2), because in these cases it is easy
to achieve accurate periodic solutions even for large amplitudes using known
procedures. Difficulties appear when these modal constants become larger [119]
and the oscillator experiences large amplitudes. Here, the meaning of “large”
implies the fact that the peak amplitude reach a value where the non-linear terms

F = 20A% + afA> — pA® (6.213)
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are of an order comparable to that of the linear ones. More specific, the amplitude
may be of the order of beam length.

We illustrate the accuracy of our procedure for large modal constants and large
amplitudes comparing the obtained approximate analytical solutions with the
numerical integration results obtained using a fourth-order Runge—Kutta method.
We will also compare these results with published results [119].

We further consider larger values for the modal constants « and f§ (1 or 2) and we
also consider large values of the initial amplitude A (5 or 10). In order to prove the
accuracy of the obtained results, two examples are analysed.

Example (a) For the modal constants « = 1, § = 1, and the initial amplitude
A =5, following the procedure described above it is obtained the convergence-
control constants:

Cy = —0.102968962; C, = —0.00561304; C3 = 0.03843892; C, = —0.03843892
and consequently the approximate periodic solution becomes:

u(r) = 5.317402609 cos Qr — 0.576807191 cos 3Qr+

(6.215)
+0.292349339 cos 5Q¢ — 0.032944754 cos 7Qt

where Q = 1.342143172, while for the same modal constants o and f5, when the
initial amplitude A raises to A = 10, we obtain the constants:

Cy = —0.029698817; C, = —0.002408906;
C; = 0.001571857; C4 = —0.001571857

and the approximate periodic solution in this case will be:

u(r) = 10.686783311 cos Ot — 1.307660795 cos 3Qr+

(6.216)
10.631757266 cos 5Q¢ — 0.010879766 cos 7Qt

where Q = 1.382367422.
Example (b) For the modal constants o = 2, f = 2, and the initial amplitude
A = 5, following the same procedure we obtain the convergence-control constants:

C; = —0.056226544; C, = —0.003304042;
Cs; = —0.073429731; C4 = 0.073429731

and consequently the approximate periodic solution is in this case:

i(t) = 5.47307199 cos Qt — 0.618622196 cos 3Qu+

(6.217)
+0.018895842 cos 5Q¢ 4 0.126654363 cos 7Qt
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where Q = 1.374317516, while for the same modal constants o and £, but for a
larger initial amplitude A = 10, we obtain the constants:

C; = —0.015351906; C, = —0.001411507;
C; = —0.000041392; C4 = 0.000041392

and the approximate periodic solution in this case:

i(t) = 10.69151238 cos Ot — 1.344253519 cos 3Qr+

(6.218)
+0.652167205 cos 5Qt + 0.000014221 cos 7Q¢

where Q = 1.400493712.

Figures 6.15 and 6.16 present a comparison of the obtained analytical solutions
Egs. 6.215 and 6.216 with numerical ones and also with known results [119] for the
modal constants o = § = 1 and initial amplitudes A = 5and A = 10, respectively,

5 —_
u(t)

Fig. 6.15 Comparison of the
results for o = § = 1 and
initial amplitudes A = 5 for

Eq. 6.194: numerical

solution; __ _ _ OHAM

Eq. 6.215; -0-0-0-0 results 54
from [119] 0

Fig. 6.16 Comparison of the
results for « = § = 1 and
initial amplitudes A = 10 for

Eq. 6.194: numerical

solution; _ _ _ _ OHAM

Eq. 6.216; -0-0-0-0 results —104
0

from [119]
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Fig. 6.17 Comparison of the
results for « = § = 2 and
initial amplitudes A = 5 for
Eq. 6.194: numerical
solution; _ _ _ _ OHAM

Eq. 6.217; -0-0-0-0 results
from [119]

Fig. 6.18 Comparison of the
results for « = § = 2 and
initial amplitudes A = 10 for
Eq. 6.194: numerical
solution; _ _ _ _ OHAM

Eq. 6.218; -0-0-0-0 results
from [119]
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for a period of the motion. Similar comparisons are presented in Figures 6.6.17 and

6.6.18 for the modal constants a=p=2.

It can be seen from the above Figures that the solutions obtained by the proposed
procedure is nearly identical with the numerical solutions obtained using a fourth-
order Runge—Kutta method. Moreover, the analytical solutions obtained by our
procedure proved to be more accurate than other known results obtained by
combining the linearization of the governing equation with the method of harmonic
balance [51], especially for large values of the modal constants « and f. In the case
of large modal constants o = f§ = 2 and very large amplitude A = 10, Fig. 6.18
indicates an evident discrepancy of numerical solutions and solutions from [51],
while the analytic solution obtained in this paper is still valid.
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6.8 Oscillations of an Electrical Machine

Electrical machines are widely used in engineering applications and industry due to
their reliability. They are dynamical systems encountering dynamical phenomena
which can be detrimental to the system. From engineering point of view it is very
important to predict the nonlinear dynamic behaviour of complex dynamical
systems, such as the electrical machines. This is a significant stage in the design
process, before the machine is exploited in real conditions, avoiding in this way
undesired dynamical phenomena which could damage the system. Basically, the
electric machines share the same dynamical problems with classical rotor systems,
having specific sources of excitation, which lead to nonlinear vibration occurrence.
The main sources of dynamic problems are the unbalanced forces of the rotor
[120], bad bearings or nonlinear bearings [121], mechanical looseness,
misalignments, other electrical and mechanical faults which generate nonlinear
vibration in the system. These problems are usually solved by numerical
simulations, experimental investigations or by analytical developments [85, 122].
In what follows, the investigated electrical machine is considered to be
supported by nonlinear bearings and the assumption made in development of the
mathematical model is that these bearings are characterised by nonlinear stiffness
of Duffing type. In the same time, the entire dynamical system is subjected to a
parametric excitation caused by an axial thrust and a forcing excitation caused by an
unbalanced force of the rotor, which is obviously harmonically shaped. In these
conditions, the dynamical behaviour of the investigated electrical machine will be
governed by the following second-order strongly nonlinear differential equation:

mii + ki (1 — g sinwyt)u + ko’ = f sin ot (6.219)
with the initial conditions
u(0)=A4, u(0)=0 (6.220)
which can be written in the more convenient form:
ii + w*u — ausin wyt + fu’ — ysinw;r =0 (6.221)

where @? = % L o= k‘—mq, p= %, y = %, the dot denotes derivative with respect to
time and A is the amplitude of the oscillations. Note that it is unnecessary to assume
the existence of any small or large parameter in Eq. 6.221.

The Eq. 6.221 describes a system oscillating with an unknown period 7. We

switch to a scalar timet = 27¢/T = Q¢. Under the transformations

T=Qt

u(t) = Ax(1) (6:222)
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the original Eq. 6.221 becomes

QX + w’x — ox sin%r + A% f% sin%r =0 (6.223)

with the initial conditions
x(0)=1, ¥(0)=0 (6.224)
where the prime denotes the derivative with respect to .

By the homotopy technique, we construct a family of Eqs. 6.33 with linear
operator L given by Eq. 6.34 and nonlinear operator N in the form

1 82¢ ‘C?p : @
N9(.p), 00, p)) = @) “UZP 4 (02 4 1) (c,p) — (e, p)sin e
+ BAY (z,p) = sin Gt = pip(z.p)
(6.225)
Form Eq. 6.44 it is obtained the following solution:
Xo(t) =cost (6.226)
From Eq. 6.225 we obtain:
No(xp,Q0,2) = ng"o + (@ + A)xg — axp sin%r + ﬁAzxg —% sin%r
(6.227)
Substituting Eq. 6.226 into Eq. 6.227 it is obtained:
2 2 3042 pA?
No(x0,Q0,4) = | —Qp + o~ + 4 +4_lﬁA cosT + e cos 31—
(6.228)
1 { 'n(%—k 1) —|—sin(%— 1) } 7 sinﬂ
S sin( g T o B o’
If we choose
hi(t,C;) = C1 + 2C;, cos 21 + 2C5 cos 4t (6.229)

then Eq. 6.45 for i = 1 becomes:
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3
QX" +x1) = (C1 + C) (—Qf + * + iZﬁAz)cos T+

1 1 3

+ chﬁAz cos 3t + [ZCZ[?AZ —Cy(~Q* + 0?1+ Z,BAZ)] cos 51—
1 2 1 . () . (2

—ZCZﬁA cos 7t — E(Cl +C2)oc[sm(ﬁ+ 1)1 + sm(ﬁ — l)r]-i—
1 e . (® Y . @

+§C2a[sm(ﬁz+ 5)1 + sm(ﬁ2 - 5)1] - Cli smﬁlr—

- ng[sin(%—k 2>r + sin(% - 2)1 - sin(% + 4>r - sin(% - 4)1]
(6.230)

Avoiding the presence of a secular term into Eq. 6.230 needs:
2 2, 3
QG =ow +A+ZﬁA (6.231)

With this requirement, the solution of Eq. 6.230 is

x1(t) =Mcost + Ncos3t + Pcos5t + Qcos7t + Rsint (6.232)
where
_CipA*  CopA*  CipA® o C2pA? | CBA?
3200 19207 3207 9607 1920’
_(C1 + )02 — ) Cr0Qn (w3 — 26Q%)
QR — 40w, Q2(576Q* — 5207w} + wd)
N C1yQw, 2C7Qw; (5Q% — ?)

QHQ* — w})A  AQF(9Q* — 1007w} + w?)
2C,9Qw; (w} — 17Q%)

6.233
05(225Q" — 34Q%w} + w})A (6:233)

Substituting Eqgs. 6.226 and 6.232 into Eq. 6.45 for i = 2, we obtain the
following equation:

3
QX ("2 +x2) = cosq:[z(c1 +C,)BA*(2M +N)—

(C +Cy)2Q%A

—25C,PO%—
203 (a0} — 407) o

—A(C1+C2)(2Q0Q1 + 1) —

—Cy(* +1)P — ZCZﬁAz (N+Q +2P)] +%,BA2C2R sint+H.0.T.
(6.234)
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No secular term in x»(t) requires that

(3Ci+ C)p*A* N (C1 +C)*Q*

2560 200 403407 — 0?) 6235)
. 25C3pA? (0 + 2)CIPA2  3(2C, + Cy)fPA*C, '
192Q0(Ci +C2)  192Q3(Cy +C2)  512Q3(Cy + Ca)
R=0 (6.236)
From Egs. 6.231 and 6.235 we obtain the frequency in the form:
Q=0Q¢+Q (6.237)

The parameter A can be determined applying the “principle of minimal sensitiv-
ity”. From Eq. 6.48, we obtain the following condition:

3B%A%(6C? + 14C,Cy + 5C2
mg(cl+cz)—ﬁ (6C1 + 1416, +5C3)

256
6.238
3(C) + CP2Q0 C2PA(29Q2 — 30 — 37) (6:238)
— + =0
2(4Q% — w3) 96
By means of Egs. 6.235 and 6.238, Eq. 6.237 becomes:
A 23C3pA?
Q=Q)—— — 2 6.239
0730, 288Q)(C; + C2) (6:239)
The Eq. 6.236 can be written as:
(C + C)aA2Q* — 3)  CroAwy (w3 — 2607) Crymy
3 —40° 576Q" — 5207w} + 0} QF — w?
w2 (w3 ) w3 + Wy Wi (6.240)

2070, (5Q* —w?) | 20w (0} —17Q%)
90* — 10Q%w? + ot 225Q% — 34Q%w? + 0

The first-order approximate solution is

() = x0(z) + ()

=i

or by means of Eqgs. 6.226, 6.232 and 6.222:



6.8 Oscillations of an Electrical Machine 155

CipA>  C,pA° CpA?
ait)=[A+ 1ﬁ2 + 2/ 5 | cos Qr — 1'82 cos 3Qr—
3202 19202 3202

C,pA3 C,pA3 Cy + Cp)aAQ?
— 2 5 cos 5Qr + 2f 5 cos7Qt+(;+—2)OC

9690 19290 ZQsz(U)Z + 2Q)
(C) + Cy)aAQ? CLo0AQ?

-~ sin(w, — Q)t —
20205 (w5 — 2Q) (02 =) 202(24Q% + 10Qw, + w3)

sin(w, + Q)1+

sin(w,+

Cr0AQ?

202(24Q% — 10Qw; + @3)
C1yQ? CryQ?

Q- ?) Q2(3Q7 + 4Qu,; + o?)
CoyY?

Q3 (3Q% — 4Qw; + w})
CyQ?

Q2 (1507 + 8Quw, + ?)

CryQ?
QX (15Q% — 8Quw; + w?)

+5Q)t — sin(w, — 5Q)t—

sinw;t +

sin(wy + 2Q)r+

sin(w; — 2Q)r—

sin(w; + 4Q)r—

sin(w; — 4Q)¢
(6.241)

The constants 4, Qg, Q, C; and C, can be determined from Egs. 6.231, 6.238,
6.239, 6.240 and by means of the residual, which reads:

R(t,1,9Q0,Q,C1,Co) = ii + il — ol sin ot + fii — ysinw,
The last condition can be written with collocation method:

R(g,l,QmQ,Cl,Cz) =0 (6.242)

Finally, five equations with five unknowns are obtained. In the case when
o= 1.1, w, = 1.5, 0 =158, 0 =275, f = 12.5,y = 0.2, we obtain:

A= —1.112020191, Qy = 3.282055275, Q = 3.394160431,
C1 = —0.000729317, C2 = 0.000714849

Figure 6.19 shows the comparison between the approximate solution and the
numerical solution obtained by a fourth-order Runge—Kutta method.

It can be seen that the solution obtained by our procedure is nearly identical with
that given by the numerical method.
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Fig. 6.19 Comparison u(t)
between analytical and 1
numerical solutions of i
Eq. 6.219: i
numerical results; 05

approximate results Eq. 6.241

t
2 0 1
-0.5 A\/ w
) i
|
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6.9 Oscillations of a Mass Attached to a Stretched Elastic Wire

-

A mass attached to the centre of a stretched elastic wire, in dimensionless form, has
the equation of motion [123, 124]:

o
U+u———=0, O0<a<l1 6.243
i ( )
with the initial conditions
u(0)=A4, u(0)=0 (6.244)

Equation 6.243 is an example of a conservative nonlinear oscillatory system
having an irrational elastic item.
Under the transformations

v (6.245)
u(t) = Ax(t)
Equations 6.243 and 6.2444 become
0% 4+ x — \/%W —0 (6.246)
respectively
x(0)=1, X(0)=0 (6.247)

where dot denotes differentiation with respect to # and prime denotes differentiation
with respect to 7.
In this case, the operators Eqs. 6.34 and 6.35 are respectively:
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L(¢(u,p)) = Q[¢"(1,p) + ¢(1,p)] (6.248)

Nip(.p)] = L) (1.p) + (1 + Dz, p) — 2P _
1+ A2¢%(z,p) (6.249)

7[7/1(1)(751))

where ¢ and Q are given by Egs. 6.38, 6.39 respectively and A is an unknown
parameter. We obtain the following three equations from Egs. 6.44, 6.45, 6.46 and
6.47, (m = 2):

QX(x) +x0) =0, x(0)=1, ¥(0)=0 (6.250)

Q%(x"l +x1) — Q%()C"O +X0) - ]’11(‘[, Ci)[Q%x"o + (1 + )»)X()—

_ o, x(0)=0, ¥ (0)=0

V1 + A%

Q3 ("5 +x2) — Q5 ("1 +x1) — Iy (z,Ci) [2Q0Q1x" o + Qox"y + (1 + 2)x;1—

(6.251)

X i
— 55— %] = (5, GRG0 + (1 + A)xo—
(14 A%xg)
X l
_7:0, _xo:()’x O:O
T 2(0) = 0,25(0)
(6.252)
Equation 6.250 has the following solution:
Xo(t) = cost (6.253)

If this result is substituted into Eq. 6.251, and if we choose h;(t,C;) = C; we
obtain the following equation:

QX" +x1) — Ci[(1 — Q) + A — ajor) cos T — Jaz cos 31—

) X . (6.254)
— Jas cos 51 — Aag cos Tt — Jagcos9t..| =0

where the term cost(1 + Azcoszr)fl/ *was expanded into a Fourier series:

\/% =3 azsr cos(2k + 1) (6.255)
k=0
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and

4 F cosxcos(2k + 1)x (6.256)
0

Gt = V1 + AZcos?x

b
and C; is an unknown constant in this moment. Avoiding the presence of a secular
term needs:

QG =1+7-au (6.257)

With this requirement, the solution of Eq. 6.254 is

Ci. Ci4
xi(t) = 81(0%’3 (cos 31 — cos 1) + fjg (cos 5t — cos 1)+ 2ss
Cilar Cilay (©0:25%)

4807 (cos 7t —cosT) + 8002

(cos9t — cos 1)

If we substitute Eqgs. 6.253, 6.257 and 6.258 into Eq. 6.252 and if we expand the

term % into a Fourier series:
(1+A2x3)

X1 (‘L’) Cl

JI+ AR 80}

Z bors1 cos(2k + 1)t (6.259)

where

by =

2 jf(x) cosk £ 1)
T ) (1 + A2cos2x)*?

0
f(x) = as(cos3x — cosx) + % (cos5x — cosx)+

+

o &

(cos 7x — cos x) + % (cos9x — cosx) (6.260)

it is obtained the following equation in x»:

Cia10?
Q"2 +x2) = = 2R + (a3 + 5 3 S+ 5t 10)+
Cia? ° (6.261)
+ A4 bi]— cost+H.O..T.
SQO
No secular term in x,(7) requires that
A CIOCZK

0 =-L-

6.262
26()0 16(0(2) ( )
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where

as ay ag
K = 4+ L4+ = 2
by +a(as + 3 + 3 +10) (6.263)

From Egs. 6.41 and 6.262, we obtain the frequency in the form:

_ A _C1062K
2Q0 160

Q=0 (6.264)

where Q is given by Eq. 6.257.
The parameter A can be determined applying the “principle of minimal sensitiv-
ity”. From Eq. 6.48 we obtain:

3C,02K
p=- (6.265)
8wy

This result is substituted into Eqgs. 6.264 and 6.257 and we have:

Cia*K , 1—ax 1—aa 203
Q=0Q)+——5, Qf = ——C1?’K 6.266
o + 89(3) ’ 0 ) + ) 3 1% ( )

Substituting Eqgs. 6.253, 6.258 and 6.266 into Eq. 6.252, we obtain:

4

Q"2 +x0) = Z [=(C1 + ha(, Ci))oeanes1+
=1

Cloani1

+
8Q2

302K\ CloPh
(1—(2k+1)2§z§— Cra )-Cla 2l

502 502 ] cos(2k + 1)t (6.267)

where h,(7,C;) = C, and C5 is an unknown constant.
The solution x,(1) is obtained from Eq. 6.267 and becomes:

Cloary+ y
4k(k 4+ 1)Q;
C]OCZK) _ C%Otzbzk_H

803 4k(k + 1)Q

4

1
xz(‘c) = Zm [(Cl + Cz)ocazkﬂ +
k=t 0 (6.268)

x (1 —(2k+1)°Q -3 |[cos(2k + 1)t — cos 1]

The second order approximate solution is

(1) = x0(1) + 21 (7) + x2(1) (6.269)

=
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where x((7), x1(1), x2(7), are given by Egs. 6.253, 6.258, 6.268 respectively. Using
the transformations Eq. 6.245 the second order approximate solution of Eq. 6.243

becomes:

4
i(r) = Acos Qr + Z Doyi1[cos(2k + 1)wt — cos wi] (6.270)
=1

where o is given by Eq. 6.266 and

(2C1 + Cr)Ananii 2042
Dysy = +[2k+1s2+
2k+1 4k(k+ I)Qé ( ) 0
3C 2K C2A C2Aa?h
s ] SRR p 12,34 (6271)
8O} 16k2(k + 1208 32k(k + 1)Q

The substitution of Eq. 6.270 into Eq. 6.243 results in a residual, which reads:

ou

R(t,C\,Cy) =i + il — 6.272
( 1 2) \/1—1——1/_{2 ( )
As numerical examples we consider the following four cases
Case (a) In the case when A = 1, 0 = %, we obtain
Cy = —0.585950249; C, = —4.748101012; Q = 0.786318306
and the second-order approximate solution is
u(r) = 0.984079503 cos Qr + 0.017504901 cos 3Qr—
(6.273)

—0.001584404 cos 5Q«

Figures 6.20—6.23 show the comparison between the present solution and the
numerical integration results obtained by a fourth-order Runge—Kutta method:
Case (b) If we consider A = 1, oo = 3/4, it is obtained:

C; = —0.260422222; C, = —5.877201998; Q = 0.653805614

i(r) = 0.968131548 cos Qr + 0.035536685 cos 3Qr—
— 0.003668233 cos 5Q¢

(6.274)

Case (¢) For A = 10, « = 1/2, we obtain

C; = —1.436783545; C, = —2.611409879; Q = 0.96805811
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u(t) = 9.973914015 cos Qr + 0.041993608 cos 3Qr—

(6.275)
— 0.015907625 cos 5Q¢
Case (d) In the last case, we consider A = 10, o = 3/4 and therefore:
Cy = —0.638635455; C, = —1.123039001; Q = 0.951737427
u(r) = 9.934493076 cos Qr + 0.079937932 cos 3Qs—
(6.276)

—0.014430988 cos 5Qt

From Figures 6.20-6.23 it can be seen that the solution obtained by our proce-
dure is nearly identical with that given by the numerical method.

6.10 Nonlinear Oscillator with Discontinuities

Consider the following antisymetric constant force oscillator with discontinuities
i + sign(u) =0 (6.277)
with the initial conditions:
u(0)=A, u(0)=0 (6.278)

The function sign(u)is defined as

. )1 if u>0
sign(u) = i u<o (6.279)

There exists no small parameter in the Eq. 6.277 and therefore the traditional
perturbation methods cannot be applied directly.
Under the transformations

cen (6.280)
u(r) = Ax(t) '
the original Eq. 6.277 becomes
Q%" (1) + signu = 0 (6.281)

where the prime denotes the derivative with respect to T.
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For Eq. 6.281, the nonlinear operator Eq. 6.35 is given by the equation

N(d)(fap)ag(}ﬂp)) = Qz(/tp)(b’/(r,p)#»
+ Signqﬁ(LP) + )“¢(T’p) —pl¢(‘[,p) (6.282)

Equation 6.44 can be written as:
Q3 () +x0) =0, x0(0) = 1, x’9(0) = 0 (6.283)
and has the solution
Xo(t) = cost (6.284)

If we note f(x) = sign(x), where x is given by Eq. 6.42, then

FO) = F(x0) +F/(x0) (1 + %2 + o) + %f”(xo)(xl o4 (6.285)

but f'(x9) =f"(xo) = ... = 0 and therefore we obtain:
sign(x) = sign(xo) = sign(cos 1) (6.286)
The first term in Eq. 6.47 is given by
No(x0,Q0, 1) = Q2xy + sign(xo) + /xo (6.287)
For i = 1 into Eq. 6.45 we obtain the equation in x;:

Q%(x”l +x1) — Q%(x”o +x0) — hi(z,Cy) [Q%x"o + sign(xo) + Axo] =0,

6.288
XI(O) :Xll(O) =0 ( )

Substituting Eq. 6.284 into Eq. 6.288, using /#; = C; (constant) and the identity

4 1 1 1
sign(cost) = — (cos T3 cos 31+ 5 cos 5t — 7 cos Tt + > (6.289)
T

we obtain the following equation:

Q%(X'/l +x1)=C [(iJr/l—Q%) cosT+

+—=|—= += —= +— - I1t4 ... 2
( 3 cos 3t 5 cos5t 7 cos7t 9 cos 9t 1 cosllz )] (6.290)
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Avoiding the presence of a secular term needs:

Q=—+1 (6.291)
With this requirement, the solution of Eq. 6.290 becomes:
xi(1) = €1 (cos3t —cost) — ! (cos 5t — cos 1)+
oY 5
1
+ —(cos7t —cos 1) — 30 (cos9t —cost) + —(cos 11t —cos 1) + ...
(6.292)
For m = 2 into Eq. 6.46 and choosing
hy(t,C;) = C; + C3c0827 + Cycosdrt (6.293)

where C,, C3, C4 are constants, the equation in x, has the form:

Q%(X//Z +X2) — Qé(x”l + xl) — C](2Q0Q1X”0 =+ Q(Z)Xl/l + Ax] — )V)Co)—

(6.294)
—(Cy + €308 21 + C4 cos 47)(Qpx" o + sign(xg) + /xp) = 0

becomes:

Q"2 +x2) =

Substituting Egs. 6.284, 6.290 and 6.292 into Eq. 6.294, the equation in x,

C A 11 1 1
—200Q — A+ — (1= (1= 4= ——+—

0% +6n< Qé)( 5714 30+55>+
4(C; C4 A C} 4(Ci+Cr C3 G4
Bl s e S |} (OS¢ i [ S ot L e St M
+n<6+15>]00” KQ(Z) >6n - 3 10+14 X

V\ C? 4/Ci+C, 5C; C
xcos3r—l<25—gié>ﬁ+;< 1—5~_ 2—_3—1—_4)](:0551'_

21 18
— _(&—49)%—%(611—;@—%—&-%): cos7t—

:(81—9%) 1§§n+i(CI;C2—976;3+%>: cos97—
— :(g%-lZl) 3§§n—%<cllﬁc2—f—§+%>: cosllt

(6.295)
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No secular term in x,(7) requires that:

L 989C y 5
Q= (1-C ) c=-1cC 6.296
! ZQO+1386OnQO< Qg> T (0:290)

From Eqgs. 6.41 and 6.296 we obtain the frequency in the form:

L 989C, A
Q=0)— L 4 L (1~ 6.297
0720, T 1386070, ( Qﬁ) (€297

where Q is given by Eq. 6.291.
The parameter A can be determined applying the “principle of minimal sensitivity”.

From Eq. 6.48 we obtain:
1{ [/ ~1978C
= — 4 — 2 .2
g T ( * 1155 > (6:298)

This result is substituted into Eqgs. 6.297 and 6.291 and we have:

8 +24/4 + ¥ 1 1978C
0-— 1153 QR =-|2+44/4+ ! (6.299)

’ 7 1155

0 T
(2 / 1978C

Substituting Eqgs. 6.284, 6.290, 6.292 and 6.296 into Eq. 6.295 and solving this
equation we obtain:

C% A 1 Ci+Cy 39C3
= —_ — - 37 —
x2(7) 48702 ( w3> 2102 < 3 140 ) | (cos 3z —cosT)+

e ( A ) 1 (Cl +C 95C3>}

+ = _25) — — . COSS5T — COST)+
720705 \ 6y \ 5 252 )| )
e ) 1 (Cl +C, 679@)}

+ |l —1 |49 - = | + — cos 7t —cos 1)+
40327y < Qﬁ) 127Q2 \ 7 990 )| )

e J I (Ci+C, 113C
+ 41< 81) (1+ 2_ 3)}(cos%—cosr)—l—

14400n2 \ Q2 ) 20m@2 \ 9 308
e A 1 (Cl +C, 59Cg>}

tile————= (121 -= | + ———=)|(cos 11t —cost
39600mQ; ( Qﬁ) 30m \ 11 252 ) |! )

(6.300)
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The second-order approximate solution is:

(1) = x0(t) + x1(7) + x2(7) (6.301)

=

Using Egs. 6.280, 6.284, 6.292 and 6.300, the second-order approximate solu-
tion of Eq. 6.277 becomes:

c? p 1 (204G
N9z Tooor\ T3
481Q); Q5 21 3

)
Sl
720n0Q2 \ @

) ] (cos5Q¢t — cos Q)

i(t)=AcosQr+A

39C3
140

_ 1 2C1+Cy, 95C3
610 5 252

2 ) 1 [2C,+C, 679C;
5 X (49— 5
40327€; Q 1218y 7 990

c? 2 1 (2C+C
Al— (581 ———
1440002 \ Q2 20m2 \ 9

113C c? A
2 L _{121-5 )+
39600mQ2 Q

308
1 2C+C, 59C
( 1662 3)}(coslth—coth)

Moz 1 252

> ] (cos3Qt —cos Q) + A

+A

) } (cos7Qt — cos Q1)+

)] (cos9Qr —cos Q1) + A

(6.302)

where A, Q and Qg are given by Eqs. 6.298 and 6.299 respectively.
The substitution of Eq. 6.302 into Eq. 6.277 results in a residual, which reads:

R(t,Cy,C>C3) = it + sign(ir) (6.303)

As numerical examples we consider two cases
Case (a) In the case A = 1, from Egs. 6.26 we obtain:

C; = —0.815614211, C, = —0.351951443, C3 = —0.598628474,
C4 = 1.496571185

From Eqgs. 6.298 and 6.299 we obtain

A =—0.123043117,Qp = 1.07247211,Q = 1.110714944
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The second-order approximate solution Eq. 6.302 becomes:

ii(1) = 1.030088562 cos Qr — 0.033468588 cos 3Q + 0.00146585 cos SQr+
+0.009978953 cos 7Qf — 0.008820567 cos 9Q¢ + 0.001398542 cos 11Q
(6.304)

(a) In the last case A = 10, we obtain:

C;=-0.815614211,C, =5.287986428,C3 = 3.774015449,C4 = —9.4350386225,
A=-0.0123043117,Q =0.339145459,Q = 0.351238905

In this case, the second-order approximate solution becomes:

(1) = 10.30035768 cos Qt — 0.401767921 cos 3Qt + 0.1745208 cos 5Qr—
—0.103175516 cos 7Qt + 0.026982622 cos 9Qt — 0.00930889 cos 11Q¢

(6.305)
u(t)
1
0.5
Fig. 6.24 Comparison
between the approximate t
solution Eq. 6.304 and 1 2 3 5
numerical solution of _05
Eq. 6.277 incase A = 1: ’
numerical solution; _ _
_ _ _ approximate solution -1
u(t
10
5
Fig. 6.25 Comparison
between the approximate
solution Eq. 6.305 and 2.5 7.5 10 12, 15 175
numerical solution of _B
Eq. 6.277 in case A = 10:
numerical solution;
approximate solution -10
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Figures 6.24 and 6.25 show the comparison between the present solutions and
the numerical integration results obtained by a fourth-order Runge—Kutta method.

It is clear that the solutions obtained by OHAM are nearly identical with the
solutions given by the numerical method. Additionally, we remark that the exact
values of the frequencies are Q.. = 1.110720735 for the case (a) (A = 1) and
Q.. = 0.351240736 in case (b) (A = 10), which means that very good
approximations are found also for the frequencies.

6.11 Nonlinear Jerk Equations

The nonlinear jerk equations involving the third temporal derivative of displace-
ment have been widely studied [125-127]. As well as originally being of some
interest in mechanics, non-linear jerk equations are finding increasing importance
also in the study of chaos.

Jerk appears in some structures exhibiting rotating and translating motions, such
as robots and machine-tools structures. From a practical perspective, excessive jerk
arising at some machine-tools leads to excitation of vibrations in components in the
machine assembly, accelerated wear in the transmission and bearing elements,
noisy operations and large contouring errors at discontinuities (such as corners) in
the machining path. Also in the case of robots, limiting jerk (defined as the time
derivative of the acceleration of the manipulator joints) is very important because
high jerk values can wear out of the robot structure, and heavily excite its resonance
frequencies. Vibrations induced by non-smooth trajectories can damage the robot
actuators, and introduce large errors while the robot is performing tasks such as
trajectory tracking. Moreover, low-jerk trajectories can be executed more rapidly
and accurately.

Jerk equations, though not nearly as common as acceleration (or force) equation
it = f(u, ir)are therefore of direct physical interest. Moreover, simple forms of the
jerk function

i+ f(u, i, i) = 0 (6.306)

which lead to perhaps the simplest manifestation of chaos have found in [128].
Gottlieb [125] has explored the flexibility of applying the method of harmonic
balance to achieve analytical approximations of periodic solutions to nonlinear jerk
equations. Consequent restrictions on the jerk equations amenable to harmonic
balance solution are that only problems which have zero initial acceleration and
parity and time-reversal invariant (all terms have the same space-parity of reflective
behaviour under the transformation # — —u and time-parity of reflective behaviour
under the transformation + — —¢) can be considered. This situation of taking off
with a constant velocity initially is a feasible condition and it depends on the actual
physical meaning of the dependent variable u# and the interpretation of the
governing equation [128]. Wu et al. [126] proposed an improved harmonic balance
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method for determining the periodic solutions of nonlinear jerk equations. Ma et al.
[127] applied homotopy perturbation method to the jerk equations.

Following Gottlieb [125], the most general jerk function with invariance of the
time-reversal and space-reversal and which has only cubic non-linearities may be
written as

i 4 oui® + Puli + yuitii + Ouii> + it = 0 (6.307)

where the parameters «, f5, 7,  and A are constants and the dot denotes derivative
with respect to time. The corresponding initial conditions are

u(0) = 0,1(0) = A, ii(0) = 0 (6.308)

Here, at least one of o, 8, y and J should be non-zero. In addition, if 6 = 0, we
require y # -2o such that the jerk equation is simply not the time-derivative of an
acceleration equation.

A new independent variable T = wr and a new dependent variable u = £ x are
introduced. Thus, Egs. 6.307 and 6.308 can be written as

Q7 (" + SAPXN") + Q(aAX + AT + Ax') + PARNY =0 (6.309)
x(0)=0, X0)=1, x"(0)=0 (6.310)

where dot denotes differentiation with respect to T and Q = w?. The new indepen-
dent variable is chosen such that the solution of Eqgs. 6.309 and 6.310 is a periodic
function of 7 of period 27. The corresponding period of the non-linear jerk equation

isgivenby T = 2—’;)
The linear operator is defined by

Lig(z.p)] = 92{8%(§p)+¢(r,p>] 6311)

and g(7) = 0, while the non-linear operator is defined by

+ 0A?

awuma%umq+

Ni(x.p). Q)] = @ (p) b

(84);.7]))

[6 </>(f p)

+Q(p) oA

2
) +9A%p(,p) a(béi’p) 9 %(;’p) +ia¢éi’p)]+

9¢(z.p)
ot

+ BA%¢*(x,p)
(6.312)

From Egs. 6.310 we obtain the initial conditions:
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0¢(0.p) _,  &(0.p)
ot ’ 012

$(0,p) =0, =0, (6.313)

From Egs. 6.44, 6.45 and 6.46, we obtain the following three equations (m = 2):
L[(xo(7)] =0, x0(0) =0, ¥(0) =1, x"(0) =0 (6.314)
Lxi (7)) = hy (1, C QG (X" 4 0A%xxy2) 4 Qo (2A%x}3+

+ pAZxx) X + ) + BARRRXG],  x1(0) = X[ (0) =1 (0) =0 (6.315)

Lxy(t) —x1(2)] = hy (1, C)) { Q3" 1 4+ 0A2 (x)/2x 1 422 o2 ox" 1) |+
12009 (X" + SAZx X)) + Qo [BaA )2, + 9A% (X)X +
+x0x" 01 +X 0 o1 ) 4 X 1]+ Qy (0A%X + pAZx0x 0x o + X 0)+
+ BAZ (2 + 2x0% 0x1) } 4 ha (7, C) [ Q2 (¢ 0+
+ 0AZX ox?) 4+ Qo (0 A% +9A X0 0 o 4 Axy ) + BAZXEX o],
x2(0) =x5(0) =x"(0) =0
(6.316)

Equation 6.314 has the following solution
Xo(t) = sint (6.317)

If this result is substituted into Eq. 6.315, we obtain the following equation

Q" 4+ X)) =y (z, ci){%[gg(éAz —4) + Q(30A% — yA® + 40)+

A2 (6.318)
+BA%] cos T + T [—69Q5 + Qo(o + 7) — ] cos 31}
Avoiding the presence of a secular term needs
Q2(0A% — 4) + Qy(30A% — yA% +4)) + PA> =0 (6.319)

With this requirement, Eq. 6.318 becomes

2

A
K X =y (t, ) [0 + Qoo+ 7) — ] cos 3,
1 49(2) i i 0 o 7) — Bl (6.320)

x1(0) = ,(0) = ¥4(0) = 0

We choose for the auxiliary function #; the simplest form 4, (z,C;) = C;.
The solution of Eq. 6.320 is
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x1(7) = S(3sint — sin 37) (6.321)
where
5 v 092 — (o +7)Q0 + f] (6.322)
9602 PR '

If we substitute Eqs. 6.317 and 6.321 into Eq. 6.316, we obtain the equation in
the variable x,:

3592

1 Q
L(Xz) —L(Xl) = 5 (5A2 +2) 200, <1 — ZéAz) 5%

== (9aA%—

Q
—)A% +61) + 71 (30A? — pA? +40) + 4/3AZS} cost+H.O.T.

(6.323)
No secular terms in x,(7) requires that
e
From Eq. 6.43 for m = 2, we obtain the frequency in the form
Q=0Q)+Q (6.325)

where () is given by Eq. 6.319 and Q,is given by Eq. 6.324. Now, Eq. 6.323 (with
hy(t,C;) = C, = constant) becomes

15 SA2Q, S
& 27 — = 0A% |- —— (15yA% — 9042 —
X'+ X = {Cl {S( ) ) 200 +4Qo( . 9

(3o +7)A%Q;  27A%BS
40 402

&2 137 11
S(Zlé—y—k Qﬁ> cos5t  x(0) =x5(0) = x5(0)
0

0

—127) +

—245(1 + Cz)} cos 31+

(6.326)

The solution of Eq. 6.326 becomes

x(t) =—

N . .
> ——(5sint — sin 51) (6.327)

(3sint — sin37) 4+ 120
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where

2
M=C {S( 7- 5A2> oA, S (15947 — 9042 — 127)+

20, |40
30+ 9)A, 27428
ot A 2ZAPS| 4501 4 ¢)
402 402
A%S 9 + 13y 118
N="22 (g5 221 6.328
s ( ot o (6328)

The second-order approximate solution will be
X(1) = xo(1) +x1(1) +x2(7) (6.329)

where xo, x and x, are given by Eqgs. 6.317, 6.321 and 6.327, respectively, such that

A M N
t) = —— |1 +35+—+ i Qp + Qit—
i(t) m[( TR z4)smv o+ £

< >sm3\/Qo+Qlt sm5\/Q0—|—Q1t}

(6.330)

The constants C; and C, are determined from Eqgs. 6.26, where J is given by
T
Py -3 iy —r —=) 12
J:J[M—fou + putu + yuuu + duu —|—)vu} dt (6.331)
0

As a numerical example, by setting « = f = 1, § = y = 4 = 0 (jerk function
containing velocity-cubed and velocity times displacements-squared) in Eq. 6.307,
the governing equation will be

i+ a(i® 4+ u*) =0 (6.332)
subject to the initial conditions
u(0) =0, u(0)=A, i(0)=0 (6.333)
In what follows we analyze three distinct cases.

(a) The case A = 2
From Eqgs. 6.319, 6.324 and 6.26 we obtain

Qo = 3.3022775638, Q; = —0.104229926C

and from Eqgs. 6.322 and 6.328 we obtain
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S = —0.008795939C; M = C,(0.071616608C, + 0.211102527C,);
N =0.015098903C;

From Egs. 6.26 we obtain
C; =0.922185833, (C, = —0.10910221

and therefore, from Eq. 6.325 it is obtained

o = vVQ = 1.790713901
The second-order approximate solution Eq. 6.330 becomes

i(t) = 1.095880068 sin wr + 0.007213632 sin 3wt — 0.000129594 X sin Swit
(6.334)

(b) The case A = 5
In the same manner as in the above case, we obtain

Qp = 19.07760919,C, = —0.101794266, C, = 10.84917301, v = 4.278311302

i(r) = 1.125588397 sin wt + 0.014303567 sin 3wt 4+ 0.000030279
X sin St (6.335)

(c) The case A = 20
In this last case, it is obtained

Qp = 300.3329638,C; = 1.028399265,C, = 0.49151121, w = 16.95546134

i(r) = 1.148209795 sin wt + 0.011145664 sin 3wt — 0.000417163
X sin St (6.336)

It is easy to verify the accuracy of the obtained solution if we graphically compare
the analytical results with the numerical simulation results. Figures 6.26-6.28 show
the comparison between the present solutions and the numerical integration results
obtained by a fourth-order Runge—Kutta method.

6.12 The Motion of a Particle on a Rotating Parabola

The motion of a particle on a rotating parabola is mentioned by Nayfeh and Mook in
[22] and [88]:
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between the approximate and
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with the boundary conditions:
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u(t)

1
0.5
t
05 1
-0.5
-1
u(t)
1
0.5
t
0.2 04 06
-0.5
-1
u(t)
4 =
0.5
1
0.05 0.1 0.15
-0.5
-1
d’u du\?
— +Au+4¢*—) u=0 6.337
dt2+ u—|—q(dt>u ( )
du
u(0) = A’E(O) =0 (6.338)
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where ¢ and A are known constants and need not to be small.
Under the transformations Egs. 6.30, 6.337 and 6.338 become:

Q'+ 0px + 4P AT (P 4 x) = 0 (6.339)
respectively
x(0)=1, x(0)=0 (6:340)

!/
where A = »} and

d
E .
The operators Egs. 6.34 and 6.35 are respectively:

L(¢(t,p)) = Q[¢" (x.p) + ¢(x.p)] (6.341)

N[$(z,p),Qz,p)] = Q*(p)¢"(1,p) + (0 + Db(z,p) +

6.342
PR )¢ (w0) + b)) —piblep)

where ¢ and Q are given by Egs. 6.38 and 6.39 respectively, and 4 is an unknown
parameter. From Eqs.6.44, 6.45 and 6.46, (m = 2), we obtain the following three
equations:

Q2 (xf 4+ x0) =0, x0(0) =1, x’(0) =0 (6.343)

Q2" 4 x1) — Q"o +x0) — hi(1,C) [ng”o + (f + A)xo+

(6.344)
+ 4q2AZQS(x0x"0 + x/oz)C())] = 0, X1 (O) = )C’] (0) =0

Q(Z)(x”z +x2) — Qg(x"l +x1) — i (z, C){2Q0Q X" + Q(%x”l + (a)(z) + A)x1+
+ 4qP A Q3 (2x0x oxy + 23X 4 2x0X o't + 20X 0X 1 + Yol )+
+2Q0Q ("o + ¥'o’x0)] — Axo} — ha(T, G0 + (0§ + A)xo+
+ 4P A2 (X0 + X" x0)] = 0, x2(0) = ¥'2(0) =0
(6.345)
Equation 6.343 has the following solution:

Xo(t) = cost (6.346)

If this result is substituted into Eq. 6.344 and assuming that #; = C; = constant,
we obtain the following equation:
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Q2" +x1) — C1[(03 + 2 — QF — 24°A*Q})cosT—

(6.347)
—2¢*A?Q5c0s37] =0, x(0) = x'1(0) =0

where C; is an unknown constant at this moment. Avoiding the presence of a
secular term needs:

2
) of+ 4
=90 = 6.348
0 1424242 ( )
With this requirement, the solution of Eq. 6.347 is:
1
xi (1) = ZCquAZ(COSST — cosT) (6.349)

If we substitute Eqgs. 6.346, 6.348 and 6.349 into Eq. 6.345, we obtain the
equation in xy:

2C1*A* (0] + 4)

15247 cos3t+

Q%(x//z + X2) +

Cig*A* (o5 + 2) 242
Ci{ | ——————4+2000,(1 +2¢°A A
+ 1{{ 201+ 2424 +2Q0Q (1 +2¢°A%) + A|cost+

(w5 +2)C14°A*(3¢°a* + 16) 2,42
2Q0Q1g°A 3
{ 2(1 + 24%A2) ARG A |cosITE
9C¢*A*(w} + 1) 2¢*A* (w3 + A)
Wcossf =+ hz(f) WCOS3T = O,
X2 (0) = X/Q(O) =0
(6.350)
No secular term in x,(7) requires that
j. C 4A4 2 1
2000, = — - (0 + ﬁ) (6.351)
1+ 2¢°a*  2(1 4 242A2)
From Egs. 6.351 and 6.43, we obtain the frequency in the form:
A C1g*A*Q
Q=0 - _ a7 (6.352)

Qo(1 +2¢2A%)  4(1 + 2¢%A2)

where Q) is given by Eq. 6.348.
The parameter 4 can be determined applying the “principle of minimal sensitivity”
and thus we obtain
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C COQq4A4
l = 6.353
2 + 442A% — C1¢*A* ( )
This result is substituted into Eq. 6.352 and we have:
(0N 1
Q=—"" /1 +2¢?A%2 — —Ci1¢*A* 6.354
1+2q2A2\/ terAT =50 (6.354)

Substituting Eqgs. 6.352, 6.353 and 6.354 into Eq. 6.350, we obtain:

CIPA%(5¢*A* +74%A% + 2)

" 242
X' +xy+2C1qg°A“cos 3t + 1+ 24742

cos3t+

9
- EC%q“A“ cos 5T+ 2hy(1,Cj)g?PA% cos3t =0,  x3(0) =x>(0)=0 (6.355)

As we shown, there are many possibilities to choose the function h,(t,C;). The
convergence of the solution x,(7) and consequently the convergence of the approx-
imate solution ¥(7) depend on the auxiliary function /,(z,C;). Basically, the shape
of hy(t,C;) must follow the terms appearing in Eq. 6.350, which are cost, cos 31,
cos 5t (odd-order harmonics). Therefore we try to choose h,(t,Cj) so that in
Eq. 6.350 the product

2¢°A*(wf + 2)

[+ 2242 cos 3t

2

be of the same shape with the other terms (a combination of functions cos 7, cos 37,
cos5T...).

All three cases presented in this section demonstrate the importance of the
function A,(t,C;) on the accuracy of the solution. In the same time, a larger number
of constants in /,(t,C;) lead to a better accuracy of the results. If the error obtained
using a certain /,(z,C;j) is unsatisfactory, one can choose other shapes for this
function.

We will consider three cases:

Case (A): We consider the function /4, of the form:

ha(z,C;) = C) (6.356)

where C)is a constant.
Substituting Eq. 6.356 into Eq. 6.355, we obtain the equation in x;:
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C2PA2(5¢%°A% + 14%A% +2)
242 1
X5 4+ x4+ [Z(Cl + Ch)q*A* + | T2 A }cos?n—i—
9
+§Cﬁﬂ%mﬁzo,xx®:ﬂﬂmzo (6.357)

The solution of Eq. 6.357 becomes:

Ci1+Ch  Cig*a*(5¢*°A* +14°A% + 2)
x(1) = { 2 S(1 1 27A%) (cos3t — cost)+
+ %C%q“A“(cosSr — cosT) (6.358)

The second-order approximate solution is

=

(1) = x0(7) + x1(7) + x2(1)

where xy, x; and x, are given by Egs. 6.346, 6.349 and 6.358. Using the
transformations Eq. 6.30, the second-order approximate solution of Eq. 6.337
becomes

i(r) = McosQt + Ncos3Qt + Pcos5Qt (6.359)
where Q is given by Eq. 6.354 and

2C, + Ch R C1g* A3 (16¢*A* + 174°A% + 4)

M=A-—
4 16(1 4 2¢*A?)
N = 2C, + A CIPA3 (5¢*A* + 14%A% +2)
4 8(1 4 2¢*A?)
3
P= chq“AS (6.360)

Case (B): We consider the function /,(t,C;) if the form
hy(t,C;) = Cy + C3c0821 + Cycosdt (6.361)

where C,, C3 and C, are constants.

Substituting Eq. 6.361 into Eq. 6.355 and avoiding the presence of a secular
term, we obtain:

Cy = —C; (6.362)
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respectively:
C3*A(5¢*A* + 14°A% +2)
/" 242 1
X2+ x + {Z(Cl +Co)g" A + 1+ 2242 cos 31+
+ BC%Q4A4 + C3q*A? | cos 51 — C3q*A%cos Tt =0
x(0) =x>,(0)=0 (6.363)
With these requirements, the solution of Eq. 6.363 becomes:
Ci+Cy 5, CPAY(5¢*A* +74°A% +2)
= |—q¢A 3t—
X (1) { YR + $(1 1 24°A2) (cos3t
3 1
— cost) + [E Cig*A* + ﬁC3q2Az] (cos5t — cost)—
1
— &C3q2A2(cos7r — cosT) (6.364)
The second-order approximate solution in this case is:
it = McosQt + Ncos3Qr + Pcos5Qt + Qcos7Qt (6.365)
where Q is given by Eq. 6.354 and the coefficients are:
- 2
M=A —7C1:C2q2A3—
CiPA3(16¢°A* + 17°A% +4) 1 . , 4
— — 7C3q A
16(1 + 24%A?) 48
-2 242 A3 (5 A% + 1¢7A% + 2
N— C1+C2q2A3+C1‘] (5¢°A* +7q°A° +2)
4 8(1 + 2¢%A?)
_ 3 1
p=_— C2 4A5 —_C 2A3
16 1A Ty
5 1 243
=—— A 6.366
0= - 15Csa (6.366)
Case (C): We consider the function A,(7,C;) of the form:
ha(1,C;) = C5 + C5c0821 + Cycosdt + Cicos6T + Cycos8t (6.367)

where C3, C3, C}, C5 and Cgare constants.
Substituting Eq. 6.367 into Eq. 6.355, we obtain:

C; =—C; (6.368)
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and then:

2C1 4 2C5 4 C
w() = OIS e

C1?A*(5¢*A* +14°A% + 2)
8(1 + 24°A2)

_|_

} (cos3t — cost)+

1 1
+51 (C5 + Cz)quz} (cos5t — cos 1) + ﬁCg‘quz(cos T—

1 C;
@C;fquz(cos% — c0sT) + 2 ¢?A*(cosl 1t — cost) (6.369)

— cos7t) + 120

The second-order approximate solution of Eq. 6.337 becomes:

i(t) = M*cosQt + N*cos3Qt + P*cos5Qr+

" . (6.370)
+Q%cos7Qt + R*cos9Qr + S*cos11Q¢
where
q2A3
M =A-— 540 (120C, 4+ 60C; + 5C3 + 33C;, + 12C5)—
_ Cig? A (16¢°A* + 174°A% + 4)
16(1 4 24%A?)
N — 4Cy +2C5 + C; 240 C1?A3 (5¢*A* + 1% A% +2)
8 8(1 + 2¢4%A?)

C;+ Ck 3

pr— 3 5 243 4 2 C2atAS
VIR R TALE]
1
o _C2A3

0 48 3

1
R =—(C* 2A3

80 49

1 243
f=—CqA 6.371

S 120 Csq ( )

We will show through six numerical examples that the error of the solutions
decreases when the number of terms in the auxiliary function H(t,p) increases. In
Eqgs. 6.337 and 6.338, we consider A = wy = 1, A = land two cases for ¢ in every
of the cases A, B and C. The constants C; are obtained using the least square method.

(a) For ¢ = 1 in the case A, it is obtained:
C; = —0.401483291, C’, = —0.065781508
The second-order approximate solution Eq. 6.359 becomes in this case:

u(r) = 1.092937297cosQr — 0.123160203co0s3Qs + 0.030222906c0s5Q¢ (6.372)
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where Q is obtained from Eq. 6.354: Q = 0.596353888.
(b) For ¢ = 1 in the case B, it is obtained

C; = —0.398431527; C, = —0.052485317; C3 = 0.0341786762

i(r) = 1.089257032cosQr — 0.119734278c0s3Qr+
4+0.031189301c0s5Q¢ — 0.00712055c0s7Q¢ (6.373)

where Q = 0.596211722.
(c) For ¢ = 1 in the case C, we obtain the following results

C1 = —0.395753003; C; = —0.24453992; C; = 0.396618201;
C, = —0.396618201; C; = 0.534493194; C; = —0.497490133

u(r) = 1.08140204cosQr — 0.100837908c0s3Qs + 0.025163334c0s5Qr—
— 0.008262879cos7Q¢ + 0.006681164c0s9Qs — 0.004145751cos11Q¢
(6.374)

where Q = 0.596087918.
(d) For ¢ = 2 in the case A we obtain

Cy = —0.167434521, C, = —0.02382096

i(r) = 1.081827345c0sQt — 0.165930301cos3Q7 + 0.084102956¢c0s5Q¢ (6.375)

where Q = 0.357278398.
(e) For ¢ = 2 in the case B it is obtained

Cy = —0.164357411; C, = 0.017447955; C3 = —0.073610524
i(t) = 1.071279364cosQs — 0.146185231cos3Qs+
+ 0.068771659c0s5Q¢ + 0.00613421cos7Qt¢ (6.376)

where Q = 0.356852829.
(f) For ¢ = 2 in the case C it is obtained

C; = —0.16124603; C; = —0.103086948; C; = 0.254864679;
C, = —0.254864679; C; = 0.236002415; C¢ = —0.345719606
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i(t) = 1.1067914118cosQr — 0.148687186c0s3Q¢ + 0.062858358c0s5Qr—
—0.021238723c0s7Q¢ + 0.01180012c0s9Q¢ — 0.011523986c0s11Q¢

where Q = 0.356422004.

(6.377)

It is easy to verify the accuracy of the obtained solutions if we graphically
compare these analytical solutions with the numerical ones. Figures 6.29-6.34
show the comparison between the present solutions and the numerical integration
results obtained by a fourth-order Runge—Kutta method.

It can be seen from Figures 6.29—6.34 that the solutions obtained by OHAM are
very accurate being nearly identical with the solutions obtained by a fourth-order
Runge—Kutta method. Moreover, the analytical solutions obtained by our procedure
prove to be more accurate along with an increased number of terms in the auxiliary

function H(t,p).

Fig. 6.29 Comparison
between the approximate and
numerical results of Eq. 6.337
in case (a), for
A=wy=a=q=1:
numerical
solution; _ _ _ _ _
approximate solution
Eq. 6.372

Fig. 6.30 Comparison
between the approximate and
numerical results of Eq. 6.337
in case (b), for
A=wy=a=q=1:
numerical solution,
_ _ _ _ approximate solution
Eq. 6.373
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Fig. 6.31 Comparison
between the approximate and
numerical results of Eq. 6.337
in case (c), for
A=wy=a=q=1:
numerical solution;
_ _ _ _ approximate solution
Eq. 6.374

Fig. 6.32 Comparison
between the approximate and
numerical results of Eq. 6.337
in case (d), for
A=wy=a=1,q=2:
numerical
solution; _ _ _ _ _
approximate solution
Eq. 6.375

Fig. 6.33 Comparison
between the approximate and
numerical results of Eq. 6.337
in case (e), for
A=wg=a=1,q=2:
numerical
solution, _
approximate solution
Eq. 6.376

Fig. 6.34 Comparison
between the approximate and
numerical results of Eq. 6.377
in case (f), for
A=wg=a=1,q=2:
numerical
solution, _
approximate solution
Eq. 6.377

u(t)
1

0.5

t
15 17.5

t
15 17.5

u(t)

0.5

25 % 75 10 125 15 175




184 6 The Optimal Homotopy Asymptotic Method

6.13 Nonlinear Oscillator with Discontinuities
and Fractional-Power Restoring Force

This kind of nonlinear oscillator was studied up to now using different
methodologies [87, 129-133]. We consider an ordinary differential equation a
with single-term positive-power nonlinear oscillator with fractional-power restoring
force:

i+ sign(u)u|* =0, >0 (6.378)

with initial conditions
u(0)=A4, u(0)=0 (6.379)

With a new independent variable t = Qt, Eq. 6.378 can be written as

Q%" + sign(u)|ul” =0 (6.380)

with initial conditions
u(0) =A,uv’(0)=0 (6.381)

For Eq. 6.380, the linear operator Eq. 6.34 is defined by

& (z,p)

L((e,p) = | —5 57—+ d(z.p) (6382)

and the nonlinear operator Eq. 6.35 is given by the equation:

Nlg(t,p),Q(4,p)] =
= Q*(4,p)¢"(1,p) + 2 (t,p) + sign(¢p(t,p))|$(z,p)|" — pid(z,p)  (6.383)

Equation 6.44 can be written as
Q3 () +up) =0, up(0) =A, w(©0)=0 (6.384)
and has the solution
up(t) = Acost (6.385)

If f(u(r)) = sign(u(z))|u(z)|*, where u = ug+ puy + p*us + ..., then in the
following we have taken into account the identity:
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f(u) =f(uo+ puy +p’uz + ....) =
= f(uo) + purf (uo) + p*[uaf(uo) + %u%f”(uo)] +0(p?) (6.386)
where for example
(o) = etluo|*™! (6.387)
Taking into account Eq. 6.386, the first term in Eq. 6.383 is given by:
No(uo, o, 2) = Qduy + Aug + sign(uo)|uo|” (6.388)
For i = 1 into Eq. 6.45, we obtain the equation in u;:

Q2 (] + uy) — Qg (u'y 4 o) — hy (v, Ci) [QEu'y + Jug + sign(up)|u|”] = 0,
u(0) =u{(0) =0

(6.389)
Using Eq. 6.385, we obtain the following Fourier series expansions:
sign(ug)|uo|* = A*(a1, cos T + as, cos 31 + ....) (6.390)
where
z
@rp i1y :% J(cos 7)*cos(2k + 1)tdr, k=0,1,2,.... (6.391)
0

Considering 4 (t, C;) = C; (constant) and substituting Egs. 6.385 and 6.390 into
Eq. 6.389, we have:

Q2 (uf +uy) — Ci(—AQ + IA + a1,A%) cos T — C1A%az, cos 31—

(6.392)
— C1A%as, cos 51 — C1A%az, cos 7t — ... =0

No secular terms in #; requires eliminating contributions proportional to cos 7 in
Eq. 6.392:

O =A+a, A", >0 (6.393)

The solution of Eq. 6.392 can be written
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_ Craz,A” Cyas, A"

up(t) = CcOST — cos 37) + COST — cOS 57)+
10 = =g )+ e )
C1a7aA“
COST — €OS 7T) + ..... 6.394
1302 ( ) (6.394)

For m = 2 into Eq. 6.46 and if we consider the simplest case h,(t,C;) = C,
(constant), then the equation in u, has the form:

Q(z)(u/é + I/lz) — Q%(uﬂl + Ml) — C1 [le/tﬂl + ZQ()Qlu”() + /L(ul — M())+
+ afug|” )] — Co[Q2uy + A + sign(u)|uo|”] = 0,
2(0) = uh(0) =0 (6.395)

Having in view Egs. 6.385, 6.395 and 6.394, we can write the identities:
|ot| = ousign(o) (6.396)

cos(2k + 1)t

CoST
= 2cos2kt —2cos2(k — 1)t +2cos2(k — 2)t + ... + (=1)* cost  (6.397)

|I’£0|“_1 = Aail[ala — A3y + a5y — A7y + ...+

(6.398)
+ 2(a3y — asy + a74 + ...) €08 2T + 2(asy, — a7y + ...) cos 4t + ...

Substitution of Egs. 6.385, 6.390, 6.394, 6.396 and 6.397 into Eq. 6.395 yields:

Q3 (u"y +up) = | 24K, ig‘)?‘z)zAQOQI M+%ﬁl+
+(C1 +Cy)A%az,] cos 3t + % (25 Q%) +
-Q-OCCZL::%IBSJF(CDLCZ)A%S% cos5t+
+ [C%ii;‘”“‘(@_gi%) +%;31ﬁ7+(c1 +C2)A“a7a] cosTt+ ...

(6.399)
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where
K — C]A“71(6a3a + 2as, + a7a)
b 96
K CIAZ“’2(6a1aa3a — 661%1 + 2a1,as5, — 2a§a + ay,az, — a%a)
2= -

96

2 2
B = 6ai,az, + 2a1,as, + a1,a7, — 645, — 6as, + 6asua,

2 2 2
B3 = —6ai,a3, + 12a3, — 6az,as, + 2az, + Tazsaz, — 3asyaz, + a3,
2 2
Bs = —6a3, + 14az,as, — 2a1,as5, — 6az,a7, + 2as,a7, — 243,
B, = -8 2a2,+5 — —3d?
7 — a35A5y + aS{x + a35a7y as54A7y a71

187

(6.400)

The secular term in the solution of u, can be eliminated from Eq. 6.399 if

Ki(A—-Q) 4 K, CloA¥?

Q = [ =
: Q) 200 Q) 960

S I |

From Egs. 6.43 and 6.401 we obtain the frequency in the form:

Kiz—=9Q}) 4 Ky ClaA™?
Q=Qy+-12 )~ 2
0 Q29 9 969 4

where € is given by Eq. 6.393.

(6.401)

(6.402)

The parameter A can be determined applying the “principle of minimal sensitiv-

ity”. From Eq. 6.48 we obtain:

1 _ 1 C?oA2:2
i:—ialaAa 1+\/4alaA2“+6K2—6KlalaAa lTﬁl
From Eqgs. 6.403 and 6.393 it follows that
1 1 CioA?2
Q= EamA‘“’l + \/4a1yA2“ + 6K, — 6K a1,A* + ‘Tﬁl

where K, K, and f3; are given by Eq. 6.400.
Now, we can write the solution of Eq. 6.399 in the form

(6.403)

(6.404)
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+

2p% J
Cidlas: (s )
57602 o2

uz(l’) =

C%A“ah 9 _ )u aC%A2a71ﬁ3
640 ol 3840

AZX
+—(Cl +Co)A%az, (cost—cos37)+

80
(6 Ci+Cr)A”
! 4ﬁ5+( 1+ 2)2 dsq (cosT — cos 57)+
11520 242
2 A0 2 A20—1 o
ity 1) 2y (CorComan)
2304Q2 Q? 2304Q¢ 482
cos71) (6.405)

In order to determine the second-order approximate solution it is necessary to
substitute Eqs. 6.385, 6.394 and 6.405 into the equation:

i(t) = uo(t) + ui (1) + ua(7) (6.406)

By means of the transformation t = Qt, the second-order approximate solution
of Eq. 6.378 is:

i(t) = Acos Qr +

6402\~ Q] 38407

C2A%as, <9 A) ST

2C, + C)A%as, C3A%as, 2
M (cos Qt — cos 3Q) + |— a; 25 — iz +
80 5760 Q]
cia! 2C, 4 Cy)A”
+ X 4ﬁ5 (€, + 22) s (cos Qt — cos 5Q1)+
11520 2402
C2A%ay, A\ aCiAPIB,
+ 49— | +—=— T4
230402 Q? 23040

L 1+ C)A%ar,

502 (cos Qr — cos 7Q)

(6.407)

where ;. B3, fs. f7 are given by Eq. 6.400 and Q, 4, Q depends on the constants C
and C,, which will be optimally determined following Egs. 6.26.

We illustrate the accuracy of the OHAM by comparing previously obtained
approximate solutions with the numerical integration results obtained by means of a
fourth-order Runge—Kutta method.

In the first case we consider o = % and from Eq. 6.391 we obtain:
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1 1 11
aI% = 1.0872931957; 33% = 7§a1%; 35% = ﬁﬂ]%; 37% = 7@611%

(a) For A = 1, applying the conditions Eq. 6.26 we obtain

C,; = —0.768214231; C, = —3.562815287; Q = 1.040588306;

A
> = —0.01253803
Q0

The exact frequency in the case A = 11is Q¢ = 1.04075 [131] and therefore the
relative error between the approximate and the exact frequency is 0.016%.
The second-order approximate solution Eq. 6.407 becomes:

i(r) = 1.00699391 cos Qt — 0.013465301 cos 3Qr+

(6.408)
-+0.009104865 cos 5Qt — 0.002633483 cos 7Q¢

(b) For A = 5, we obtain the following expressions:

A
C1 = —0.768214231; C, = —4.21476475; Q = 0.75419724; o —0.012538032
0

The exact frequency in this case is Q., = 0.754314435 [131] and therefore the
relative error between the approximate and the exact frequency is 0.015%.
The second-order approximate solution Eq. 6.407 becomes in this case:

u(r) = 5.076158387 cos Ut — 0.113168423 cos 3Qr+

(6.409)
40.052073171 cos 5Q¢ — 0.015063135 cos 7Qt

In the second case we considera = % From Eq. 6.391 it is obtained:

1 1 7
a;r = 1.1595952669; a3 = —5 A5 =10 A = g9

(c) For A =1, we find

C; = —0.812457981; C, = 0.040087495; Q = 1.07000511; é = —0.040045851
0

The exact frequency for A = 1is Q., = 1.07045 [131] and therefore the relative
error between the approximate and the exact frequency is 0.044%.
The second-order approximate solution Eq. 6.407 becomes:
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i(r) = 1.033439236 cos Q¢ — 0.02397233 cos 3Qr—
—0.008055218 cos 5Qt — 0.001411688 cos 7Q¢

(6.410)

(d) For A = 5, we obtain the values:

A
C; =—0.812457981; C, = —0.68943007; Q = 0.62574278,; o2 —0.040045851

0

The exact frequency is Q.x = 0.626002957 [131] and therefore the relative
error between the approximate and the exact frequency is 0.042%.
The second-order approximate solution Eq. 6.407 becomes in this case:

i(r) = 5.014642562 cos Qt — 0.008561393 cos 3Q¢—

(6.411)

—0.005486728 cos 5Q¢t — 0.000594441 cos 7Qt

Figures 6.35-6.38 show a comparison between the present analytical solutions
and the numerical integration results obtained using a fourth-order Runge—Kutta

method.

One can observe that the second-order approximate analytical results obtained
through OHAM are almost identical with the numerical simulation results in all

Fig. 6.35 Comparison
between the approximate
solution Eq. 6.408 and
numerical results of Eq. 6.378
in the case o = 3/5, A = 1:

numerical
solution;

approximate solution

Fig. 6.36 Comparison
between the approximate
solution Eq. 6.409 and
numerical results for

Eq. 6.378 in the case a0 = 3/5,
A=S5: numerical
solution; _ _ _ approximate
solution

u(t)
1

0.5

-4
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Fig. 6.37 Comparison u()
between the approximate 1
solution Eq. 6.410 and

numerical results for

Eq. 6.378 in the case o0 = 1/3, 0.5
A=1: numerical

solution; _ _ _ _ approximate t
solution 1 2 3 4 5 6

Fig. 6.38 Comparison u(t)
between the approximate

solution Eq. 6.411 and 4
numerical results for

Eq. 6.378 in the case o = 1/3, 2
A=25: numerical

solution; approximate t

> — — —

solution 2 4 6 8 10

considered cases for various values of the parameters o and A. Moreover, the
relative error between the approximate and the exact frequency presented in
[131] varies between 0.015% and 0.044%, which proves the accuracy of the
method.

6.14 Oscillations of a Flexible Cantilever Beam with Support
Motion

A masless cantilever beam with a lumped mass attached to its free end while being
excited harmonically at the base has received widespread attention in connection
with interest in applications such as mast antennas, towers, flexible robot
manipulators, and space structures. When beam support undergoes motion, the
beam might be subject to external or parametric excitation. Since the parametric
resonance is considered, the nonlinearities begin to affect the motion, and hence
they cannot be ignored.

Many investigations have considered the influence of a tip mass on the
behaviour of transverse vibration of a beam clamped at the other end. The method
which Timoshenko used to solve a special case of a problem for the longitudinal
vibration of a rod with a mass attached to its end is not easily applicable to a more
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general case of transverse vibrations of beams [134]. Chen has investigated the
problem as a purely mathematical one [135]. He used the method of separation of
variables and determined the eigenfunctions of the resulting ordinary differential
equation, but he neither considered the non-linearities of the system nor the
excitations at the base. Esmailzadeh et al. [136] used the application of fixed
theorems (Schauder) which is a topological character and they guarantee the
existence of at least one solution.

In what follows, we consider oscillations of a flexible cantilever beam with
suport motion [136] governed by the ordinary differential equation

i + ?u + u?ii + wii* + acost =0 (6.412)

where @ and a are known parameters.
Initial conditions are:

Under the transformation:

T=Qt (6.413)
the original Eq. 6.412 becomes
Q4" + ’u + Q* (P + uu®) + acosé =0 (6.414)
with initial conditions
u(0)=A, u'(0)=0 (6.415)

where prime denote derivative with respect to t
The linear operator Eq. 6.34 is given by

Lip(e.) = 0|25 4 (e (6.416)

while the nonlinear operator Eq. 6.35 is defined by

2 T
M(e.p), )] = @) Z A 1 (e, p) ¢

2 2
097 T 4 (e (P

(6.417)

+ ost
acos—
Q
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Because we consider only one iteration it follows that 4 = 0.
The Eq. 6.44 becomes

Qé(uﬂo —+ M()) = 0,

0(0) = A, 1/p(0) =0 o4
and has the solution
up(t) = Acost (6.419)
The first term in Eq. 6.47 is
No = Q%ufl + *uo + Q* (udu] + uou2) + acosé (6.420)
For m = 1 into Eq. 6.46, supposing that
hi(t,C;) = Cy +2C3 cos 2t + 2C3 cos 4t (6.421)

where Cy, C, and C; are constants, then substituting Eq. 6.419 into Eq. 6.420 we
obtain

3

A 1
th(](u(),Qo) :{(Cl +C2) |:(,02A 793 <A+2):| _E(C2+

A3 1
+C3)Q5A  cost+{(C2+C3) [aﬂA—Qg (A +7)} —§Q§A3C1—
2 A3 2 2 A3 1 243
-Q A—&—? }eos3t+{Cs3[w"A—Q; A—&—? ]—EQOA‘Cz}COSS‘E—

1 T 1 1
—EQ(Z)A3C3 cos7t—aC; cosﬁ—aCZ {cos <2 +ﬁ> T+4cos <2_ﬁ) r} -
C 4—i—1 + 4 !
—aCs|cos o T+cos ) T

The elimination of the secular term requires

(6.422)

w2

2 A2
&= QO - 1 LA2(1 G +Cs
+§ +C|+Cg

(6.423)
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Equation 6.46 can be written for m = 1 in the form:

A3 (Cy 4 C3)* A2
Q%(M/ll +M1) +7 C] —m COS3T+7 CZ_-
C3(C C A3
— %} cos 5t +7C3 cos 7t + aCy COSé—‘r

1 1
+ aC, |:COS(2+§>T+COS<2—§)‘[:|—|—

+aCs [cos (4 + é) T 4+ cos (4 — é) r] =0,u(0)=41(0)=0 (6.424)

From Eq. 6.424 we obtain the solution

3

(cos3t —cost) +—

Cy—.
48 |2

e =2 [ -Gxar

~ 16 C,+C>

A3
_Ge+G) (G + C3)} (cos 5t —cost) + G
Ci+C

Ccos7T — coST)—
96

Q? Q? 1
aQC, (cosl—COS‘c> +Qz( aQC, | [COS<2+§)T—
0

TQRE@-n\Q 307 +4Q + 1
—cost] +— arCy {cos (2 - l) T — cos ‘c} +
QI(3Q% —4Q + 1) Q
aQ2C3

I
44— )t —cost|+
Q150 7801 1) Q)T COST]

+ aQZC3 [cos <4 + ! )r cos r}
Q3(15Q% —8Q + 1) Q

The first-order approximate solution Eq. 6.42 becomes:

N

(v) = uo(t) + (1)

Substituting Eqs. 6.413, 6.419 and 6.425 into Eq. 6.426, we obtain:

(6.425)

(6.426)
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A3(—6C2? — 8C1Cy — C1C5 + 5C,C5 + 4C3 C
u(t):{A—&—( 1 1C2 1L3 2C3 3)+6211_
48(Cy + C2) Q-1
2a(3Q° +1)C,  2a(15Q% 4+ 1)C;3 } A3
— — cosQt +—|Cy—.
90 — 1002 +1 225Q% —340% + 1 16| !
(C2+C3)° A3 C3(C2 + C3)
—= 3014+ — |Cy — ==~ =2 5Q1
C TG cos +48 2 i+ G cos +
A3C3 aC1 aC2
+ = cos 7Qt — cost+ ————cos(2Q + 1)1+
96 Q-1 307 +4Q + 1 ( )
ClC3 aC3
+————— CO0S ZQ—l t4+— CoS 4Q+1 -+
302 40 + 1 ( ) 15Q° +8Q + 1 ( )
aC3
4 cos(4Q — 1)t 6.427
1507 —8Q + 1 ( ) ( )

where Q is given by Eq. 6.423 and the constants C;, C,, C5 are determined from
Eq. 6.26.

In order to show the validity of the OHAM, Eq. 6.412 has been numerically
solved for the following characteristics:a = 0.12337, w? = 1.709678.

(a) In the first case A = 0.3, we obtain using the least square method:

C; = 0.9027885273,C, = —0.0865822331,
C3; = —0.2465694380,Q = 1.673124

The first order approximate solution Eq. 6.427 becomes:

u(r) = —0.0618116 cost + 0.365437 cos1.6738 t—
—0.0039414 co0s2.3477 t — 0.00066340 cos4.3477 t+
=+ 0.00129398 c0s5.0216 t — 0.00102639 c0s5.6955 t—
—0.00053916 cos7.6955 t — 0.00010531 co0s8.3694 t—
— 0.00006934 cos11.717 t (6.428)

(b) In the second case A = 0.4, we obtain:

Cy1 = 0.9236350757, C, = —0.1344892332,
C3; = 0.2051665021, Q = 1.644324

The first order approximate solution becomes:
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i(t)=—0.067173cost+0.46621 cos 1.642067 — 0.0065819 cos2.284 11—
—0.00105969cos4.2841¢4-0.00366922cos4.92611+
+0.00089411c0s5.5682¢+0.00046373 cos 7.5682¢—
—0.00020381c0s8.2102¢4-0.00013677 cos 11.4944¢ (6.429)

(c) In the third case A = 0.5, we obtain:

C1 = 0.9529501648798903, C2 = —0.16063357719568372,
C3 = 0.3717062754599205,Q = 1.604512

The first order approximate solution becomes:

u(t) = — 0.0743925 cos ¢ + 0.567464 cos 1.6063¢ — 0.00855804 cos 2.21261—
—0.00130666 cos 4.2126¢ + 0.00700563 cos 4.8190¢+
+0.00170763 cos 5.4253¢ + 0.00087254 cos 7.42537t—
— 0.00067618 cos 8.03172¢ + 0.00048399 cos 11.2444¢
(6.430)

Figures 6.39-6.41 show the comparison between the present solutions and the
numerical integration results obtained by a fourth-order Runge—Kutta method.

It is clear that the solutions obtained by OHAM are nearly identical with
the solutions obtained through a fourth-order Runge—Kutta method. Additionally
we remark that the exact values of the frequencies are Q., = 1.673881823 in the
case A =03, Q. = 1.642056622 for A = 0.4 and Q. = 1.606343438 for
A = 0.5, which means that very good approximations were found also for the
frequencies.

u(t)
0.4

Fig. 6.39 Comparison

between the approximate 0.2
solution Eq. 6.428 and the

numerical solution for

Eq. 6.412incase A = 0.3, 0.5
a = 0.12337,

o® = 1.709678: -0.2
numerical solution;

approximate solution
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6.15 The Jeffery-Hamel Flow Problem

We consider a system of cylindrical polar coordinates (r,0,z) with a steady two-
dimensional flow of an incompressible conducting viscous fluid from a source or

sink at channel walls lying in planes, with angle 2¢, as shown in Fig. 6.42.

Fig. 6.40 Comparison
between the approximate
solution Eq. 6.429 and the
numerical solution for

Eq. 6.412 in case A = 0.4,

a = 0.12337,

o® = 1.709678:

numerical solution; _ _ _ _ _
approximate solution

Fig. 6.41 Comparison
between the approximate
solution Eq. 6.430 and the
numerical solution for

Eq. 6.412 in case A = 0.5,

a = 0.12337,

o> = 1.709678:

numerical solution; _ _
approximate solution

Fig. 6.42 Geometry of the
Jeffery-Hamel flow problem

u(t)

0.4

0.2

-0.2

-04

-0.2
-04

1:(1',8)
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Assuming that the velocity is only along the radial direction and depends on r
and 0, V(u(r,0),0) using the continuity and the Navier—Stokes equations in polar
coordinates, the governing equations are [137]

p 0 N
~ gy (ru(r,0)) =0 (6.431)
ou(r,0)  109p
u(r,0) o = ar+
Pu(r,0) 1 0u(r,0) 1 u(r,0) u(r,0)
02 Ty o Yo T r (6.432)
L 2 ournh) (6.433)

prdp 1t 00

where p is the fluid density, p is the pressure and v is the kinematic viscosity. From
Eq. 6.431 and using dimensionless parameters we get:

f(0) = ru(r,0) (6.434)
F(x) :J;ie) , x= g (6.435)

Substituting Eq. 6.435 into Egs. 6.432 and 6.433 and eliminating the pressure,
we obtain an ordinary differential equation for the normalized function profile F'(x):

F"(x) 4 20ReF (x)F'(x) + 42*F'(x) = 0 (6.436)

where prime denotes derivative with respect to x and the Reynolds number is

Re — Ofmax _ UmaxT0 divergent channel : o> 0, Umax >0 (6.437)
v v convergent channel : o <0, Upmsx <0
and u,,x is the maximum velocity at the centre of the channel.
The boundary conditions for Eq. 6.436 are
F(0)=1, F(0)=0, F(1)=0 (6.438)

We choose g(x) = 0 into Eq. 6.13 and the linear operator
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L(pxp)) = L IR
The nonlinear operator is
N(B(x.p)) = 2Reg (s, ) LOL) | 42 O]
and the boundary conditions are
p0.p) =1, 2202 o 41 =0

ox

Equation 6.16 becomes

F"o(x) =0
Fo(0) =1, Fo(0)=0, Fo(1)=0

It is obtained that
Fo(x) =1— %
From Egs. 6.440 and 6.21, we obtain the following expression
No(x) = Fy(x) + 20ReF(x)Fj(x) + 40F(x)
Note that substituting Eq. 6.443 into Eq. 6.444 it follows that

No(x) = 4aRex’ — 4(aRe + 20%)x

199

(6.439)

(6.440)

(6.441)

(6.442)

(6.443)

(6.444)

(6.445)

There are many possibilities to choose the functions #;(x,C;), i = 1,2,... The
convergence of the solutions F;, i = 1,2,...m and consequently the convergence of
the approximate solution F(x) given by Eq. 6.23 depend on the auxiliary functions
hi(x,C;). Basically, the shape of #4;(C;) should follow the terms appearing in
Eq. 6.445 which are polynomial functions. We consider the following cases

(m = 2) in Eq. 6.23:
Case 6.15.a
If i, is of the form

hi(x,Ci) = C,

(6.446)
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where C| is a unknown constant at this moment, then Eq. 6.20 for £ = 1 becomes:
F{'(x) — Fy'(x) — i (x,C;)No(x) = 0 (6.447)

Substituting Egs. 6.443, 6.445 and 6.446 into Eq. 6.447, we obtain the equation
in Fli

F}'(x) — 4CoRex’ — 4C; (aRe 4 20%)x = 0, F1(0) = F|(0) = F1(1) =0

(6.448)
The solution of Eq. 6.448 is given by
Fi(x) C13og{ex6 G (ocRe6—|— 2a2)x4 N 2ocRe1;— 502 C1d (6.449)
Equation 6.20 for m = 2, can be written in the form
F3'(x) = F{'(x) = CiN1(Fo, F1) = ha(x, Ci)No(Fo) = 0 (6.450)
where N, is obtained from Eq. 6.21:
N (Fo,F1) = F)' + 20Re(FoF’, 4+ FyF,) + 40°F) (6.451)
If we consider
ha(x,C;) = Ca (6.452)

where C, is an unknown constant, then from Egs. 6.443, 6.449, 6.450, 6.451 and
6.452 we obtain the following equation in F:

N 802Re’C? ; 120’Re? + 240°Re
X —

F" T 5 Cix’ — [4 aRe.(2C) + Ca)+
60aRe + 360°Re? + 400°Re — 160*
e o 61; = c%]x* + [4(aRe +20%)(Cy + C)
600Re + 1200> — 80°Re? — 360°Re — 400+
+ 15 Cilx=0

(6.453)

So, the solution of Eq. 6.453 is given by
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2*Re’C? |,  o’Re*+24’Re
X
1350 140
N [aRe(ZCl +C)) N 150Re + 902Re? + 10a°Re — 40*

Fr(x)=— Cixé+

30 450
oaRe +202)(C; +C
+[< J(C1+Cy)
6
202Re? + 90°Re + 10a* — 150Re — 302
+ 90

C%] KO

Cf] X

N 20Re + 50
15
n 25200Re — 19320 4 36002 — 9190>Re? — 25800(3Re} 2

(C1+Co)+

13900 (6.454)

The second-order approximate solution (m = 2) is obtained from the Eq. 6.23

F(x) :F()(X) +F1 (X) +F2(X) (6455)

where Fy, | and F, are given by Eqs. 6.443, 6.449 and 6.454 respectively.
Case 6.15.b
In this case we consider

hi(x,C;) =C,

6.456
hg(x,ci) =Coux+Cs ( )

where Cq, C, and Cj are unknown constants. It is clear that the function F; is given
by Eq. 6.449. Equation 6.20 becomes for k = 2

802Re?C? J 126’Re? + 240°Re
15 5
60cRe — 360°Re? — 1200°Re — 800*
15
+ 4(oRe + 20°)C3x* + [4(0Re + 20°) (Cy + Co)+
600Re + 120> — 80’Re? — 360°Re — 400,
+ Cilx=0,
15

F(0) = F5(0) = F2(1) =0

F") + C?° — doReCsx*—

— |40Re(C + Cy) + cﬂ fant

(6.457)



202 6 The Optimal Homotopy Asymptotic Method

and has the solution

a?Re*C? 410 a?Re? + 20’Re 20Re
1350 140 105
aRe(2C; + C3) N 150Re + 9¢’Re? + 100°Re — 4o*
30 450
oRe + 20 C |- (eRe +202)(Cy + C3)
15 6
20°Re? + 92°Re + 100* — 150Re — 302
_|_
90
20Re + 502 5aRe + 1402
——(C ——C
+[ 5 (C1+Cy)+ 105 3+

n 25200Re — 19320 + 36002 — 91942Re — 25804°Re
18900

Fz(x) = — C%X8+ C3X7+

Cﬂ x4

|
T

Cﬂ Pl

Cﬂ P (6.458)

The second-order approximate solution becomes

F()C) = Fo(x) + Fy (x) + FQ(X) (6.459)

where Fy, F and F, are given by Eqs. 6.443, 6.449 and 6.458 respectively
Case 6.15.c
In the third case we consider

h](x) =C;+ Cxx

(6.460)
hy(x) = C3 + Cax + Csx?

Equation 6.19 can be written as

F"| — 4aReCyx* — 40ReC x> + 4(oRe + 20%)Cox*+
+4(aRe 4+ 202)Cix =0, F(0) =F'1(0)=F(1)=0 (6.461)

From Eq. 6.461 we have

20ReC, aReC (eRe + 20%)Cy
P ==t 730 * 15 X

(aRe +20%)Cy , = [(aRe +20%)(5C; +2C;) aRe(7Cy +4C,)] ,
- 6 i 30 - 210

(6.462)
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Equation 6.20 for k = 2 becomes

120°Re? 926%Re’C1Cy 4
il
35 105
N 82’Re’C]  60’Re” + 120°Re 2 )—
15 5
184°Re? + 360°Re
5
120Re — 20°Re? — 84°Re — 8a*
+ 3

F"5(x) + 2+

1202Re? + 240°Re
5

CiC® — [4aReC5 + Ci+

C%}XS—

120aRe — 4602Re? — 1600°Re — 12004
—{4aRe(C2+C4)+ e 615 x e 260

4002 Re? + 1120°Re
105

600Re — 3602Re? — 1200°Re — 800*

+
15
4002Re? + 1126°Re
105

+[4(oRe + 20%)(Cy + Cy)+

120aRe + 24002 — 8a2Re? — 360°Re — 400*
+

15
2002Re? + 960°Re + 11244
105

600Re + 1200> — 82°Re? — 360°Re — 400"

+ C;
15

2002Re? 4+ 960°Re + 1120*

_ CiC|lx=0
105 ! 2]" :

F5(0) = F'5(0) = F5(1) =0

Cg} x* — [40Re(Cy + C3) — 4(aRe + 20%)C3+

Cci—

CiCy — 4(oRe + 2oc2)c§]x3+

CiCr—

C§]x2 + [4(aRe +20%)(Cy + C3)+

(6.463)

The solution of Eq. 6.463 is given by
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’RS’C3 |, 460°Re*CiCy

Fa(x) = —
(%) 3850 51975
7 w?Re’C?  o’Re? + 20°Re 2|04
1350 600
o*Re? + 20°Re aReCs  o?Re® + 20°Re
e BBy g N 05 C?
BTy 1620 [ g4 140 i
60Re — a’Re? — 4a’Re — 4o*
218
+ 504 z}x +
20Re(Cy + C4)  60Re — 230°Re* — 800’ Re — 600*
+ (21 Co) C\Cr—
105 1575
3 200’Re? + 560°Re 2]+ aRe(Cy +C3)  (xRe + 20%)Cs .
11025 30 30
150Re — 90’Re? — 300°Re — 200 50°Re? 4 140°Re
+ c? - €G-
450 1575
_oRe + 207 2] (oRe + 20%)(Cy + Cy)
30 : 15
| 30oRe + 600> — 20°Re* — 9o°Re — 100* cc
225 e
_ 50’Re” + 24%’Re + 280* 2l (aRe + 20%)(Cy + C3)
1575 2 6
150Re + 3002 — 20*Re* — 9’Re — 100*
+ -
90
50°Re? + 244°Re + 284 20Re + 50¢2)(Cy + C
_ So’Re’ + 240°Re + aC1C2x4+ (20Re + 50°)(Cy + 3)+
630 15
(50Re + 1402)(C2 + C4) =~ 9aRe + 280> Cot
105 420 ;
n 25200Re — 12600* 4 630002 — 1630*Re* — 900x’Re o
18900 !
4 198000Re + 554400> — 14330*Re? — 85140°Re — 105600* C.C
207900 e
47740 — 3234007 — 103950Re + 26950 °Re + 3800°Re” 2] e
485100 2
(6.464)
The second-order approximate solution is
F(x) = Fo(x) + F1 (x) + Fa(x) (6.465)

where F, F'{, and F, are given by Eqgs. 6.443, 6.462 and 6.464 respectively.
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Case 6.15.d
In the last case, we consider

K] (X) = Cl —+ C2X
K (x) = C3 + Cyx + Csx* + Cox™ + Cox* + Cgx® 4 Cox® (6.466)

The solution of F(x) is given by Eq. 6.462. On the other hand, Eq. 6.20 for
k = 2 has the solution

oRe %’Re*C3 2aRe 460°Re?
&wzgm@_3%5%u(¥%a_sms
[oReC7 — (Re +242)Cy  o’Re? , o’Re? +2x’°Re
I 180 1350 ! 600
[aReCgs — (aRe + 20%)Cy N «*Re? + 20°Re
i 126 420
[aReCs — (aRe + 20%)C; n «*Re? + 20°Re
i 84 140
N 60Re — a’Re? — 4o°Re — 4ot C%} S [2ocReC4 — 2(aRe + 20%)Cs

C]Cz)X“"‘

_|_

C1C2:| x9+

+

Ci+

504 105 '
20ReC, 60aRe — 230°Re* — 800°Re — 600
T 1575
_ 200’Re” + 560°Re C%} KN {ocRe(Cl +C3) — (aRe + 2052)C5+
11025 30
+1mme—9ﬁRé—<w@Re—2&ﬂC2 50’Re? + 140°Re
450 ! 1575
_ (aRe + 2012)C%} o {ZazRez + 92°Re + 100* — 300Re — 6022
30 225
50°Re? + 240°Re + 2804 2 (eRe + 20%)(Cy + a;)}(5+

C.Cr—

CiCr—

C1Cr+

1575 2 15
[20°Re? + 90°Re + 100 — 150Re — 300 ,
i+
i 90
50°Re? + 240°Re + 280 (aRe + 20%)(C + C3):| Wy

+

+ 630 Ci6z - 6

[SoRe + 1402 2uRe + 502 20Re + 1507
= T (C,+C
+ 105 (C2+Cq) + G C+ 15

+ 9aRe + 28a2 Co+ 7oaRe + 2402 Ce+ 4oRe + 1502
420 > 630 6 630

27aRe + 11002 + 5aRe + 2202
6930 8 1980

Cs+

Cr+

Co+
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N 25200Re — 12600 + 630002 — 16302Re? — 9000’ Re

CZ
18900 it
L 103950Re — 3800°Re? 4 323400 — 26950 Re — 47740 2y
485100 :
_(198000Re — 14430°Re? + 5544002 — 85140°Re — 105600)C,C5] ,
N 207900 *
(6.467)
The second-order approximate solution in this case is given by
F(x) = Fo(x) + F1(x) + Fa(x) (6.468)

where F, F; and F, are given by Eqs. 6.443, 6.462 and 6.467 respectively.

6.15.1 Numerical Examples

In what follows we will show that the error of the solution decreases when the
number of terms in the auxiliary function A(x,p) increases.

Example 6.4.15.a. For Re = 50 and oo = 5 in the case 6.15.a it is obtained two
solutions for the constants C; and C>:

(a) C; =0.017506079 C, = —0.047286881
(b) C; = —0.017506079 C, = 0.022737435
but the second-order approximate solution Eq. 6.455 is the same in both cases:

F(x) = 1 — 1.767845893x + 1.236877181x* — 0.619019693x°+

(6.469
+0.164176501x% — 0.014188096x'° )

Example 6.15.1.b. For Re = 50 and « = 5 in the case 6.15.b, we obtain

(a) C; =0.007977212 C, = —0.041469373 C3; = 0.022761122
(b) C; = —0.007977212 C, = —0.009560525 C3 = 0.022761122

The second-order approximate solution Eq. 6.459 becomes

F(x) = 1 —1.769527092x* + 1.40514047x* — 0.45522244x° —

470)
—0.319921792x° + 0.108386295x” + 0.03409066x* — 0.002946101x'°

Example 6.15.1.c. For Re = 50 and o = 5 in the case 6.15.c, the second-order
approximate solution can be written in the form:
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F(x) = 1 — 1.769777647x> + 1.295738478x* — 0.010406134x° —
—0.871743272x° 4+ 0.178832164x7 + 0.299266794x* — 0.090606944x" —
— 0.040442155x'° 4 0.00935599x!" — 0.0002178x"?
(6.471)

Example 6.15.1.d. For Re = 80 and o = —35 in the case 6.4.d, the second-order
approximate solution becomes

F(x) =~ 1—0.399291819x* — 0.461970063x* — 0.014703786x° —
—0.12415397x° — 0.07325724x" — 0.08278982x® + 0.45101379x° —
— 0.648015234x'% 4 0.47466473x'! — 0.121496588x'2
(6.472)

It is easy to verify the accuracy of the obtained solutions if we compare these
analytical solutions with the numerical ones or with results obtained by other
procedures.

It can be seen from Tables 6.3, 6.4, 6.5 and 6.6 that the analytical solutions of
Jeffery-Hamel flows obtained by OHAM are very accurate.

The examples presented in this section lead to the very important conclusion that
the accuracy of the obtained results is growing along with increasing the number of
constants in the auxiliary function.

Some other methods such as DTM, HPM or HAM give a good accuracy, but
OHAM is by far the best method delivering faster convergence and better accuracy.
In this procedure, iterations are performed in a very simple manner by identifying
some coefficients and therefore very good approximations are obtained in few
terms.

The Optimal Homotopy Asymptotic Method is employed to propose new ana-
lytic approximate solutions for some nonlinear dynamical systems. This procedure

Table 6.3 The results of the second-order approximate solutions Eqgs. 6.469, 6.470 and 6.471 and
numerical solution of F(x) for Re = 50,0 = 5

X F(x), Eq. 6.469 F(x), Eq. 6.470 F(x), Eq. 6.471 Numerical solution
0 1 1 1 1

0.1 0.98244611 0.982440382 0.982430842 0.98243124
0.2 0.931225969 0.931302469 0.931225959 0.93122597
0.3 0.850471997 0.850810709 0.850611445 0.85061063
0.4 0.746379315 0.747074996 0.746790784 0.74679081
0.5 0.626298626 0.627192084 0.626947253 0.62694818
0.6 0.497665923 0.498340984 0.498235028 0.49823446
0.7 0.366966345 0.366966353 0.366970088 0.36696635
0.8 0.238952034 0.238148782 0.238142322 0.23812375
0.9 0.116313019 0.115260361 0.115219025 0.11515193

1 0 0 0 0
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Table 6.4 Comparison between the OHAM and numerical solutions for Re = 50 and o = 5
(error = }Xnum - xapp|)

Error of the solution

Error of the solution

Error of the solution

x  Eq. 6.469 Eq. 6.470 Eq. 6.471
00 O 0 0

0.1 0.00001487 0.000009142 0.000000398
0.2 0.000000001 0.000076499 0.000000011
0.3 0.000138633 0.0002 0.000000815
0.4 0.000411495 0.000284186 0.000000026
0.5 0.000649554 0.000243904 0.000000927
0.6 0.000568537 0.000106524 0.000000568
0.7 0.000000005 0.000000003 0.000003738
0.8 0.000828284 0.000024962 0.000018572
0.9 0.0001161089 0.000108431 0.000067095
1 0 0 0

Table 6.5 Comparison between differential transformation method (DTM) [137], homotopy
perturbation method (HPM) [137], homotopy analysis method [137] and OHAM-Eq. 6.472 for
Re = 80,00 = —5

x  F(x)(DTM)  F(x) (HPM) F(x) (HAM) F(x) (OHAM)  Numerical

00 1 1 1 1 1

0.1 09959603887  0.9960671874  0.9995960242  0.995960605  0.9959606278
02 09832745481  0.9836959424  0.9832755258  0.983275548  0.9832755383
0.3 09601775551  0.9610758773  0.9601798911  0.960179914  0.96017991139
04 09235170706  0.9249245156  0.9235215737  0.923521643  0.9235215894
0.5 0.8684511349  0.8701997697  0.8684588997  0.868458963  0.86845887772
0.6  0.7880785402  (.7898325937  0.7880910186  0.788090923  0.78809092032
0.7 0673248448  0.6745334968  0.6731437690  0.673143633  0.6731436346
0.8 05119644061 05128373095  0.5119909939  0.511991107  0.5119910891
0.9 02915280122  0.2918936991  0.2915580178  0.291558742  0.29155874261
1 0 0 —0.000001149 0 0

Table 6.6 Comparison between OHAM results and numerical solutions [137] for Re = 80,

o= -5

X F(x), Eq. 6.472 Numerical Error

00 1 1 0

0.1 0.995960605 0.9959606278 0.000000022
0.2 0.983275548 0.9832755383 0.000000009
0.3 0.960179914 0.96017991139 0.000000002
0.4 0.923521643 0.9235215894 0.000000053
0.5 0.868458963 0.86845887772 0.000000085
0.6 0.788090923 0.78809092032 0.000000002
0.7 0.673143633 0.6731436346 0.000000001
0.8 0.511991107 0.5119910891 0.000000017
0.9 0.291558742 0.29155874261 0.000000006
1 0 0 0
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is valid even if the nonlinear differential equations contain any small or large
parameters.

In the presented construction of homotopy appear some distinctive concepts
such as: the parameter A (involved in the case of nonlinear oscillations) which is
determined using the principle of minimal sensitivity, the auxiliary function H(z,p),
the operator L and several convergence-control constants Cy, Cs, . . ..., which ensure
a fast convergence of the solutions.

The examples presented in this section lead to the conclusion that the accuracy
of the obtained results is growing along with increasing the number of convergence-
control constants in the auxiliary function. The OHAM provides us with a simple
and rigorous way to control and adjust the convergence of a solution through the
auxiliary functions h;(x,C;) involving several convergence-control constants
C; which are optimally determined. OHAM is an iterative procedure and iterations
are performed in a very simple manner by identifying some coefficients and
therefore very good approximations are obtained in few terms. Actually, the capital
strength of OHAM is its fast convergence, which proves that this method is very
efficient in practice.






Chapter 7
The Optimal Homotopy Perturbation Method

7.1 Homotopy Perturbation Method

An effective and convenient mathematical tool for nonlinear differential equations
is the homotopy perturbation method, a combination of the classical perturbation
method and the homotopy technique. This method, proposed by J.H. He in 1998
[30, 40, 115, 138, 139], does not require a small parameter in the equation in
contrast to the traditional perturbation methods. Like the homotopy analysis
method (HAM) and optimal homotopy asymptotic method (OHAM), an embedding
parameter p € [0,1] is employed. The homotopy perturbation method takes the full
advantage of the traditional perturbation methods and the homotopy techniques. In
this method the perturbation equation can be easily constructed by homotopy in
topology and the initial approximation can be also freely selected. Consequently,
the construction of the homotopy plays an important role to solve a nonlinear
problem and therefore is problem dependent. Application of the homotopy pertur-
bation method can be found in Refs. [140-145].

To explain the basic idea of the homotopy perturbation method, for solving
nonlinear differential equation, we consider the following equation:

A(u) —f(r) =0, reQ 7.1

subject to the boundary condition

B(u,au> -0, rerl (1.2)
on

where A is a general differential operator, B a boundary operator, f(r) is a known
analytical function, I'is the boundary of the domain Q and 9/9ndenotes differenti-
ation along the normal drawn outwards from the domain Q. The operator A can
generally be divided into two parts, a linear part L and a nonlinear part N. Eq. 7.1
can therefore be written as follows

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering, 211
DOI 10.1007/978-3-642-22735-6_7, © Springer-Verlag Berlin Heidelberg 2011
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L(u) +N(u) —f(r)=0 (7.3)

We construct a homotopy u(r,p) : Q x [0, 1] — R which satisfies
H(v,p) = (1 =p)[L(v) = L(uo) = f(r)] + pA(v) =0, pe[0,1], reQ (7.4)

which is equivalent to

H(v,p) = L(v) = L(uo) = f(r) + p[L(u0) + N(v)] = 0 (1.5)
where p € [0,1] is an embedding parameter and u is an initial guess of the solution
of Eq. 7.1 which satisfies the boundary conditions. It follows from Eqs. 7.4 and 7.5

that

H(v,0) =L(v) — L(up) —f(r) =0

H(v,1) = A(u) = 0 (7.6)

Thus, the changing process of p from zero to unity is just that of u(r,p) from vo(r)
to v(r). In topology, this is called deformation and L(v)-L(u) and A(v)-f(r) are called
homotopic. So, it is quite right to assume that the solutions of Egs. 7.4 or 7.5 can be
expressed as:

Vv ="y + pv +p2vz+... 7.7
The approximate solution of Eq. 7.1 can be readily obtained:

uzlin} (Vo +pvi +p*va4.) =vo+vi F v+ (7.8)
p*?

The convergence of series (7.8) has been proved by J.H. He in the paper [30].
We illustrate the basic procedure of this method solving the following example
[34]:
0, teQ (7.9

with the initial conditions
u(0) =4, u(0)=0 (7.10)
We construct a homotopy which satisfies

(1= p)IL(v) — L(uo)] + p[(1 + &v* )" +v] =0 (7.11)
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The linear operator is
Lyv=7v+v (7.12)
We assume that the initial approximation of Eq. 7.9 is of the form [138]
Vo = up = A cosat (7.13)

where o = (g, A) is a non-zero unknown constant with «(0,A4) = 1.
Substituting Eq. 7.7 into Eq. 7.11 and equating the terms with identical powers
of p, we have

L(V()) — L(I/l()) = 0, V()(O) = A, V()(O) = 0 (714)
L(vi) — L(uo) + L(up) + (1 + &v3)¥io +vo, v1(0) =(0) =0 (7.15)

Setting vo = 1y = A cos at, the unknown o can be determined by the Galerkin
method

2
J sin oe[(1 + eu )iio + uo)dt = 0 (7.16)

The unknown o therefore can be identified

1
A — (7.17)

3
/1 +>eA?
+ 48
As a result, from Eq. 7.15 we obtain

3

A.
Vi v —ao? ST cos3at =0 (7.18)

and therefore

oZeA3

vi(t) = — 02-1) (cos 3ot — cost) (7.19)

where o is defined in Eq. 7.17.
The period of the solution can be expressed as follows

/ 3
T =2m\/1+ Z&AZ (7.20)
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while the first-order approximation is given by the expression
A3

_ o
M(l) = Vo(t) + Vl(f) = Acosoat — m

(cos 3ot — cos at) (7.21)

The approximate solution and its period obtained by the traditional perturbation
method read:

u(r) Acos<1 §8A2>t (7.22)

2n
Tyer =——— 7.23
P = A2 (7:29)
It is also interesting to point out that Eqs. 7.22 and 7.23 are valid only for small
¢A?, while Egs. 7.21 and 7.20 are valid for a very large region 0 < eA%<oo,
furthermore the approximations obtained by the proposed method are highly
accurate.

7.2 Modified Homotopy Perturbation Method

In this section we will apply the homotopy technique in a completely different way
as in J.H. He’s papers.

Let us further consider the damped, forced oscillations of a nonconservative
nonlinear system governed by the equation [146]

ii(1) + w3u(r) = F(ot,u, i, ..., 4) (7.24)

. . . . i i . . .
where u(t) is a dimensionless variable, <u) (1) = d;’y) ,i=1,2..., F is a nonlinear

analytic function with the period T in the first variable, w, and w are constants. The
initial conditions are

u(0) =A, (0)=0 (7.25)

We present the modified homotopy perturbation method for solving nonlinear
problems of the form Eq. 7.24, some ideas and improvements which point towards
relatively new and interesting applications of this method. The periodic solutions
obtained by this method are valid not only for small parameters, but also for very
large parameters. This method sometimes leads to results according to the standard
Lindstedt-Poincaré method or the harmonic balance method.

To explain the basic idea of the modified homotopy perturbation method, for
Eq. 7.24 we construct a one-parameter family of equations
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PU(t;p) o ) OUEp) — dUp)
T+A<p>u<r,p>—PF(‘””U(””)’ o o ) (7.26)

t€[0,00),p €0,1],i = 1,2...

where U(t;p) is an analytical function of both ¢ and p, such as U(#,0) = uy(¢) and
uy(?) is the solution of Eq. 7.26 for p = 0, U(t,1) = u(f) and u(¢) is exactly the
solution that we want to know. As the well-known expanding parameter p varies
from zero to one, U(z,p) varies continuously from u(f) to u(f) and A(p) varies from
A0) = Q% to A(l) = a)%, where Q is the angular frequency of the system (7.24).
The continuous deformations of U(t; p) and A(p) are completely governed by
Eq. 7.26. Whether or not Eq. 7.24 contains small or large parameters this is not
important at all for the validity of the modified homotopy method, because the only
assumptions made in Eq. 7.24 are that F should be analytical and with the period
T in the first variable.
The initial conditions become

U(0,p) = A, 8Ugt’p ) =0 (7.27)
By Taylor’s formula, we have:
U(t;p) = uo(t) + puy (1) + p*us(f) + ... (7.28)
Alp) = Q% +pQy +pQy + ... (7.29)
Setting p = 1, we obtain
u(t) =up+uy +up + ... (7.30)
D=+ + Q. (7.31)

Substituting Eqs. 7.28 and 7.29 into Eq. 7.26 and equating the terms with
identical powers of p, and taking into consideration that

Ut i
F(a)l‘7 Uz p), ,%) =Fy (Qt, ug, ...,L(t())>+

(7.32)
(ONN0) 2 (M @ O
+PF1 Qt7u()7ul7"'7u()7ul +P F2 Qt7u07u17u27'"7u07ul7u2 + ...

we have

iig+ Qg =0, wup(0) =A, 1ip(0) =0 (7.33)
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(i)

iy + Q%uy = —Quug + Fo(Qt, ug, g, ..., up), 1 (0) = 1;(0) = 0 (7.34)

iip +Q2M2 =—Qouy— Qruy +F1(Qt,u0,u1,...,1(4l()),1(41i), uz(O) = uz(O) =0 (7.35)
and so on.
The parameters Q;, i = 1, 2, ... can be determined avoiding the presence of
secular terms in Eqs. 7.34, 7.35 and so on.
We illustrate the basic evaluation procedure of this method by the following
examples:
Example (a)
We consider the same Eq. 7.9 and thus F(u, ii) = —eu?ii. From Eq. 7.33 we have
uo(t) = Acos Qt (7.36)
Substituting (7.36) into Eq. 7.34, results in:
3 1
iy + Q%uy = (—QA + ZSA3Q2) + ZSA3QZCOS3QI, u1(0) = i, (0) =0 (7.37)

Avoiding the presence of a secular term in Eq. 7.37, needs:

Q = %SAZQZ (7.38)

The solution of Eq. 7.37, can be written as:
1
u (1) = §£A3(cos Qt — cos 30) (7.39)

Substitution of Eqs. 7.36, 7.38 and 7.39 into Eq. 7.35 yields:

5240 2AQY
i + Qzu2 = (—QZA — 87> cos Qt — ¢ A cos 3Qt—

) s 1228 (7.40)
1167A°Q .
g ¢ 501, u(0) = 11,(0) =0

The elimination of secular term in Eq. 7.40 requires:

Q= —i£2A4Q2 (7.41)
27128 '
Solving Eq. 7.40, we obtain
£2A5 245

u (1) = a (cos 3Q¢ — cos Q1) + 3073 (cos 5Q¢ — cos Qr) (7.42)
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Substituting Eqgs. 7.38 and 7.41 into Eq. 7.31, we have (wo = 1):

3 5
1=0Q>+ ZgAZQ2 - ﬁszA“Q2 +0(e*) (7.43)

From Eq. 7.43 we obtain

1
02 — 3 z (7.44)
1 +26A2 = 2 244
+ 1 A B 88 A
The approximate period obtained from Eq. 7.44 is
Ty = 271\/1 + g.t:Az — i32A4 (7.45)
ap 4 128

The formula (7.45) works well for small ¢(0<e<<1) but breaks down quickly
when ¢ becomes large. Here, we wish to develop uniformly valid expansions for Q*
and u(t) for large values of ¢, using a newly defined expansion parameter
n(e,A)from Eq. 7.44 as follows (see Sect. 2.1.3):

1 A’
n(e,A) = ——5— . (7.46)
14+-¢A
+ 49
This relation is quickly convergent regardless of the magnitude of £A2, since
n<1 for all A%, In terms of 7 the original parameter ¢ is given by the formula

Ui

&= D (7.47)
4 (I=nA
Equation 7.9 can be rewritten as
12—&—14:77(124—14—4;;;&) (7.48)
Equations 7.33, 7.34 and 7.35 are respectively:
iig + Q%uy = 0, up(0) = A, uy(0) =0 (7.49)

414%1/{0

iiy + Q%uy = —Qyuo + n(iio + uo — EYPR

);u1(0) =11 (0) =0 (7.50)
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Suguylip + 4u(2)u1

L 32 A 0 i
Qur = —Qouy — Q
i + Quy 2Uo 1y 4 n(iiy 4wy + 342 ); (7.51)

1(0) = 12 (0) = 0

where we used Eq. 7.29 in the form A(p) = Q* + pQ; + p*Q + ...
Equation 7.49 has the solution

uo(t) = Acos Qt (7.52)
Substituting Eq. 7.52 into Eq. 7.50, by simple manipulations, we have

_ _ 1 _
ii] + Qzul = (—Q; +1n)cosQt + 577AQ2 cos 3Q¢, (7.53)

In order to ensure that no secular term appears in Eq. 7.53, the resonance must be
avoided. To do so, coefficient of cos Qf must be zero, i.e.

Q=7 (7.54)

The solution of Eq. 7.53 becomes
ui (1) = 2—1477A (cos Qr — cos 3x) (7.55)
Substituting Eqs. 7.52 and 7.55 into Eq. 7.51 we obtain:
iy + Quy = (—AQ, — 75—2@277%) cosQr+H.O.T. (7.56)

No secular terms in Eq. 7.56, means that

- 5Q°n?
Q) = — .
2 - (7.57)
Now, substituting Egs. 7.54 and 7.57 into Eq. 7.31, we obtain:
=2
1=Q®+n—"f 7.58
= (7.58)
and therefore
A2 l—n
| Ep—e
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Substituting Eq. 7.46 into Eq. 7.59 yields

- 96:A” + 128
2
= 7.60
67c2A* + 192¢A2 + 128 (7.60)
The approximate period obtained from Eq. 7.60 is
67¢2A% + 192¢A% + 128
T =2 7.61
oy ”\/ 96:A2 + 128 (7.61

In order to illustrate the remarkable accuracy of the obtained results, we compare
the approximate period T, given by Eq. 7.20 with the exact one [147]:

A

d
Tex =4V/e J a (7.62)
) V/In(1 + €A?) — In(1 + eu?)
In case A2 — oo, we have
T, 2v2meA
lim =& — 2V 0,9213177 (7.63)

aimoe Tapp oy 3eA?

Therefore, for any values of ¢, it can be easily proved that the maximal relative
error in the case of the homotopy perturbation method is less than 7.87%.

On the other hand, the approximate period T,,, given by Eq. 7.61 is compared
with the exact one and thus

. Tex 2V/2neA
lim =

wi=oo T3, 21y [§L A2

In the case of the modified homotopy perturbation method the maximal relative
error is less than 4.5%.

We observe that in the frame of the modified homotopy perturbation method, the
term uq(7) results from Eq. 7.33 while in the frame of the homotopy perturbation method
this term is supposed to be in the form (7.13). Moreover, it is obvious that the methods
differ each other by the construction of the homotopy, by the construction of the
frequency given by Eq. 7.31 and by the construction of the solutions, which depends
on the frequency Q that is unknown a priori. One can observe that both methods provide
approximate results that come very close to each other for small values of .

Example (b): Let us consider the well-known Duffing equation

~ 0,955076 (7.64)

itu+a®=0 (7.65)
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with the initial conditions
u(0)=A4, u(0)=0 (7.66)

By the same manipulations as in the example (a), we obtain

1 3 1 3 15
— /= 2 aA2) 4+ 2 aA2 4 2 2 A4
Q \/2(1+4aA)+2\/1+2aA +32aA (7.67)

3 2 A5

A
u(t) = AcosQr + % (cos 3Qt — cos Q) + (cos 5Q — cos Q)  (7.68)

40?

For comparison, the exact frequency obtained by Eq. 7.62 and the approximate
frequency computed by Eq. 7.67 are listed in table 7.1.
We also have

=0,999699 (7.69)
V1 — 0.5sin’x

2
aA*—o0 ex

T
2
lim aw _ V30 J
0

Note that the accuracy of the frequency Q given by Eq. 7.67 is not strongly
dependent upon the values of aA? because it is uniformly valid for any possible
values of aA>. Equation 7.69 shows that the formula (7.67) can give an excellent
approximate frequency for both small and large values of oscillation amplitude.
Therefore, for any value of @ > 0 it can be easily proved that the maximal relative
error of the frequency (7.67) is less than 0.03%. Without any cumbersome proce-
dure, we can readily obtain the second or higher order approximation with high
accuracy. Convergence and error study of the above mentioned examples is a

Table 7.1 Comparison between the approximate frequency (7.67) and the exact frequency for
Eq. 7.65

aA* Q, Eq. 7.67 Q, Eq. 7.62
0.2 1.07200 1.07200
0.4 1.138906 1.13891
0.6 1.201731 1.20173
0.8 1.2611777 1.26118
1 13177644 1.31778
2 15690506 1.56911
5 2.1501774 2.15042
10 2.86612768 2.86664
100 8.5310997 8.53359
1,000 26.802504 26.8107

10,000 84.7013205 84.7245
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further need and it is clear that many other modifications of the homotopy pertur-
bation method can be made.
Example (c)
For the forced Duffing oscillator
i + *u + eou® = ek cos Qt (7.70)

with , o, k, constants, ® ~ Q (primary resonance) and 0 < ¢ << 1, the Egs. 7.33,
7.34 and 7.35 become

iig + Q%up =0, up(0) = A, iip(0) =0, (7.71)

iy + Q%uy + Quug + ey — ekcos Qt =0, uy(0) = it;(0) =0 (7.72)

ity + Q%uy + Quuy + Qoup + 3ecuduy =0, up(0) = 12(0) = 0 (7.73)
From Eq. 7.71 we obtain

uo(t) = Acos Qt (7.74)

Substituting Eq. 7.74 into Eq. 7.72 yields
. 2 3 3 1 3
il + Quy + (AQ +18aA — ¢k) coth+ZaocA cos3Qr =0 (7.75)

Avoiding the presence of secular term in Eq. 7.75 needs

Q = ‘X — ZeaAz (7.76)
The solution of Eq. 7.75 become
(1) A’ (cos 3Qt — cos Q1) (7.77)
u(t) = —= — .
BT 2

From Egs. 7.74, 7.76, 7.77 and 7.73 we obtain

A3Q, 3:202A°
iiy + Q%uy + (QZA il ) cosQi+HOT. =0  (1.78)

3207 6407
The elimination of secular term in Eq. 7.78 requires

e2akA  3e20A*

Q, = M4 e
* T 307 T 1288

(7.79)
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The first-order approximation to the solution of Eq. 7.70 for the primary resonant
case Q ~ w is

eoA3

t) = AcosQf +
u(r) cos P

(cos 3Q¢ — cos Q) (7.80)

where the frequency Q is obtained from Eqs. 7.76, 7.79 and 7.29 (A(0) = Q?):

2 k 3
Qz :%—S(ﬁ—goﬁqz)"‘

2
k 3 2 1 3

2 _ (L _2un2 ) 2 244

0] a( 4oc )1 88(0(kA+4ocA)

In order to show the validity of the modified homotopy perturbation method, the
differential Eq. 7.70 has been numerically solved for the following characteristics:
o =w = A =k = 1. Figure 7.1-7.4 show the comparison between the numerical
solutions obtained using a fourth-order Runge—Kutta method and the approximate
solution (7.80) for different values of &.

The displacement curves obtained by the modified homotopy perturbation
method are quasi-identical to those obtained via numerical simulation for ¢ < 0.3.
For moderate values of ¢, e.g. ¢ = 0.5, the obtained results are satisfactory.

Example (d)

Consider the Van der Pol oscillator in the form

(7.81)

L1
2

fi4u=ce(l—u?)i (7.82)

and assume that € > 0 is small. The initial conditions are

u(0)=A4, u(0)=0 (7.83)

Equation 7.33 is
iig + Qg =0,  up(0) = A, up(0) =0 (7.84)

and has the solution
uo(t) = Acos Qt (7.85)

Equation 7.34 by means of Eq. 7.85 can be written in the form:

A2
iy + Q%uy + QA cos Qr + cAQ (1 — Z) sin Qr—
(7.86)

1
- 21A3Qsin3Qt =0, u(0)=1u(0)=0
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Fig. 7.1 Comparison
between the numerical
solution of Eq. 7.70

and the approximate solution
_____ (7.80) for ¢ = 0.1
ando=w=A=k=1

Fig. 7.2 Comparison
between the numerical
solution of Eq. 7.70

and the approximate solution
77777 (7.80) for e = 0.2
ando=w=A=k=1

Fig. 7.3 Comparison
between the numerical
solution of Eq. 7.70

and the approximate solution
_____ (7.80) for e = 0.3
ando=w=A=k=1

Fig. 7.4 Comparison
between the numerical
solution of Eq. 7.70

and the approximate solution
_____ (7.80) for e = 0.5
ando=w=A=k=1

u(t)

223

1
e \ /
t
1 2 3 4 5 6
-0.5
-1
utt)
1
=8 \ /
t
1 2 3 4 5 6

N
w
B
w
o




224 7 The Optimal Homotopy Perturbation Method

From the elimination of secular terms in Eq. 7.86 we obtain
Q=0 A=2 (7.87)

and therefore, the solution of Eq. 7.86 becomes

w () = — % (3sin Qr — sin 3Qr) (7.88)

Substituting Eqgs. 7.85, 7.87 and 7.88 into Eq. 7.35 we obtain

2

; 3 5
iy + Q%up + (2(22 — %) cos Qrf + 582 cos 3Q¢ — 182 cos5Qtr =0 (7.89)

Avoiding the presence of secular term in Eq. 7.89 needs

Q== (7.90)

and therefore, from Egs. 7.87, 7.90 and 7.31 it is obtained

Q2 —1 _% (7.91)

Substituting Eqgs. 7.85 and 7.88 into Eq. 7.30, we find the first-order approximate
solution in the form

u(t) =2cos 1—fl‘-i-L 3sin l—ﬁ t—sin| 3 l—ﬁ t
a 8 2 V'3 3 (7.92)

8

Example (e) (Generalized Van der Pol equation)
In this last example, we consider nonlinear oscillations governed by a
generalized Van der Pol equation of the form [148]:

i+ u=ce(l —u™u (7.93)
with the initial conditions:

u(0)=A4, u(0)=0 (7.94)
where 7 is any positive integer and the parameter ¢ is small. For n = 1, the Eq. 7.93

reduces to the traditional Van der Pol equation.
The Eq. 7.33 is

iig+Quy =0 up(0)=A, 1ip=0 (7.95)
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The solution of Eq. 7.95 becomes
Uy = Acos Qt (7.96)

In view of Eq. 7.34 we need the identity [149]

1 2n & 2n
2n _
cos™Qt = 7 [( Y ) +2 ;;:1 <n B k) cos 2kQt (7.97)
where
n n! n
= =1, kl=1-2-3...k
(k) k!(n—k)!’<0> ’
So, it can be verified that
1 <& 2n 2k + 1
. 2n - : [¢)
sin Qrcos™" Ot > kEZO (n—k) P lsm(2k+ 1)Qt
in Qrcos®1Q — f 2 Y sin 24 7.98
sin Qrcos = 2\ sin (7.98)

Equation 7.34 can be written by means of Eq. 7.96 in the form
ii] + Qu; = —AQ, cos Q1 — eAQ(1 — A¥cos?'Qr) sinQt, 11 (0) = it;(0) = 0

The last equation, with the aid of the identity (7.98,), becomes:

A\ /2 1
— " — 1] sin Q¢ +
2 n/n+1

A\ 2n 2%k +1
Q2 T Gin(2k 4+ 1)Q 7.99
+ & <2> ;<n—k>n+k+lsm( + 1) (7.99)

i + Q2u1 = —AQ cos Qr + eAQ

Avoiding the presence of a secular term in the Eq. 7.99 needs

1
4n!(n—|—1)!rn

0, =0, A= { o (7.100)

and thus, from Eq. 7.99 we obtain the following result

(t)i@)”“z”:( 2n > 2k + 1 y
MU Ta\2) Sk Rk D+ k1) (7.101)

X [sin(2k + 1)Q¢ — (2k + 1) sin Q1]
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Substituting Eqgs. 7.95 and 7.101 into Eq. 7.35 yields

Q¢ 2n+1 n n 2k +1
+Q? X
by + ¥y = 29() ,; n—k)k(k+ ) (n+k+1)

X [sin(2k + 1)Qt — (2k + 1) sin Q] — QA cos Qr—
e A 2n+1 n o) (2k+1)2
_° 1_A2n 2th -
5 )cos (2) 2 <n—k> kI Dkt D)

k=1

2n—1
x [cos(2k 4+ 1)Qt — cos Q] — e?nA*cos™ ' Qrsin Qr (E) X

- 2k+1 . .
XZ( ) KT Dtk D) X [sin(2k + 1)Qt — (2k + 1) sin Q]

By the same manipulation and by means of Egs. 7.97, 7.98 and 7.100;, the last
equation can be written as

82 A 2n+1 n 2]’[ (2k+1)2
i + QPuy = | —OHA + = —
i [ 2 +2(2) Z(n—k)k(k+l)(n+k+l)
82 A 4n+1 2n+1 (2k+1)2 N
2\2 k(k+1)(n+k+1)
+32 A 4"“2": 2n (2k+1)*
2\2 = \n—k/) k(k+1)( Y(ntk+1)
82 A 4n+]zn: n 2 2k+1 50
“\2 n—k) (k+1)(n+k+1)

+82(3)4k+1(n_1)k"1 (7 e e

xcosQt+H.O.T. (7.102)

Eliminating secular terms in Eq. 7.102 requires that

C@nn+ ) 2n (2k +1)°
= 4 (2n) ;(fl—k>k(k+l)(n+k+l)_
2 Mnln+ D)2 2n+1\ <[ 2n (2k + 1)
4l ( n );<n—k>k(k+l)(n+k+l)+

Enln+ DN/ 2n (2k +1)?
i@ Z( )

en)l | = \n—k)k(k+1)(n+k+1)
& [nl(n+ 1)!_ : 2k+ 1
21 (2n)! ( > Y(n+k+1 )Jr

Enln+ DN 2n \ </ 2n (2k 4+ 1)*
+5_ (2n)! | <"—1>k_1 (n—k>k(k+l)(n+k+l) (7.103)
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where Eq. 7.100, has been taken into account.
The frequency Q given by Eq. 7.31 is obtained from Egs. 7.100; and 7.103:

L @t DI (2k +1)?
¢ =1 4 (2n)! ;(n—k>k(k+l)(n+k+l)

Enl(n+1)2n+1) [ 2n (2k +1)*
4 (2n)! Ez(n—k)km+4xn+k+n

k=1
S+ DS/ 2n ' (2k+1)?
4l @ §:<n—k> REES T E
S+ DS [ 2n 2k + 1
+5- 2n)! | ;<n—k) k(k+1)(n+k+1)

Enln+ DN/ 20 \ <[ 2n (2k + 1)
T2 (@) <n—k>;<n—k>k(k+l)(n+k+l) (7.104)

The first-order approximate solution is obtained from Eqgs. 7.95, 7.101 and 7.30
and we obtain

e /AN n 2k +1
1) =AcosQt — -~ | = )
u(t) =Acos 20 <2> ; (n —k) kk+1)(n+k+1) (7.105)

X [sin(2k 4+ 1)Qt — (2k + 1) sin Q]

where A and Q are given by Egs. 7.100, and 7.104 respectively.
We remark that for n = 1 (traditional Van der Pol equation) we obtain from
Eqgs. 7.104 and 7.105 respectively

&
Q=1-=
8

and

u(t) =2cos Qr — g (sin 3Q7 — 3 sin Qr)

which are identical to Eqs. 7.91 and 7.92 respectively.

7.3 Basic Idea of Optimal Homotopy Perturbation Method
and Some Applications

We consider Eq. 7.3 with the boundary conditions (7.2) and with the solution (7.8).
Generally speaking, the nonlinear operator N(u) depend on ¢, u, i, # and therefore
one can write

N(u) = F(t,u, i ii, ..) (7.106)
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Applying the Taylor series theorem for real values «, f3, 7, we obtain

F(t,u+ o, i+ Boii +7,...) = Ft,u, i, i) +%Fu(t,u,u,u, L)+
B - Y -
+FFu(t,u,u,u,...)+FF,;(t,u,u,u,...)+... (7.107)

where F,, = OF /Ou.

At this moment we consider only two alternatives to construct the homotopy
given by Eq. 7.5. In the case of the first alternative, we introduce a number of
unknown auxiliary functions K,j(l, Ci),i,j,k = 1,2,...that depend on the variable
t and some constants Cq, C,, ... and a new homotopy which satisfies the following
equation:

H(v,p) = L(v) — L(uo) — f(r) + p[L(uo) + K11 (t, C)F (£, v0, Vo, Vo, ...) |+
+ PK21 (8, COVIF (1, vo, Vo, Vo, ...) + Koo (£, Ci) V1 Fy(2, vo, Vo, Vo, -..)+
+ Ka3(t, Co)¥1Fy(t, vo, Vo, Vo, -..)] + P°[Ka1 (¢, Ci)vaF (1, vo, Vo, Vo, ...)+
+ K38, Ci)vaFy (2, vo, o, Vo, ... )+
+ K33(t, Cp)VaF5(£,v0, Vo, Vo oo )en] + oo = 0 (7.108)

where v is given by Eq. 7.7.

A whole set of equations are obtained by equating the coefficients of like powers
of p for Eq. 7.1 and 7.3. More precisely, we have the following equations:

L(vo) — L(uo) —f(r) =0, B(vo,%) =0 (7.109)
L(vi) + L(uo) + K11 (1, Ck)F(t,v0, Vo, Vo, ...) =0, B(vi,v1) =0  (7.110)

L(v2)+Ko1 (1,Ci)viFy(t,v0,90,V0,...)+Kao (8,Ci) V1 Fi(1,v0,V0,V0,... )+

7.111
+K23(t,Ck)\'/;]Fﬁ(l,Vo,\./0,\70,...) =0 B(Vz,\'/z): 0 ( )

and so on.
In the case of the second alternative, the new homotopy can satisfy the equation

H(v,p) = L(v) — L(uo) — f(r) + p[L(uo) + K7, (1, Ck)F (2, vovo, Vo, ...+
+ KE(I, Ck)Fv(l‘, Vo, Vo, Vo, ) + K%(l‘, Ck)F{y(l, Vovo, Vo, )+ (7.112)
+ Ka(l‘, Ck)F;;(l‘, VoVo, Vo, )} =0

In this case, we can write only two equations:

L(vo) — L(up) — f(t) =0, B(vo,vo) =0 (7.113)
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L(V]) —|—L(u0) + Krl (l‘, Ck)F(l, Vo, Vo, Vo, )+
+K>lk2(t7 Ck)FV(t7 V(),\:’(),\./.(), ) +KT3([7 Ck)F\3(t7 V07‘>07i;07 )+ (7114)
+KT4(I7CI<)F£?([7V07‘}07‘707"') :07 B(V],Vl) =0

The functions K;; from Eq. 7.111 are not unique and they can be chosen so that
the products K;;F, and F, be of the same form. The same remark applies to the
functions K7; from Eq. 7.112. In this way, in general, we expect that only two
iterations are needed to achieve accurate solutions using the first alternative and
only one iteration in the case of using the second alternative.

The convergence-control constants Cy, k = 1, 2, ...q, which appear in the
expression of the functions Kj;(#, Cy) or Kj(#,Ci)can be optimally determined.
This can be done via various methods, such as the least squares method, the
weighted residual, the collocation method, the Galerkin method and so on (see
Chap. 6). For example, these constants can be optimally determined by imposing
the residual functional

b
J(Cy,Ca, ..., Cy) = J L) + N(¥) —f(r))dr (7.115)

be minimum, which leads to the system of equations:

ol
ac;

0, i=12 ..q (7.116)

where a and b are two values from the domain of interest and vis the m-th order
approximate solution

V=vo+Vvi+ ...+, (7.117)

where m = 2 for the first alternative and m = 1 for the second alternative.

The convergence-control constants Cy can also be optimally determined using
other procedures. For example if ¢; € (a,b), i = 1,2, ...,q, then by substituting #
into the residual R of the initial Eq. (7.1) obtained for the approximate solution
(7.117), we obtain a system of nonlinear algebraic equations:

R(t,C) =R(t2,C) = ... = R(1,,C) =0, k=1,2,....q (7.118)

The solutions of Eq. 7.1 subject to the conditions (7.2) can immediately be
determined by using the optimal homotopy perturbation method once the conver-
gence-control constants Cy are known.

In short, the idea of the presented procedure namely the optimal homotopy
perturbation method (OHPM) is to construct a new homotopy such as Eqgs. 7.108
or 7.112. It is to remark the presence of the functions Kj;(#, Cx) or K7(t, Cy), which
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include the convergence-control constants Cy that can be determined optimally so
that the convergence of the approximate solutions can be easily controlled.

In what follows, we consider a few examples approached by means of these
alternatives.

7.4 A Heat Transfer Problem

Consider the one-dimensional conduction of heat in a slab of thickness L that is
made of a material with temperature-dependent thermal conductivity k [150]. If the
temperatures of the two opposite faces of the slab are uniformly maintained at T
and T, T > T,, then the governing equation and boundary conditions are [107]:

d [ dr
— — = .1 1
o (k dx) 0 (7.119)

x=0,T=T;; x=LT=T, (7.120)

If we further assume that the thermal conductivity varies linearly with tempera-
ture, i.e.

k = ky[1 + B(T — T)] (7.121)

where k, is the thermal conductivity at temperature T, for some constant 3, then by
introducing the dimensionless quantities

0=%,n=%78=ﬁ(T1—T2)=k‘kzk2 (7.122)

into Eqs. 7.119 and 7.120, we obtain
0" (n) + e0(n)0" (n) + &0 (n) = 0 (7.123)
6(0)=1, 06(1)=0 (7.124)

where prime denotes differentiation with respect to 7.
For this problem we consider the first alternative, where in accordance with
Eq. 7.108, the linear operator is chosen as
L(0)=10" (7.125)

and a non-linear operator is defined as (f(r) = 0):

N(0) = e00" + ¢ (7.126)
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The initial approximation 0y(n) is obtained from Eq. 7.109 for L(up) = 0 as

00 =0, 0,(0)=1, 6o(1)=0 (7.127)
The solution of Eq. 7.127 is
Oo(n) =1-—n (7.128)
and the Eq. 7.110 becomes:
0 + K11 (n, C:)(£000"0 + £0,>) = 0,0,(0) = 0;(1) =0 (7.129)
We choose Ki;(n, C;) = land obtain, from Eq. 7.129
01() = 2on — 2 e (7.130)
2 2

Remark. The choice of K;;(n, C;) is not unique. We can choose for example,
K (77, C,) = C1 or K]] (7}, C,) = C/l + C,2’17 or K]] (7}, C,) = C/ll + CIZ,T} + CZ’I]z with

constants C;, C), C5, C'|, C"5 and C.
From Eq. 7.111, the second-order problem is

05 + K1 (1,Ci) (2670 — &%) + Kaa(, Cj) (67 — €7) = 0,0,(0) = 62(1) = 0 (7.131)

so by choosing

K2i(n,Ci) = C1 +Con+ Cai?,  Kna(n,Ci) = C4+ Csn+Cen*  (7.132)
we have from Eq. 7.131
02(n) = <826C L 826? + 823C ‘4 82135 + 8;?) n—
B &2C, —; &Cy 7 262C, — 82C2;- e2Cy — 2C5 7t (7.133)
262Cy — &2C3 + 6°Cs — 2Cs ,  26C3 +€*Cq s
n + 20 m

12

Again, the choices of K,; and K,, are not unique and these could have
been chosen to be, say, K (n,C;) = C, + Cyn+ Csn?> + Cin® and Ky (n,C;) =
C) +Chn, or even Kii(n,C;)=Cl+Cin+Cin* +Cin® and Kaxn(n,C;)

C//5 + C//677 + C”7772 + C”87]3o
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On substituting Eqs. 7.128, 7.130 and 7.133 into Eq. 7.117, we obtain the
second-order approximate solution of Eqs. 7.123 and 7.124 in the form:

1

60(1082C1 — £2C3 4 206%Cy + 56°Cs+

6200+91+02:

2 2
C C 1
wnz + 6 (282C1 + 82C2—|—

1
+&C, — 82C5)773 + i (282C2 —&C3 + &2Cs — 82C6)774+

&
+232C6)—|—§—1]n+1—

1
+35 (26°C3 + £2Ce)1° (7.134)

The exact solution, obtained by integrating Eq. 7.123 twice under the conditions
(7.124) is

Oon () :é(\/(.surzg)(] -1 (7.135)

The approximate analytical solution obtained using OHPM shall now be com-
pared with the above exact solution for different values of ¢ to demonstrate the
efficiency and accuracy of the OHPM.

Case (a) Fore = 0.5

Following the procedure described above, we have from Eq. 7.116:

C) = —0.235565,C, = —0.128899, C3 = —0.723479,
Cy = —0.854192,Cs = —0.12291,Cs = —0.334734 (7.136)

This yields an approximate solution, from Eq. 7.134, of the form

0(n) = 1 — 0.8333337 — 0.1137803751> — 0.04472977° +
+0.0141157* — 0.0222717 (7.137)

The accuracy of the solution obtained by OHPM can be assessed graphically as
shown in Fig. 7.5.
Case (b) For é=, we have from Eq. 7.116

C; =0.153352, C, =0.47144, C; = —1.69402, (7.138)
Cy=—-0912121, Cs=Cs=0 '
This yields an approximate solution, from Eq. 7.134, of the form

0(n) = 1 — 0.7502487 — 0.12061557> — 0.179476161 +
+0.2197416667* — 0.1694021° (7.139)
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Fig. 7.5 Comparison
between the present solution
(7.137) and the exact solution
(7.135) of Eq. 7.123 for

e =0.5: exact
solution, _ _ _ _ approximate
solution

Fig. 7.6 Comparison
between the present solution
(7.139) and the exact solution
(7.135) of Eq. 7.123 for
e=1: exact solution,
_ approximate solution
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Figure 7.6 shows a comparison between the approximate solution obtained by

OHPM and the exact solution.

Case (c) For ¢ = 1.5, we obtain from Eq. (7.116),

C; = —0.161965,

C, =1.27736, C; = —2.07241,

Cy = —0.425527,C5s = —0.879691, Cs = 0.188495 (7.140)

This yields an approximate solution, from Eq. 7.134, of

0(n) = 1 — 0.5814979371 — 0.08907157* — 0.430172257°
+ 0.667302n* — 0.4450865621° (7.141)

Figure 7.7 shows the comparison between the approximate solution (7.141) and

the exact solution (7.135).

The approximate solutions obtained above are almost identical to the exact ones,
which show the high accuracy of the method presented.
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Fig. 7.7 Comparison am)
between the present solution 1
(7.141) and the exact solution
(7.135) of Eq. 7.123 for 0.8
e=1.5: exact
solution, _ _ _ _ approximate 0.6
solution
0.4
0.2
02 04 06 08 1
7.5 Thin Film Flow of a Fourth Grade Fluid Down
a Vertical Cylinder
Consider the nonlinear differential equation (see also Sect. 6.3):
&f df dr\’ df\* d*f
—4+—+kn+2b||— Inl—) =—=| =0 7.142
ndn2+d77+ n+ (dn +3n an) ap ( )
with initial conditions
f()y=0, f(d)=0 (7.143)
where d is a parameter such that d > 1.
In accordance with Eq. 7.142, the linear operator is chosen as
Lf =nf" +f (7.144)
and we define a non-linear operator as
Nf = 2b(f" + 3nf™*f") (7.145)
where f/ = Z—f.
The initial approximation f(n) is obtained from Eq. 7.109 where L(uo) = 0:
nfo +fo+kn=0 (7.146)
fold)=0 (7.147)
It is obtained:
k (d?
() ==—- .14
fo(m) 2(n n) (7.148)
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The first-order approximation f (n)is obtained from Eq. 7.110
/1, +f/1 +K11(nlack)F(anf67f(l)/) =
fi(d) =0

where

F(foufh,f1) = 2b[f'3 + 3nf2 %)

235

(7.149)

(7.150)

(7.151)

We choose K;1(n,Cyx) = C; (constant) because CF has the same form as F does.
We remark that choosing of K11(1,Cy) is not unique. For example, we can choose
Ki1(n,Cr) = C, f& + Cofy or K11(n,Ci) = 1 or Ky1(n,C) = C'; 5 and so on.

From Egs. 7.149, 7.150 and 7.151 we obtain:

fi(n) = =2bC1 f§
or using Eq. 7.148, Eq. 7.152 becomes:

1 & }
"(n) = —=bk’C < >
f1(77) 2 1 - n

The second-order approximation f%(n) is obtained from Eq. 7.111

nf’ +fh + 2bKa1 (n, C)F{ 3f5 + 6nfof/o)+
+ 26K (0, Ci) f1(3nf5) =0

f2(d) =0
Substitutions of Eq. 7.152 into Eq. 7.154 yields

(nf2) — 126°C1[Ka1 (0, C) (5 + 2nf5.fo )+
+ Ko (n,Cnfsfol =0

(7.152)

(7.153)

(7.154)

(7.155)

(7.156)

In order to solve Eq. 7.156 we try to write its the second part in the form

Ko (0, C)(f + 20 3 f6) + Kna(n, Cnfiafio =
= (Confi + Canfg™ + Canfi™ + ..+ Cinfy )

where i, j are positive integer numbers. From Eq. 7.157 it is obtained

Koy = Cof 35+ Caf i 4+ Cif 7

Ky =(i—2)Cof 57+ (i — V)Caf i 4+ o+ (i +j—4)Cif 577

(7.157)

(7.158)
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Because K5, and K5, given by Eq. 7.158 are well-defined, from Eqgs. 7.156 and
7.155 it is obtained

fr=120°C(Cof 4+ C3f {1 + o+ Cif 5T 72) (7.159)
If we choose i = 1 and j = 8 into Eq. 7.159, it is obtained

fa = 12b*C\Cof) + 120°C C5 f'5 + 12°Ci Cu f'y + 126°CCs f'g+

(7.160)
+ 12b7C Co f' + 12b°C,C1 £'8 + 120°C, Cs f ]

We remark that the choice of the parameters i = 1 and j = 8 is not unique.
Substituting Eq. 7.148 into Eq. 7.160 we obtain

d? 42 2
fﬁ(n) = 6b2kC1C2 <77 77> + 3b2k2C1C3 <77 77> +
3 d? 3 3 &2 4

+_b2k3C]C4<——n) +_b2k3C]C5(——’)’]) +

2 U 4 1

3 d? >3 & 6
+_b2k5C1C6 — =7 +_b2k6C1C7 £ )+
8 " 16 7

3 &> !
+3—2b2k7C1Cg (n—n> (7.161)

The approximate differentiation solution of the second-order is given by

f=f+fl+5h (7.162)

or, using Egs. 7.148, 7.153 and 7.161

k(1 + 126%C,Cy) [ d> &> 2
fin) = M1+ 12 C) <; - Tl) + 3b%K2C1Cs (? - 77> +

2

bI3Ci(6bCs — 1) (&> \*  3p%*CiCs (> \*

1t (g 42— +
4 n 4 n

30%k3C,Cs (d? S 3pAUSC,CH (P 6

T ) T\ )T

3p27C,Cy (d? !
TRd b (——n> (7.163)

32 n



7.5 Thin Film Flow of a Fourth Grade Fluid Down a Vertical Cylinder 237

From Egs. 7.163 and 7.143 we obtain the second-order approximate solution of
Eq. 7.142 in the conditions given by Eq. 7.143

_ k(1+1262C,C)) (1 —1P 31
f(n)= G > 1 2)( 2" +d21nn)+3b2k2C1C3[n +
1 bk3C(6bCy — 1) [d° 1
+d* [ 1—=) +2d%(1—n) +M —(1-5)-3d*Inn+
n 4 2 n
3d? 1—n*]  3b%*C\Cs [db
(-1 “(1—=) +4d(-—
+2( )+ 4}+ L( )er(77 1>+
4d? 1 b2k5c Ce [d"° 1
Anp—1)——(@m -1+ —1 71 ] ——
+6d' (n—1)—=-(r' =) +5(r = 1) | +—— 2\t
5d8 5d* 1
—(=—1]+10d°% 51— ) +—n*—1D+=(1-1°
S (- 1) #1051 =)+ 2 D 1)+
b2kS d? 1 1
73 CC7[ (1——>+2d10( 1>+15d8(1——)+
6d> 1
2001 ) 5 1)+ 5 (=) 1507 - 1)+
3%k’CCy [d™ 1 7d2 /1 21d'" 1
4+ T (- )+ = ==1 )+ [
32 6 776 4 774 2 772
35d° 21d* 7d> 1
_35d81n7]+7(772_1)+ (1— )+?(’I7 —1)+§(1—’l]8):|
(7.164)

The exact solution f'(n) is obtained by integration of Eq. 7.142 with the
conditions (7.143,). We obtain:

2
£ =5 (5= n) + 26700 =0 .165)

f(H=o0 (7.166)
With the notations:

Dy = CiCy;Dy = C1C33D3 = C1(6fC4 — 1);Ds = CCs;

(7.167)
= C1C¢;Dg = C1C7;D7 = C1Cy

the residual obtained substituting Eq. 7.163 into Eq. 7.144 becomes:

k

2
RO.0) =70 -5 (S -n) 4247w =0 iy
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If we locate the residual R given by Eq. 7.168 in 7 points: 7, = 1 +%1, i=1,

2, ..., 7, we obtain a system of seven algebraic equations:
id
R 1+§,D,» =0 (7.169)
whereas we obtain the unknown parameters Dy, D5, . . ., D7, so that the approximate

solution is well-defined.

We remark that the explicit analytic expression given by Eq. 7.164 contains the
parameters Cy, Cs, .. ., Cg that can be expressed under the form given by Eq. 7.167,
which give the convergence region and rate of approximation.

In order to prove the efficiency and accuracy of the optimal homotopy perturba-
tion method we consider some cases for different value of the parameters k, b and d.

Case (a) Consider k = 1,b =1

From the system of algebraic Eq. 7.169 we obtain:

D;=—-141-1072.D, = —2.44-107%;D; = —1;:D, = 2.18 - 107 %;
Ds = 1;Dg =3.52-107%:D; = —8 (7.170)

Therefore, the approximate solution of /(1) becomes

2 2 3 2 5 2 7
f(n)=05 (% — 77) —-0.25 (% — n) +0.375 (% — 77) —-0.75 <% — 77)

f(1)=o0
(7.171)

In the Tables 7.2 and 7.3 are presented some comparisons between the present
solution f'(n)obtained from Eq. 7.171 and the exact solution f'(n) of Eq. 7.142
given by Eq. 7.165 for d = 1.02 and d = 1.04, respectively, for different values
of n.

It can be seen that the solution obtained by the present method is nearly identical
with that given by the exact solution, demonstrating a very good accuracy.

Figures 7.8 and 7.9 present a comparison between the present solution (7.171)
and the numerical solution of Eq. 7.142, for d = 1.02 and d = 1.04, respectively.

Case (b) Considerk = 1,b = 1.5

In this case we obtain from the system of algebraic Eq. 7.169:

D; =857-1078:D, =2.21-107'%.D; = —1;

(7.172)
Dy =8.78 107 '5;D5 = 1;D = 2.62 - 107D, = —12
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Table 7.2 Comparison between the present solution (7.171) and the exact solution (7.165) for

k=b=1,d=102
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n

f'given by Eq. 7.171

f'exact given by Eq. 7.165

1
1.005
1.007
1.01
1.014
1.018

0.020183555411
0.015105047488
0.013079437568
0.010047476329
0.006017315728
0.002001948589

0.020183555411
0.015105048224
0.013079438114
0.010047476254
0.006017314467
0.002001948589

Table 7.3 Comparison between the present solution (7.171) and the exact solution (7.165) for

k=b=1,d=1.04

il

f'given by Eq. 7.171

f'exact given by Eq. 7.165

1 0.040665504003 0.040665504274
1.008 0.032439661905 0.032439661553
1.016 0.024254926148 0.024254940388
1.023 0.017131195967 0.017131196596
1.03 0.010046515649 0.010046510165
1.038 0.002001910736 0.002001910736
Fig. 7.8 Comparison fop)
between the present solution 0.0002
(7.171) and the numerical
solution of Eq. 7.142 for
k=1,b=1,d=102 000015
0.0001
0.00005
n
1.005 1.01 1.015 1.02
Therefore, the approximate solution of f'(n)becomes in this case
_ d2 d2 3
Fn) =05 (— - n> — 0.375003 (— - n) +
n n
(7.173)

RS Y
+ 0.84375 ( — 7]) —2.53125 < - 77)
n n
f(1)=0
Tables 7.4 and 7.5 present a comparison between the present solution f’(n)given

by Eq. 7.173, and the exact solution f'(n) given by Eq. 7.165 for d = 1.02 and
d = 1.04, respectively, for different values of 7.
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Fig. 7.9 Comparison ')

between the present solution 0.0008

(7.171) and the numerical

solution of Eq 7.142 for

k=1,b=1d=104 0.0006
0.0004
0.0002

1

1.01 1.02 1.03 1.04

Table 7.4 Comparison between the present solution (7.173) and the exact solution (7.165) for
k=1,b=15,d=1.02

n f'given by Eq. 7.173 f'exact given by Eq. 7.165
1 0.020175362966 0.020175363141
1.005 0.015101608072 0.015101965160
1.007 0.013077203439 0.013077035778
1.01 0.010046462918 0.010046466732
1.014 0.006017097919 0.006017101651
1.018 0.002001940566 0.002001940795

Table 7.5 Comparison between the present solution (7.173) and the exact solution (7.165) for

k=1,b=15,d=104

n

f'given by Eq. 7.173

f'exact given by Eq. 7.165

1 0.040599239698 0.040599241011
1.008 0.032405844453 0.032406015043
1.016 0.024240732049 0.024240659597
1.023 0.017126181584 0.017126244676
1.03 0.010045502551 0.010045467225
1.038 0.002001902713 0.002001901376

It can be seen that the solution obtained by the present method is nearly identical

with that given by the exact solution, demonstrating a very good accuracy.

It is easier to emphasize the accuracy of the obtained results if we graphically
compare the analytical solutions obtained through OHPM with the numerical ones.
Therefore, Figs. 7.10 and 7.11 present a comparison between the present solution
(7.173) and the numerical solution of Eq. 7.165, for d = 1.02 and d = 1.04,
respectively, in the case of k = 1 and b = 1.5.

7.6 Nonlinear Dynamics of an Electrical Machine
Rotor-Bearing System

The rotating electrical machine considered in this section is modelled as a flexible
rotor supported by two journal bearings with nonlinear suspension [151]. In order to
simplify the mathematical modelling of such a system, one can assume that the rotor
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Fig. 7.10 Comparison f(p
between the present solution 0.0002
(7.173) and the numerical
solution of Eq. 7.142 for
.0001
k=1,b=15,d=1.02 00001s
0.0001
0.00005
n
1.005 1.01 1.015 1.02
Fig. 7.11 Comparison ')
between the present solution 0.0008
(7.173) and the numerical
solution of Eq. 7.142 for
k=1.b=154d=104 0-0006
0.0004
0.0002
n
1.01 1.02 1.03 1.04

mass and the bearing mass are lumped at the midpoint, the rotor speed is constant, the
axial and torsional vibrations and the mass of the shaft are negligible, as well as the
damping. In these hypotheses the motion of the system is governed by the following
non-linear system of four coupled non-linear differential equations [152]:

1 o 3
L1 o« 3 b -0
M1+S%M1+S2u1 2cs2<u2 up)

1
M2—|—s*2(u2—u1)—0

1 o 4 1 f
ug+—%u3+s—2u3 2CS2(144—M3)—|—S—2=O

(7.174)

where uy, u, and us, uy are the horizontal and vertical displacements of the bearing
centre and rotor centre, respectively. The rest of the parameters are considered

constants for a given working regime:

2 _ 2 _ —
§1T = ComCpS™y  Com =——, Cp=7-

2
) 01 ke _mg
sS=—, a= , =
W, kpCom ck,

(7.175)
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where  is the rotational speed of the shaft, &, is the stiffness of the shaft, k; and &,
are the stiffness of the linear and nonlinear springs which support the bearing
housing, m and my are the masses lumped at the rotor mid-point and at the bearing
mid-point and c is the clearance.

Using the notations

1 1

Bi=—=+-—\, By=2
! s2+2cs2’ 2T

By = By =

K
—_
MN‘\
(S

1
, oP== (1.176)

we can rewrite Eq. 7.174 in the form

I +Q?u1 + (Bl — Q%)Ml —|—le[? + B3u; =0

iih + quz + (w2 — Qg)uz — @*u; =0

U3 + Q§M3 + (B] — Q%)IB +Bzu§ +Bsugs +B4 =0

iig + Quy + (0 — Q)uy — w’uz + By = (7.177)

with the initial conditions
u;(0)=4;, w(0)=0, i=1,2,3,4 (7.178)

where €; are the frequencies of u;, respectively.
In this section we apply the second alternative of the OHPM, thus for the
Eq. 7.177,, the homotopy (7.112) becomes

iy + Qtuy + p{K7,(t,C))[(By — Q)urg + Biujy + B3]+
+ K}, (1,C))(B) — QF + 3Bauly) + Kj5(t,Ci)B3} =0 (7.179)

where u;q is obtained from Eqs. 7.178 and 7.133, u; = u;o + pu;; and
ujg = Ay cos Qt (7.180)
We choose

Kl*] (l, C,) =C1 +2C,c082Qt + 2C3 cos 4Qt
KTZ([, C,) = C4 4+ 2C5c0sQt + 2C¢ cos 3Qyt
K:;(Z‘,Ci) =Cy (7.181)
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where Cj, i = 1, 2, ..., 7 are unknown constants. In this case K7;F has the same
form as F,. We can also choose

Ki,(t,C;) = C1 + 2C5 cos 2Qt
Ki(t,C;) = C3+2C4cos Qi (7.182)
Ki5(t,Ci) = Cs + Cg cos Qt

and so on.
From Eqs. 7.180 and 7.181 we obtain a linear differential equation of
the form:

iin 4+ Qiuiy + (B — Q) (A1C1 + A1Cy + 2Cs)+
3C, +4C, + C5 9Cs + 3C¢
+— P —
4 2
+ M5 cos 5Q;t + M7 cos TQqt + (A,B3Cy + B3C7) cos Qo+
+ A2B3C1[cos(2Q + Qp)t + cos(2Q) — Qp)1] + A2B3C3[cos(4Q+

A';)Bg + A%Bz] cos Qt + M3 cos 3Q; 1+

3
+ Qz)l + COS(4QI — Qz)t] + (Bl — Q% + 5A%B2)C4—‘r

3
+ EA%BZQ c0s2Q1 =0 (7.183)
where

M3 = (Bl — Q%)(Alc'z +A1C3 + 2C6)+

1
+ ZA%Bz(Alcl +3A,Cy +3A,C3 + 6Cs + 12Cs)

1
Ms = (B; — Q3)A,C; +ZBZA%(AIC2 +3A,C; + 6Cs)

|
M, = ZA?BzC3 (7.184)

Avoiding the presence of secular terms in the Eq. 7.183, we obtain the frequency

A3By[(3C, +4C, + C3)A; + 18Cs + 6C]

Q=B +
o 4(A,C) +A,C; + 2C5)

(7.185)



244 7 The Optimal Homotopy Perturbation Method

From Eqgs. 7.183, 7.179 and 7.180 one can obtain the first-order approximate
solution for the first variable:

M;  Ms  M; | AB3Ci+B3C7
8Q7 2407 4807 Q! — o2
2(3Q] + Q9)A:B3Cy  2(15Q7 + Q3)A2B3Cs
9Q] — 100705 + Q5 225Q] — 34Q7Q5 + Q5
+ % cos 301 + % cos 5Ot + %;2% cos 7Qq1—
_ A2B3Ci + B3Cs A2B3Cy

- T 00, 4 &
A,B3C; A;B3C5cos(4Q) + o)t

307 — 40,0, + O3 1507 + 80, Q) + Q3
AB3C3c08(4Q) — Q) By — Qf +3A%B,

iy = +up = |A —

cos Q1+

cos(2Q + Q)1+

cos(2Q; — M) +

(1 —cos Q)+

1507 — 80, + Q3 oh
AB 20t — cos Qyt
LA 2C4(cos 21 cos Q1) (7.16)
20
For Eq. 7.177,, the homotopy (7.112) can be written in the form:
iy + quz +p{K; (t, CH[(w?* — Q%)Az cos Oyt — w*A; cos Q1]+ (7.187)

+ K (t, C)(w* —Q3) + K (1, C)(—0?)} =0

where we used the expression uy(t) = A, cos Qot and i1, = usg + puy).
If we choose
K;,(t,C;) = Cg +2C9cos 2Q,1 + 2C o cos 4Q ¢
K;Z(I,Cj) =Ci1 + Cipcos Q¢ (7.188)
K;B(l‘, Ck) = C13 + Ci4cos Qt + Ci5 cos wt
with the constants Cj, j = 8,9, ..., 15, then from Egs. 7.187 and 7.188 we obtain

iy + qum + [(* - Q%)Ang — *C 4] cos Qyt
+ (0 — 23)A2Cy[cos(2Q; + D)t + cos(2Q; — Q)1
+ (0? — Q3)A2C10[cos(4Q) + Qy)t + cos(4Q; — Q)] — w*A; (Cs+
+ Cq) cos Q1 — w*A, (Cy + Cyp) cos 3Qt — ®*A,C 1o cos 5Q,t+
+ (0* — Qg)C” —0’Ci3 + (0 — Q%)Clz c0s2Q 1 — w*Ciscoswi =0
(7.189)
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Avoiding the presence of secular terms in Eq. 7.189, we obtain

Q= w2<1 _Lu > (7.190)

AyCy

The solution of Eq. 7.189 with the initial conditions (7.178) has the form

a)2C15
up (1) = cos wt — cos pt)+
21(7) o el 2t)
2A (Cs + C 2A1(Cy +C
O ANCs + C0) (006 11— cos Qpt) + ZALE T Cro)
Q- Q7 Q2 — 92
CO2A1C10
X (cos3Qt — cos Qot) + ————— (cos 5Q;7 — cos Q1)+
Q% — 2502

Az(wz - Q%)Cg

+ 20,0 + ) [cos(2Q; 4+ )t — cos Qyt]+
As(@* — Q3)Cy

+————=—cos(2Q; — Q,)t — cos Q]+
401 (Q — ) [cos(2€2 2) 21

(0* — Q3)ACyg
80, (2Q, + )
(w -2 5)A2C 1o
80,20, — )

*Ci3 — (0? — )Cyy

[cos(4Q + Q) — cos Q]+

[ 08(491 — Qz)t — COS Qzl]+

+ 1 —cosQt)—
Q% ( 2)
(wz—Qg)C]z
—————=—""(c0s2Qt — cos Qyt 7.191
Q2 — 407 ( 1 2/) (7.190)

In this way, the first-order approximate solution i, = uy + u>; becomes

I |:A2 _ w2C15 _ COZAl(Cg =+ Cg) _ Q)zAl(Cg + CIO) _
Q% — »? Q- Q902
w*ACy (0* — Q2 )AsCy  (? — Q)ACy
22507 40 Q1+ ) AQ(Q - Qy)
(@ = Q)ACiy (07 = DALy PCis — (0 = Q)Cy N
8Q1(291 + Qz) 891(2Q1 — Qz) Q%
2
%} cos Qpt + ngcls
Q2 — 4Q7 Q2 —
®*A1(Cg + Co)
G-af

5 €os wt+

@A (Cy + Cyo)

0sQqt +
: Q2 — 90

cos 3Q 1+
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@?A;Cyo (0? — Q3)A2Cy

cos S5O+ cos(2Q; + Q)+
Q2 — 2507 P (Q + Q) (20 + )

(0 — Q2)A,Co (? — Q3)AC g
————=——— c0s(2Q; — )t + ——————— cos(4Q;+
4Ql(Q1 — Qz) ( ! 2) 891(291 + QZ) ( l
(? — Q3)AxC g
Qe -_ 40, — Q
+ Q)+ 80, (201 — ) cos(4Q 2 )i+
2015 — (0% — Q3)C 2-)C
+CU 13 (w2 J)Cn (@ 5 2)212 cos 2Ot (7.192)
Q; Q; — 40

Taking into account the initial conditions (7.178) and Eq. 7.113, we obtain
uzp = Az cos Qsz. In this case Eq. 7.114 can be written for the variable u3 in
the form

ity + Qius +p{K; (t,Ci)[(B1 — Q3)x30 + Baxdy + Bsxag + Ba]+
+ K3,(1,C)(B1 — Q3 + 3Bax3,) + K7 (1,C1)B3} = 0 (7.193)

The auxiliary functions can be chosen in the form

K;l(l‘, C,) = Ci6 + 2C17 c0os 203t + 2C 15 cos 4Qs¢
K* (l‘, Cj) = Ci9 + 2C5 cos Q31 + 2C» cos 3Q3¢

32

K* (l‘, Ck) = Cyy cos Qut (7.194)

33

The second term of the approximate solution i3 = u3g + u3;is obtained from
Egs. 7.193 and 7.194:

i1 + Quz; + [(By — Q3)(A3C16 4+ A3C17 + 2C0)+
3Ci6 +4C17 + Cig 9Co + 3Cy
_l’_ - - =
4 2
+ N3 08 3Q3t + N5 cos 5Q3¢ + N7 cos 7Qst + (AsB3Cie+

+ B3C2) cos Qut + 2B4Ci5 cos 4Qst + B4Ci6 + (B — Q5+

A3B; + A3B;] cos Qzt+

3
+ §B2A%)Cl9 + B3A4C17[COS(ZQ3 + Q4)t + COS(2Q3 — Q4)[]+

3
—|—A4B3C13[COS(4Q3 + Q4)l‘ + COS(4Q3 — Q4)l‘] + (§A§BZC19+

+ ZB4C17) c0s2Q3t =0 (7.195)
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where

1 3
N3 = ZAngcm +A3(C17 + Cig)(B) — Q5 + ZAngH_
3 3
+ §C19A§Bz +2C (B — Q5 + EAng)
1 3 3
Ns = chAng +A3(B; — Q3 + ZA%BZ)CIS + EA§192C21

1
N7 = ZA%BgClg (7.196)

Avoiding the presence of secular terms in Eq. 7.195, the frequency becomes:

A%BQ[(3C16 +4Cy7 + Clg)Ag. + 18Cy9 + 6C21]
4(A3C16 + A3C17 4 2Cx)

Q=B+ (7.197)

The first-order approximate solution i3 = u3zg + u3; is obtained from Eq. 7.195:

N3 Ns N7 Ci6B3As +CBs  2B4Cyy

it3(1) = [A3 — — — - - - -
() = A3 8Q2  24Q7  48Q2 Q- 302
_ 2B4Cis ByCig + (By — Q3 + 3A3B,)Co _ AyB3Crr B
1503 o 303 — 40;0, + Q]
A4B;C A4B;C A3B,C
4Db3C 18 4Db3L 18 302 19] cos Q3l+

1502 +80;Q, + Q2 15Q2 —80:Q, + Q7 2Q]

N3 N5 N7
+ —= cos 3Q3t + —— cos 5Q3¢ + —— cos 7Q3t+
802 D YTeY REPTIoR ’
A4B3C B;C 2B4C 2B4C
TaZ3TI6 T 732 216+ 23 22 cos Qut + 4 217 cos 201 + 4 218
Q; —Q; 303 1503
+B4C16 + (B) — Q5 +3A2B,)Cyo B3A4C7
o3 305 +40;Q4 4+ QF
A4B3Cyy
303 — 400, + QF

A4B3C
5 A7 18 5 c0os(4Q3 + Qq) 1+
1502 + 8Q:Q, + Q2
A%Bzclg

AyB3Cig
+ cos(4Q; — Qy)t + cos 2Qst 7.198
1502 — 8Q;Q, + Q2 (4005 — ) 202 ’ (7-198)

cos 4931+

cos(2Q3+

+ Q4)l +

cos(2Q; — Q)1+
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For Eq. 7.177, in the same manner like above, and taking into account that
gy = ugg + Ugy, Where ugg = A4 cos Qut, we can write the homotopy

iy 4+ Quy +piK (1, Ci)[(w* — Q) A4 cos Qut — w*Aj cos Qat+

. ) (7.199)
+By] + K (1,C))(@* — ©3) + K (1,Ci)(—0?)} = 0

with

KZl(t7 C,) = Co3 + 2Cp4 c0s 2031 + 2Co5 cos 4Q3¢
K* (I, C/) = Coe + Cy7 cos 203t

o)

K* (l, Ck) = Chg + Ca9 cos Qpt + C3 cos wt (7.200)

43

For the variable u4; we obtain the differential equation

iig + Qiu“ + [(w* — Qﬁ)A4C23 — *Ca9) cos Qot + (0* — QZ)C%—
— @ Cag + B4Cas + [(* — QF)Ca7 + 2B4Ca4] cos 2Qs1+
+ 2B4Cs5 cos 4Q3¢1 + (w2 — Qﬁ)A4C24 [cos(2Q3 + Q4)t + cos(2Q3—
— Q)] + (0 — QF)A4Cas[cos(4Q; + Q4)t + cos(4Q; — Qy)f]—
— 0?A3(Cas + Cag) cos Qat — 0*A3(Cos+
+ Cas) 08 3Q1 — w*A3C)s5 cos 5Q3t — w*Cagcoswt = 0 (7.201)

In Eq. 7.201 the coefficient of cos Q,tmust be zero and thus:

Cy
Q=w*(1- 202
: a)( A4C23> (7.202)

The first-order approximate solution iz4 becomes

2B,Crs @?A3(Ca3 + Cas) B @?A3(Ca4 + Cas) _

QF — 1603 Q-3 QF — 903
B w2A3C25 _ w2C30 (w2 — Qi)ng — w2C28 + B4Co3 "
QF —2507 QF — w? Q;

N (02 = Q3)Ca7 4+ 2B4Cay (0 — 0*)AsCas  (QF — 0?)A4Cos
QF — 403 8Q4(2Q; — Qq)  8Q3(2Q; +Qq)
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(Qi — wz)A4C24 (Qi — w2)A4C24 w2C30
cos Qut + ———— cos wt+
405(Qs + Q1) | 40505 — Q) YTl w2
?A3(Cy3 + Ca4) @?A3(Cay + Cos)
Q: - O} QF — 903
G)2A3C2s ((1)2 — QZ)A4C24
P 085051 + RS Yt b
Q2 — 2502 405 (05 1 Qo)
(C{)Z — Q%)A2C24 (w2 - Qi)A4C25
403(Q3 — Q) 803 (2Q3 + Q4)
(0)2 — Qi)A4C25
803 (2Q3 — Qy)
n wzng + (Qi — wz)Czﬁ — 2B4Coy _
QZ
4
(w? — Q3)Ca7 4 2B4Coy

— cos 2Q3t +
Q2 — 402 ’

+
cos O3t + cos 3Q31+

cos(2Q3 + Qu )1+
cos(2Q; — Q) + cos(4Q;+

+ Q)+ cos(4Q; — Q)1+

2B4Cos
Q] + 1603

cos 4Q;t (7.203)

In order to prove the efficiency and accuracy of the OHPM, we consider the
specific case of a certain working regime:

B, =1.99525;B; = 1.61287; B3 = —249406;

(7.204)
By = 0.00318067; » = 0.481239

In these conditions, following the procedure described above, we obtain the
optimal values of the constants Cy, C,, ..., C3o:

C) = —2.41254; C, = 0.00684487; C3 = —0.0089363; C4 = 0.0044225;
Cs = 0.39103; Cg = 0.125232; C7 = 1.24942; Cg = 3.03089040;

Cy = 0.88468565; C1o = 0.01875489; C;; = 0.00000101;

C1r = —0.00326318; Cy3 = —0.00213231;C14 = 1.43347182;

Cis = —2.0062441; C1s = —37.878; C17 = 0.0857472; C15 = —0.0631161;

Cio = 0.0515417; Cag = 6.29335; C1 = 0.14684; C» = 18.9817;

Cry = 2.98545183; Cay = 0.92218677; Cas = 0.00443001;

Cag = 0.00732412; C7 = —0.01226206; Ca5 = 0.0292462;

Cro = 1.41194106; C39 = —2.01619285 (7.205)

From Egs. 7.185, 7.190, 7.197 and 7.202 we obtain the frequencies:

Q; =0.49021;Q, = 0.111925; Q3 = 0.490398; Q4 = 0.111953 (7.206)
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The first-order approximate solutions of the system (7.177) obtained by OHPM
are:

ity (1) = 0.0205389 cos Q¢ + 0.324567 cos 3Q¢ + 0.007228 cos 5Qt—
—0.00001998 cos 7Q ¢ + 0.047243 cos Q,1 — 0.0008957 cos(2Q; + Qo )t—
— 0.001666 cos(2Q; — Q)¢ + 0.0002747 cos(4Q + Q)1+
+0.0003506 cos(4Q; — Qs)f — 0.03942(1 — cos Qy7) + 0.002374 cos 20 ¢
(7.207)

it (1) = 2.120972632 cos wf — 1.59244446 cos Q1 — 0.038922185 cos 3Q1—
— 0.0002898 cos 5Q; 7 + 0.049944606 cos Q,7 + 0.000215708 cos (20, +
+ )1 + 0.00073813 cos(2Q; — Q,)1 — 0.00001565 cos(4Q; + Q;)i—
— 0.000025477 cos(4Q; — Q)1 — 0.03942 — 0.000753504 cos 20, 1
(7.208)

it3(1) = 0.0608147 cos Qst + 0.33216 cos 3Q3¢ + 0.00170912 cos 5031 —
— 0.000141098 cos 7Q3t + 0.0466726 cos Q¢ + 0.0284096 cos 2Q31—
—0.000111301 cos 4Q3¢ — 0.0112131 cos(2Q3 + Qu)1—
—0.0207873 cos(2Q3 — Q4)7 + 0.00193904 cos(4Q3 + Qq) 1+
+0.00247456 cos(4Q3 — Q)¢ — 0.0419269 (7.209)

i (1) = 2.13155024 cos wt — 1.5879748 cos Q3¢ — 0.039890004 cos 3Q31—
— 0.0000684 cos 5Q3¢ + 0.0000028 cos 7Qst + 0.0493427 cos Qqt—
— 0.009008 cos 2Q3¢ 4+ 0.0000071 cos 4Q3t — 0.0556602+
+ 0.0026979 cos(2Q, + Q3)r + 0.0091995 cos(2Q; — Q) 1—
— 0.0001103 cos(4Q3 + Q4)t — 0.0001796 cos(4Q3 — Qy)t (7.210)

In order to assess the validity and accuracy of the obtained results, a comparison
was performed between the approximate results and the results obtained through a
fourth-order Runge—Kutta method. Figures 7.12—-7.15 show this comparison for the
independent variables uy, .., u4. It can be seen that the approximate results are nearly
identical with the numerical solutions.

In this section a new analytical technique, called the optimal homotopy pertur-
bation method is applied to nonlinear dynamic systems. The proposed procedure
starts from the basics of He’s homotopy perturbation method, but the construction
of the new homotopy is different especially referring to the auxiliary functions
Kij(t7 Cy) and to the presence of some parameters Cq, Cs. . .., which ensure a rapid
convergence of the solution when they are optimally determined.

A very good agreement was found between the analytical and numerical results.
It is evident that overall results come very close to the exact solution even using
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Fig. 7.12 Displacement u;
obtained for Eq. 7.174:
numerical results; _ _ _ _
analytical results (7.207)

Fig. 7.13 Displacement u,

obtained for Eq. 7.174:
numerical results;

analytical results

Fig. 7.14 Displacement u3

obtained for Eq. 7.174:
numerical results;

analytical results

Fig. 7.15 Displacement uy

obtained for Eq. 7.174:
numerical results;

analytical results
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only two terms of the iteration formula. The proposed procedure is valid even if the
nonlinear equations do not contain small or large parameters.

7.7 A Non-conservative Oscillatory System of a Rotating
Electrical Machine

Rotating electrical machines are complex engineering systems which combine electri-
cal and mechanical concepts. From mechanical point of view, these systems inherently
involve the presence of a rotor, which often raises some dynamical problems, typical
for rotor dynamics. The most common dynamic problem encountered by these systems
is generated by unbalanced forces and sometimes even a small amount of unbalance
can cause vibration that can reach undesirably high values, very detrimental for a
properly work of the mechanical system. It is known that no absolutely perfect
balancing can be realized and therefore there will always be a residual unbalance.
Other dynamical problems could be also generated by bad or nonlinear bearings,
mechanical looseness, misalignment and even some electrical problems.

From engineering point of view it is very important to make available some
reliable tools intended to predict, analyze and correct these problems in order to
obtain higher speed machines, to prevent unexpected failures or to assure longer
periods between downtimes. Obviously, when an improvement of dynamic
characteristics of these systems is needed, analytical developments and numerical
simulations are preferable to experimental investigations, because of lower costs.

In what follows, we consider that the rotating electrical machine is modeled as a
non-conservative oscillatory system subject to a parametric excitation caused by an
axial thrust and a forcing excitation caused by an unbalanced force of the rotor. This
system can be described by the second-order differential equation with variable
coefficients:

mii + ci + k(1 — Asin(wyt))u = f sin(w 1) (7.211)

subject to the initial conditions
u(0) =4, u(0)=0 (7.212)
where m is the lumped mass of the rotor, ¢ is the linear damping coefficient, & is the
shaft stiffness, w; and w, are the forcing and the parametric frequencies, respec-
tively, and f and k4 are the amplitudes of forcing and parametric excitations,

respectively and A is a known parameter.
Equation 7.211 can be written in the dimensionless form

i + 2t + w*u — awsin(wyt) — Bsin(w r) =0 (7.213)
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where

In accordance with Eq. 7.213, the linear operator is chosen as
L(u) = ii + 2ui + ’u
and the operator with variable coefficients as:

V(u) = —owsin w,f — fsin wqt

253

(7.214)

(7.215)

(7.216)

We apply the second alternative of the OHPM. The initial approximation vy(¢)is

obtained from Eq. 7.113:
Vo + 2w + w?vg =0

with initial conditions
V()(O) = A, V()(O) = 0

The solution of Eqgs. 7.217 and 7.218 is

A
vo(t) = (A cos Qr + % sin Qt) exp(—ut)

where Q = \/w? — u?.

Equation 7.114 becomes

Vi 4 2uv; + w2v1 + Ky (1, Ck)(—ocvo sin wyt — fsin Cl)1l)+
+ K12(1,Ci) (—asinwyt) = 0,
vi(0) =0, v(0)=0

We choose the functions K (¢, Cy) and Ki,(¢, Cy) in the form
Kll(l‘, Ck) = C1 exp(—,ut)

Klz(l‘, Ck) = (C2 + 2C5 cos Qt + 2C4 sin Ql) exp(—,ut)

(7.217)

(7.218)

(7.219)

(7.220)

(7.221)

(7.222)

Alternatively, we can also choose other forms of these functions, such as for

example

Ki1(t,Cr) = (Cy + 2C5 cos Qt + 2C5 sin Qr) exp(—ut)

(7.223)



254 7 The Optimal Homotopy Perturbation Method

K12(t,Cr) = (Cyq + 2Cs cos Qt + 2C¢ sin Qr) exp(—ut) (7.224)
or
K]](I, Ck) = (C] +2C, COSQI) exp(—,ut) (7.225)

K12(2,Cr) = (C3 4+ 2C4sinQt +2C5cos Qt ++2Cq cos 3Q7r +2C7 sin3Q1) X exp(—ut)
(7.226)

and so on.

On substituting Eqs. 7.219, 7.221 and 7.222 into Eq. 7.220, we obtain the
following equation

Vi 4+ 201 + vy + [—PBC sinw;t — aCy sin wat — oaCs sin(Q + w71+
+ aCs sin(Q — 7)1 — aCyq cos(Q — )t + aCy cos(Q + wy)f] exp(—ut)+
1 A
+ EthI [Asin(Q — wy)t — Asin(Q + w;)r + % cos(Q + wy)t—

— % cos(Q — wy)f] exp(—2ut) = 0, v1(0) =v(0) =0 (7.227)

The first-order approximation v (¢)is obtained from Eq. 7.227 in the form

BCy

. . aCy .
acos Qt + bsin Qt + sin wit + sin wyf—
Q* — w? Q* — w}

Vi (I) =

G
602(29 + 602)
OCC4

T os(Q—
+ (20— o) cos(Q — wy)r +

OCC3
602(29 — Cl)z)
OCC4
®2(2Q + w7)

sin(Q + w,)r — sin(Q — wy)t+

cos(Q + my )t | exp(—put)+

+Lac, {% 22(2 + @) ~0” + (@ + 02) cos(@ + )t
2 (@2 — (Q+ 2] + 42 (Q + wy)?
Alw? = (Q+ ) +22(Q + wy)] sin(Q + o)t |
(02 — (Q 4 )] +42(Q + )’
+ M0 —20(Q — 03) — (Q — 2)°] cos(Q — )1
[0? — (Q — w2)2]2 + 42 (Q — y)?
B Alw? — (Q— )’ + % (Q — ;)] sin(Q — wy)t
[0? — (Q — w2)2]2 +412(Q — wy)*

+

(7.228)

} exp(—2ut)
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where
Lo AQC,  auAC [ 2Q(Q+ ) - o + (Q+ w,)*
042 —0d) 22 (w2 — Q4 02) + 42(Q + )]
20(Q — wy) — ? + (Q — »,)*
) > (7.229)
[0 = (Q — @2)7] + 42 (Q — )
b pa P Cy B awrCo
Q@ -0l QQ -0l
2020 — w})C; 4poCy
Qw2(4Qz —w}) (4(22 —w3)
“M”¥Q—mmf—m—wﬁw4fm—wﬁ+%f (7:230)
20 (02 — (@ — 02)) + 42(Q — 1)’

(Q+ w)[* — (Q + 02)°] — 4 (Q + w2) + %}
[602 — (Q =+ 0)2)2]2 +4#2(Q + w2)2

The first-order approximate solution of Eq. 7.213 is obtained from Egs. 7.117,
7.219 and 7.228:

A C
i(r) = [(A +a)cosQt + (% + b) sin Qr + ﬁ sin wyr+

C
Q° — w} @2(2Q + )

OCC3 . O(C4
- 2 @ Q— - 0
(A)z(ZQ — a)z) Sln( w2>tw2(29 — 602)
O(C4

T os(O _
+w2(2Q+w2) cos(Q + my)t] exp(—ut)+

+ locCl {HS 2Q(Q + wy) — @* + (Q + ;)] cos(Q + wz)t+
? @2 — (Q+ 02)*) + H2(Q + )

+A[a)2 —(Q+ )+ Zg‘!—‘z(Q + ;)] sin(Q + wy)t
[0 — @+ )] +42(Q+ )’

n M0 —20(Q — ) — (Q — @2)°] cos(Q — )t
[0 — (@ — 02)"]” +4p2(Q — ,)”

Alo? — (Q— o)’ + % (Q — @,)]sin(Q — wy)t

(02 — (Q — )] +42(Q — )’

sin(Q + wy)1—

cos(Q — wy)t+

} exp(—2ur) (7.231)
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In order to prove the efficiency and accuracy of the OHPM, we have considered
the special case of a certain working regime characterized by

m=2, ¢=08, k=100, /=0.03,

(7.232)
=1, =3, f=2 Q=7068238819

In these conditions, following the procedure described above, we obtain the
optimal values of the convergence-control constants:

C, = 176194, C, = —0.249164, C; = —0.335675,

(7.233)
Cs = 0.0316235

From Egs. 7.231, 7.232 and 7.233 we can determine the first-order approximate
solution of Egs. 7.211 and 7.212 in the form

(1) =10.995731795 cos Q¢+ 0.063560129 sin Q¢ + 0.035987335 sinz—
—0.009124658sin3¢+0.009794165sin(Q 4+ 3)7+0.015070967 sin(Q — 3)t+
+0.001419816cos(Q — 3)¢+0.000922695 cos(Q + 3)f]exp(—0.2¢)+
+0.002727893 cos(Q + 3)1 — 0.025510674sin(Q+3)r—

— 0.0008022.c0s(Q — 3 )7 — 0.039467024 5in (€ — 3)r] exp(—0.41)
(7.234)

Figure 7.16 shows the comparison between the numerical solution obtained
using a fourth-order Runge—Kutta method and the approximate solution given by
Eq. 7.234.

One can observe that the displacement curve obtained for this non-conservative
oscillatory system through OHPM is quasi-identical to that obtained via numerical
simulation, which proves the validity of the proposed procedure for non-conserva-
tive oscillators.

In this section, our construction of the new homotopy is different from that
employed in traditional HPM, especially referring to the auxiliary functions

u(t)
1

0.5 (\
Fig. 7.16 Comparison [\ /\ /\
between the present solution {\ A /\ AN t
i \Y
(7.234) and the numerical v \ﬁ v VBV 10
solution of Egs. 7.211 and
7212 form =2,¢c = 0.8, -0.5

k=100,1 =3, 0, =1,
wy=3,f=2
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K11(t,Cr)and K12(t, Cr)and also to the involvement of some convergence-control
constants Cy, C,,... These constants ensure a rapid convergence of the solution
when they are optimally determined.

Very good agreement was found between the analytical and numerical results.
The proposed procedure is valid even if the nonlinear differential equations or the
differential equations with variable coefficients do not contain small or large
parameters.

The main feature of OHPM is that it provides a simple and rigorous way to
control and adjust the convergence of a solution through several parameters C;
which are optimally determined. A main strength of the OHPM is its fast conver-
gence since after only two iterations the solutions converge to the exact ones, which
proves that this method is very efficient in practice.






Chapter 8
The Optimal Variational Iteration Method

8.1 The Variational Iteration Method and Applications

The variational iteration method was proposed by J. H. He in 1999 [153—155]. The
method introduces a reliable and efficient process for a wide variety of scientific
and engineering applications, linear and nonlinear, homogeneous or inhomoge-
neous, equations and systems of equations as well. The variational iteration method
has no specific requirements, such as linearization, small variations, etc. for nonlin-
ear operators. The power of the method gives it a wider applicability in handling a
huge number of analytical and numerical applications.

To illustrate the basic concept and idea of the variational iteration method, we
consider the following general nonlinear differential equation

Lu + Nu = g(1) (8.1)

where L is a linear operator, N a nonlinear operator and g(¢) is inhomogeneous
forcing term. According to the variational iteration method [153], we can construct
a correction functional as follows

t

up1 (1) = u, (2) + J/l(s, )[Luy(s) + Nit,(s) — g(s)]ds (8.2)
0

where 4 is a Lagrange multiplier, which can be identified optimally via the varia-
tional iteration method. The subscript n denotes the n-th approximation, ii,is
considered as a restricted variation, i.e. di, = 0.

For the sake of simplicity, we consider only two cases of differential equations.
In the first case, for the following example

i + o’u = f(t) (8.3)

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering, 259
DOI 10.1007/978-3-642-22735-6_8, © Springer-Verlag Berlin Heidelberg 2011
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its correction functional can be written down as follows
t
Un1(2) = un(t) + Ji(s, D! (s) + o*un(s) — f(s))ds (8.4)
0
Making the above correction functional stationary and noting that du(0) = 0

t

Sttns1 () = Suy(f) +—5l[i(s,0[u@(s)%—aﬂun(s)——f{sﬂak::

0
= Ouy () + A5, 1)014,(5) ], —
t
dA(s, 1) %) (s, 1) 9. _
- 5un(s)|s:[+J[ 952 + o A(s,t)]ds =0
0

yields the following stationary conditions

%A (s, 1)

Oup s =55 + @?A(s,1) =0
ouy o As,t)],, =0 (8.5)
04(s,1)
1 — =
Oty s 0

s=t

The Lagrange multiplier, therefore, can be readily identified
I .
Als,t) = — sinw(s — 1) (8.6)
)

As a result, we obtain the following iteration formula
1 t
Upi1(t) = u,(t) +— Jsin (s — )y (s) + @?u,(s) — £(s))ds (8.7)
)
0

We start with an initial approximation u(¢)given by Eq. 8.3 and using the above
iteration formula. After identifying the Lagrange multiplier 4 in Eq. 8.2, one can
show [154] that we can construct the iteration formula

t

1 (1) = up(t) + J)L(s, H)Nu,(s)ds (8.8)
0
or
U2 (1) = up(t) + Ji(s, t)Nuy11(s)ds (8.9

0
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Now, subtracting Eq. 8.9 from Eq. 8.8, we obtain the following variational iteration

t

tna () = s (£) + J;h(s, ) [Nitgs1(5) — Nty (s)]ds (8.10)
0

J.H. He [155] named Eq. 8.2 Variational Iteration Algorithm — I, Eq. 8.8 is
named Variational Iteration Algorithm — II and Eq. 8.10 is named Variational
Iteration Algorithm — III.

On the other hand, by taking into consideration the identity

Jsin (s — 1)U (s) + @’u,(s)]ds = —ou,(t) + ou,(0) cos wt + i,(0) sin wt
0

it follows that

Up+1(t) = u,(0) cos wr + %I;l,,(()) sin wr + é Jsin o(s —1)f(s)ds 8.11)
0

In the second case, we consider the following nonlinear system of differential
equations

wi(t) = filw) + qi(t), i,j=12,..,n (8.12)

where ¢;(¢t), i=1,2,...,nare inhomogeneous forcing terms.
The correction functional for the nonlinear system (8.12) can be expressed as
follows

— @™ (), 8" (5), oo, 7 (5)) = qu(s))ds (8.13)
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where 7;(s,t), i =1,2,...,n are Lagrange multipliers, i,,...,#, denote the
restricted variations.
Making the above functional stationary, we obtain the following conditions
01 (s, 1) 022 (s, 1) On(s,1)
—2U =, ey =0
Os |, s Os |, (8.14)

1+ i(s,0)],_, =0, 14+ A(s,0)|,_, =0, ,1+2(s1)]_=0

=0

s=t

The Lagrange multipliers can be easily identified as
A8, 1) = Ja(s, 1) = ... = Au(s,0) = —1 (8.15)

Substituting Eq. 8.15 into functional (8.13), we obtain the following iteration
formulas:

) =00+ [0 008 6l () + a0l B17)
0
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where u<10> (1), ug)) (#), ey ul (¢)are initial approximations with or without unknown

parameters which are determined from initial conditions. The number of unknown
parameter is the same with the number of initial or boundary conditions.

In [154, 155] are given the variational iteration algorithms for some frequently
used differential equations. We present only the Variational Iteration Algorithm — I
as follows:

1

i f (1) = 0, uﬁdﬁzuﬂﬂ—Jhﬂﬂ+ﬂ&wQL%QMﬂ (8.18)

0

i+ ou+f(t,u,u) =0
Wﬂm_ﬁw—&@% '0(5) 4 oty (5) 4 £ (5, un(s), 1l (5))]ds (8.19)
0

i 4 f(t, 1, i) = 0

41 (2) = 1y (1) +J(s — O)[u"u(s) + 1 (s, un(s), 1, (s), u" (s))]ds (8.20)
0
it — o?u +f(t,u, i, i) = 0

t

i (1) = (1) + j1h< — )l (s) — Pua(5) +£ (s, uls), 1l (), (5) ] ds
0
(8.21)

W+ f(tu,u,ii,u) =0

t

U1 (1) = (1) = 5 J(S—l)z[ () +f (s, u(s), u'(s),u" (s), u"(s)))ds (8.22)

(=}
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The variational iteration method has successfully been applied to many
situations. For example, Soliman [156] solved KdV-Burger’s and Lax’s seventh-
order KdV equations, Abulwafa et al. [157] solved nonlinear coagulation problem
with mass loss, Slota [158] solved direct and inverse one-phase Stefan problem,
Momani et al. [159] solved the Helmholtz equation, Bildick et al. [160] solved
different types of nonlinear partial differential equations, Draganescu et al. [161]
solved nonlinear relaxation phenomena in polycrystalline solids, and so on.

In the following, we consider some applications of the variational iteration
method.

8.1.1 Nonlinear Oscillator with Quadratic and Cubic
Nonlinearities

We consider the free oscillation of a nonlinear oscillator with quadratic and cubic
nonlinearities [162]:

¥4 w*x +ax* +bx* = 0,x(0) = A,%(0) =0 (8.24)

where a and b are constants.
By introducing the dependent variable change

a
=u—— 8.25
X=u 3 ( )

the quadratic non-linearity in Eq. 8.24 is eliminated to obtain:

ii+(a)2%)u+bu3k0, k:a;—?—% (8.26)
Equation 8.26 can be written in the form
i +Qu—F(u)=0 (8.27)
where
Fu)=Iu—bid +k 1=0Q" —w*+ @ (8.28)

3b
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The iteration formula (8.11) for Eq. 8.27 becomes for n = 0:

J sin Q(t — 7)F (up(7))dr
0

1
uy (1) :Bcoth—i—ﬁ

with the input function as (from iy(0) = 0)

uo(t) = B cos Qf

where B is obtained from (8.24,) and (8.25):
a
B=A+—
+ 3b

Expanding F(ug) in a Fourier series, we have:

3 1
F(up) =B (i - ZbBZ> cos Qr — ZbB3 cos3Qr + k

265

(8.29)

(8.30)

(8.31)

(8.32)

In order to ensure that no secular terms appear in the next iteration, resonance
must be avoided. To do so, the coefficient of cos Qf into Eq. 8.32 must be zero, i.e.:

(8.33)

(8.34)

(8.35)

3
A= ZbB2
such that Q% becomes from (8.28,):
3 a*
Q' =’ +>bB* — —
@ty 3b
From Egs. 8.29, 8.30 and 8.32 we obtain:
bB? k k bB?
u(t) = (B e §) cos Qr + o + 302 © 3Q¢
and therefore:
BBk 3 bB>  k\® 3bk?
Fu)=|B————=||A—-b|B————| ——
(1) ( 3207 QZ) 4 ( 3207 92> o
— 3b°B° ( — bB* —i) —73[9386 ] coth+k+ﬁ—b—k3—
128Q° 3207 Q7)) 2048Q° Q Qf
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Skb( bB3 k)2 3kb3BS

3kb (B bB3 k)2+
20° 3207 2048Q° [20? 3207
3kb?B3 bB>  k JbB3 b B> k\°
+ B— —— | |cos2Qt+ | ——— | B——=——=
3294( 320° QZ)} [3292 4( 320° 92)
348 3p2B3 ( bB3 k)2 3k2h2A3
131072Q° 640 320% O 960}

3kh2B3 [ 3p2B3 B k\’
(B >COS4QZ— [ (B ———) +

} cos3Qt—

oot U o2 o 12802\ 320 Q2
336 B3 336
+ 3b 4<B— b 2—%>}cos59t—ﬂ6cos69t—
4096Q 320 Q 2048Q
3b3B° bB> &k b»*B°
— 7} (B— 5 —2> cos7Qt—7écos9Qt
4096Q 3207 Q 131072Q

(8.36)

Avoiding the presence of a secular term in Eq. 8.11 for n = 1, needs

; _ﬁ( _ bB’ _i)z 30K | 30°B° ( _ bB’ _£> 35°BS
! 3207 @) ot 12U 3207 Q7)) T 20480°
(8.37)

Substituting Eq. 8.37 into Eq. 8.28,, we obtain the equation for Q:

& N 3bB>  3bB(64k + bB*) 3b(2560k* + 16kbB° + *B°)
3 4 12807 2048Q*

Q' =aw* -

(8.38)

In order to illustrate the remarkable accuracy of this method, we compare the
approximate results given by Eq. 8.38 with numerical integration results for the
following numerical examples:

(a) Consider the equation
¥4 x4 4 + 500 =0, x(0) =2, ¥(0) =0 (8.39)

In this case a = 4, b = 50, ® = 1, A = 2 and from Eqgs. 8.26, and 8.31 we
obtain k = 0,02477037, B = 2,02666667, and from Eq. 8.38 we have

Q = 12.19942839 (8.40)
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Therefore, from Eq. 8.36 we obtain

F(uy) = 0.002608936 — 0.05090743 cos 2Q¢ — 102.0046467 cos 30—
— 0.004219655 cos 4Q¢ — 12.81158791 cos 5Q¢ — 0.000095343 cos 6Q¢
— 0.553925714 cos 7Q¢ — 0.008343994 cos 9O
(8.41)

Setting n = 2 in Eq. 8.11 we obtain the second-order approximate solution:

u (1) = 2.02666667 cos Ot + 0.00001753(1 — cos Qr)—
— 0.000114019(cos Qr — cos 2Q¢) — 0.085674386(cos Qt — cos 3(U)
— 0.003586846(cos Qr — cos 5Q¢) — 0.00007754(cos Qt — cos 7Qt)
(8.42)

From Eqgs. 8.42 and 8.25 we obtain the following result:

x(t) = —0.026649136 + 1.937195679 cos Q¢ + 0.000114019 cos 2Qr+

+0.085694386 cos 3Qr + 0.003586846 cos 5Q¢ + 0.00007754 cos 7Qt (843)
where Q is given by Eq. 8.40.
Figure 8.1 shows the comparison between the present solution and the numeri-
cal integration results obtained by a fourth-order Runge—Kutta method.
It can be seen from Fig. 8.1 that the solution obtained by the present method is
nearly identical with that given by the numerical method.
(b) As the second case, we consider the equation

i+x+62+87 =0, x(0)=2, (0)=0,(a=6,b=8,w=1A4=2) (8.44)

22T

Fig. 8.1 Phase plane for
Eq. 8.39: numerical
simulation; present

method given by Eq. 8.43 =22~
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It is important that k£ = 0. It follows that B = 2.25 and for the input function:
uy = BcosQt (8.45)

we have:

3bB? bB*
F(ug) = Aug — bug = B(/l - > cos Qr — 4 o8 3Q (8.46)

In order to avoid secular term, we set:

3 5, . 1 3bB?
A= é_le , Q' = —5—&— 1 (8.47)
The first-order approximate solution is given by the relation:
bB? bB?
u(t) =B 1 ——= ] cosQt + cos 3Qt 8.48
1) ( 3292> 3207 (549

and therefore

B2 B2 B2 2 2p4 B2
F(ul)—B(l—b—z)[x—% (1— b 2) 43P 2(1—17—2)—
32Q 4 32Q 128Q 320

3b3BS } cosQr 4 | 2PB BB ( bB> )3 312BS ( bB> )2
2048Q* 32070 4 320° 6402 3207
3b*B° 3b*B3 bB?
— —6} cos 30 + ——— ( — —2> cos 5Qr—
131072Q 128Q 32Q
3p°B’ bB? b*B°
— 7 (1 — 2) cos 7Qt — ————— cos 9
4096Q 320 131072Q
(8.49)
Avoiding no secular term requires that
3 bB? 3b°B°
Jy ==bB*( 1 — +— 8.50
T4 < 32(22) 2048Q* (8:30
From Eqgs. 8.28, and 8.50 we obtain the equation for Q:
1 3 3pn°B* 3b3B°
QPR —— - = 8.51
272 s T 20480 ®-51)
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Substituting Eq. 8.50 into 8.49, we have:

bB? 3bB?  3p*B*  TH3BS
Flu)) = —— - + cos 3Qr+
(1) 4 ( 160> 256Q* 163896)

3283 b*BS

+ — cos 5Q—
128Q° ( 12892)
3b°B7 bB2 b*B°

— vl (1 — 2) cos 7Qt — —————CO8 9Q¢
40960 320 131072Q

From Eq. 8.51 we obtain
Q = 5.462517735
and from Eqgs. 8.52 and 8.29 for n = 2, we obtain

ur () = 2.124701943 cos Qs + 0.123522681 cos 3Qu+
+ 0.001815473 cos 5Q¢ — 0.00040097 cos 7Qt

From Eq. 8.25 we obtain the second-order approximation;

x2(t) = —0.25 4+ 2.124701943 cos Qr + 0.123522681 cos 3Q+
+0.001815473 cos 5Q — 0.00040097 cos 7Q¢

where Q is given by Eq. 8.53.
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(8.52)

(8.53)

(8.54)

(8.55)

As in the previous case, the results obtained are remarkably good when com-
pared to the results obtained numerically using a fourth-order Runge—Kutta method

(Fig. 8.2).

Fig. 8.2 Phase plane for
Eq. 8.44: numerical
simulation; present

method given by Eq. 8.55
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8.1.2 A Family of Nonlinear Differential Equations

As the second example, let us consider a family of nonlinear differential equations
iAo+ =0, >0,9>0,n=1,2,3, ... (8.56)

with the initial conditions
u(0)=A4, u(0)=0 (8.57)

The corresponding exact period T is

z
Tex = 4J 40 (8.58)
J \/oc +5A% (1 4 sin*0 + sin*0 + ... + sin®"0)
The Eq. 8.56 can be written as:
i + Q%u = F(u) (8.59)
where
F(u) = (Q* — o)u — yu*"*! (8.60)
With the initial conditions (8.57), the input function is
uo(t) = Acos Qf (8.61)
Expanding F(u) in a Fourier series, we have
F(up) = Acos Qt(Q2 —o— yAz"cosz"Qt) (8.62)
By using the identity
cos 0 = 4in ; (%fjkl ) cos(2k + 1) (8.63)

Equation 8.62 becomes:

YA* (2n+1 PAPHL L (2041
F(uo) :A{Qz_ac— - < cos Qf ——— cos(2k + 1)Qt
4 n 4 kz:; n—k

(8.64)
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Avoiding the secular term requires that

nA2n
Ql(n):\/oc+ i‘n <2”:1> (8.65)

The first-order approximate solution (8.11) of Eq. 8.49 is

A2n+1 n 1 2n+1
u (1) :AcosQIt—y (

- [cos Q7 — cos(2k + 1)Q1]
4n+1 kzlk(kJrl) n—=k )

(8.66)
where Q; is given by Eq. 8.65.
For integer n, the approximate period in the first-order approximation is
o JA” (o4 1\] 7
Typ(n) = e =2n [oc + T ( " )} (8.67)

Formula (8.67) is valid for any possible amplitude and gives the maximum errors
as the dimensionless amplitude A?" tends to infinity. Note that even for n = 9, the
maximum error given by Eq. 8.67 is less than 4% for an amplitude A € [0, o¢]

5
_ Ta(9)  167\/551s
1 AN ~0,967341 8.68
Al oo 0,5406369 (8.68)

8.1.3 The Duffing Equation

The use of this procedure may be illustrated by the following Duffing equation
i +u+auw’ =0 (8.69)
where a is a real parameter. The initial conditions are:
u(0)=A4, u(0)=0 (8.70)
So, we can rewrite Eq. 8.69 in the form:
i + Q%u = F(u) (8.71)
where

F(u) = a(u —u®), a(l)=Q%—1 (8.72)
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and Z is a parameter.
The left hand side of Eq. 8.71 in the conditions (8.70) has the solution (the input
start function):

up = Acos Qt (8.73)

Expanding F(u) in a Fourier series, we have:
3A? A3
F(xp) = dA (l - T) cos Qt — aT cos 3Q¢ (8.74)

No secular terms in Eq. 8.74 iteration requires that

3
= ZAz (8.75)
and therefore from Eq. 8.72, we obtain
2 3 02
Q=1+ 294 (8.76)

From Eq. 8.11 for n = 0 we have the following first-order approximate solution:

aA? aA3
u(t) =A|l 1 ———=) cosQt + cos 3Q¢ 8.77
1 (1) ( 32Q2> 3207 ®.77)

where the frequency Q is listed in Eq. 8.76, and therefore:

JaA® 3 2( 3 aA2>3_3< B aA2>2 aA*  3a’A° "
320° 4 3202 4 32072/ 320 2048Q°

e aA? or—anlL (1 aA? +3aA4 1 aA? 2+
———=]|cosQt—aA|-|1— —
320° 4 320° 6407 320?
3aA3 ( aA? )2+ 342A0 y
12802 320° 40960*

F(uy) =aA [/l—

3a3A8 laA?
131072Q°  3Q?

3a’A° A3 ‘A
% (A _ aA32> cos 5Qr — a 7} <A _ 2) cos 7Qt — 076 cos 9Qt
320 4096Q 320 1310720

Avoiding the presence of a secular term in the next iteration, needs:

] cos3Qt —a

= §A2 3aA* 3a*AS

—— 8.79
4 12802 2048Q* (8.79)
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Substituting Eq. 8.79 into Eq. 8.72, we obtain the equation in Q:

Q 1+3 A2 3a’A*  3a°A°
= —A. —_

+ -
4 128Q%  20480*

(8.80)

The second-order approximate solution is given by (n = 1 into Eq. 8.11):

M N P M
uz(t)Z(A+a T . aQ)coth—choth—

— +
807 2407 4807 800 2
" » (8.81)
— 5 COS 5Q¢ — a 5 COS 7Q1 — a_Q2 cos 9Q¢
240 480 80Q
where
M 71& n aA3 B 3aA’ n 94%A7 B 3a3A°
40 12807 12807 40960  131072Q°
N — 3aA* (A aA3 >
To128Q? U 322
8.82
p_ 3a2A° 4 aA3 ( )
©40960° 320°?
0=__*%
131072Q°

The accuracy of these results is illustrated by Table 8.1 which provides a
comparison between the exact frequency of Eq. 8.69 and the approximate fre-
quency computed by Eq. 8.80. For any value of a, the maximal relative error of
the second-order approximate frequency with respect to the exact solution is less
than 0.028%.

On the other hand, the second-order approximate solution given by Eq. 8.81
becomes fora = 1.25 and A = 2:

ur (1) = 1.989351555 cos Q¢ + 0.008334403 cos 3Q¢ + 0.002206664 cos 5Qt
-+ 0.000053689 cos 7€t 4- 0.00000026 cos 9Q¢

(8.83)
where Q = 2,15031.
T . is
able 8 1 Comparison of aA2 Q.. Q,, (8.80)
approximate frequency with
exact frequency for Duffing 3 2,15042 2,15031
equation 1,000 26,8107 26,8026

10,000 84,7245 84,7015
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Fig. 8.3 Comparison
between numerical solution
of Eq. 8.69 and approximate
solution (8.83) for a = 1.25,
A=2: numerical
results; _
approximate results

Fig. 8.4 Comparison
between numerical solution
of Eq. 8.69 and approximate
solution (8.84) for a = 250,
A=12: numerical
results; _ _ _ _ _ _
approximate results

8 The Optimal Variational Iteration Method

For a = 250 and A = 2 we obtain

u (1) = 1.977507645 cos Q¢ + 0.018844215 cos Qt + 0.003619986 cos 5Ot
+0.000027438 cos 7Qt 4 0.000164633 cos 9Q

where Q = 26.8026.

(8.84)

Figures 8.3 and 8.4 show the comparison between the present solution and
numerical integration results obtained using a fourth-order Runge—Kutta method.
It can be seen that the solution obtained by the present method shows a remarkable

accuracy.
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8.2 Mathematical Description of the Optimal Variational
Iteration Method

An alternative approach for solving nonlinear differential equations is the Optimal
Variational Iteration Method (OVIM), which is a combination of the classical varia-
tional iteration method with a rigorous computational algorithm for minimizing the
residual functional, which provides a simple procedure to control the convergence of
the results. The proposed procedure yields a rapid convergence with respect to the
exact solution and has some distinct advantages over usual approximate methods in
that the approximate solutions obtained are valid not only for small values of the
parameters but also for large ones. Our procedure is very effective and accurate for
nonlinear problems with approximations converging rapidly to accurate solutions
after only one iteration.

For the nonlinear differential Eq. 8.1 has been constructed the correction func-
tional (8.2) or (8.8) with A known via the variational iteration method. In Eq. 8.8,
the initial approximation u(¢)contains several unknown parameters C, i = 1,2,.. .,
m which are determined from m initial/boundary conditions. In our procedure, the
initial approximation u(f)contains m + n unknown parameters Ciijy1=12,...,m,
j = 12,...,n which will be determined optimally like in Chaps. 6 and 7 for
example: from the stationary conditions of the residual functional

b
J(Cori1)Coris oo, Conin) = J [Lu(s) + Nu(s) — g(s)ds (8.85)

a

These conditions are well-known:

oJ oJ oJ

= = ... = = O 8.86
8Cm+1 (9Cm+2 aCern ( )

Note that the unknown parameters C,,j can be identified via various metho-
dologies such as the collocation method, the least squares method, the Galerkin
method etc.

In what follows, the optimal variational iteration method is illustrated by some
applications.

8.3 Duffing-Harmonic Oscillator

Conservative nonlinear oscillatory systems can often be modelled by potentials
having a rational form for the potential energy [163], which lead to the equation of
motion

ax 3
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for which the parameters a, b, ¢ are non-negative. Defining

b
u= \/:x, n= \/Et (8.88)
c a

equation 8.87 is reduced to the following non-dimensional equation

u

= (8.89)

i+

Equation 8.89 is an example of conservative nonlinear oscillatory system having
a rational form of the restoring force. For small u the equation is that of a Duffing-
type nonlinear oscillator, while for large u, the equation approximates that of a
linear harmonic oscillator, hence Eq. 8.89 is called the Duffing-harmonic oscillator.
The restoring force in Eq. 8.89 is the same for both negative and positive
amplitudes. At the same time, the above system has no possible small parameters.
Therefore, the classical perturbation methods do not apply to such a problem.
Eq. 8.89 can be rewritten as

W+l + =0 (8.90)

If w is the frequency of Duffing-harmonic oscillator, Eq. 8.90 can be written as

1
W' () + u(e) +f (v, u") = 0, f(z,uu,u") = (@ (2) + —u'(7) — u(7)

(8.91)
where
rd
T=wn U= a (8.92)
dt
We choose the initial solution in the form:
up(t) = Cycost + C;cos 31 + C3 cos 51 (8.93)

where Cy, C, and C5 are unknown parameters that will be determined later. We
have:

3.5 19 51 11 35
f(t,u0,u'o,u"o) = {—Zc? —5 CIG =51 = 1 Cl0 =T 0105
43 , 1 (3 5.3 5. 3. 5.3,
_ZC2C3 _Cl —|—E (ZCI +ZC1C2 +§C1C2 +§C1C3+

3 3
ZC%C_g —|—2C1C2C3>] cosT+Ajcos3t+A,cos5T+AzcosTt+

+A4c089T1+Ascos 11T+ Agcos 131+ A7cos 157
(8.94)
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where

1 11 27 35 27 5 59

Al =—-Cl——C3C, —Z-C3C3 — 2C1CHC5 — == C3 - =

1= =30 =5 GG =0l =000~ 6~
1

1 3 3 3 3 3
— (= +ZC +ZCC,+2CC3+=C,C2 +2C,C,C
+a)2(4 1+4 2+2 12+4 13+223+2 1C2C3

C2C3 — Cot

19 11 27 43 75
mz—za@—fdg—jda—Tﬁa—Z@—Q+
1 (3 45 3, 3., 3, 3,
+aﬁ(zc3+zcma+zcmg+§c¢g+§cgg
19 27 35 59
A = — 2 2 =t 2 o _ 2
3 2 C1C2 7 C1C3 > C,C,C5 n C2C3-‘r
1 (3 3 3 3
4j§Ga@+ZﬁQ+ZQ@+EQQQ)

51 35 9 1 /1 3 3
Ay = —ZC1C§ —7C1C2C3 _ZC; +E (—Ci +ZC1C§ +§C1C2C3)

4
51 43 1 /3 3
As = —ZC1C§—ZC§C3 +E<ZC1C§+ZC%C3> (8.95)
59 3 25 1
A6:71C2C§+®C2C§a A7:7ZC3+47(U2C3

In order to ensure that no secular terms appear in the next iteration, resonance
must be avoided. So, the coefficient of cos 7t into Eq. 8.94 has to be zero; i.e.:

e 3(C3 + C2C, + 2C,C2 + 2C,C2 + C3C5 4 2C,C5C3)
" 3C3 +4C +38C1C2 + 102C,C2 + 11C2C; + 70C,C,C + 43C2C5
(8.96)

For n = 0 in Eq. 8.7 we obtain the first-order approximate solution:

Al Ay Az Ay As Ag A7 Ay
= _—_ —_ 3
() {Cl § 24 48 80 120 168 224}C°ST*_{65‘+ S]COS ’

A A A A A
+ [C3 +2—i] COS5T+£COS7T+8—S cos9‘c+ﬁ cosllrJrﬁcos 137

+ A7 os15
224COS T

(8.97)
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The parameters Cy, C,, C3 can be determined from initial conditions
u(0)=A, u'(0)=0 (8.98)
such that
Ci+Cr+C3=A (8.99)

and the other two necessary conditions will be derived optimally by minimizing the
residual functional

2n
1
J= J {u”l(r) +utu (1) + w—u?(r) dr (8.100)
0

The condition that the functional J be minimized is given by the system:

o _ o,

—A—C — — ===
G Ci =G, oC,  0C,

(8.101)

The conditions (8.101) provide a system of algebraic equation whose solution
represents the optimal values of the constants C;. In this way the approximate
solution is well-determined.

Following this procedure, we need only the first-order approximate solution for
solving Duffing-harmonic oscillator and its frequency (given by Egs. 8.97 and 8.96,
respectively).

We present some examples of obtaining analytical solutions and frequencies in
order to show the efficiency of the method described in the previous section for
solving Eq. 8.89 or Eq. 8.90.

(a) As a first example, we consider A = 0.1. From Eqgs. 8.101 we obtain:
C; =0.095973775, C, =0.0038674917, C3 = 0.0001587327
From Eqgs. 8.97 and 8.96 we obtain therefore:

uy () = 0.0915236051 cos wt + 0.0081483792 cos 3wt + 0.000321646 cos 5wt
+ 0.0000062186 cos 7wt + 0.000000168 cos 9wr + 3.5 - 107° cos 11wt

+52-107" cos 13wt + 5.1 - 107" cos 15mw¢
w = 0.0845707
(8.102)

In Fig. 8.5 we compare the present solution and the numerical integration
results obtained by a fourth-order Runge—Kutta method.
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Fig. 8.5 The behaviour of
the present solution (8.102)
and the numerical integration
results of Eq. 8.90 for

A =0.1: numerical
solution; _ _ _ _ _ _
approximate solution

Fig. 8.6 The behavior of the
present solution (8.103) and
the numerical integration
results of Eq. 8.90 for A = 1:
numerical solution;
approximate

solution
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-0.05

-0.1

uq(t)

0.5

(b) In this example we solve Eq. 8.90 with A = 1. The parameters C; are in this

case

C; = 0.9728243593, (C, = —0.0001966401, C3 = —0.0008579578

with the solution given by Eq. 8.97

u; () = 0.93126560626 cos wr 4 0.0409011098 cos 3w+
+0.0004804024 cos Swt + 0.0000835741 cos 7wt
— 0.0000001264 cos 9wt — 6.5 - 1078 cos 11wt (8.103)
+1.11-10" " cos 13wz + 1.6 - 10~ cos 15wt

o = 0.63895601

In Fig. 8.6 the present solution is compared with the numerical integration

results.
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(c) In this case A = 5 and we obtain:
Cy =4.9479890585, C, = —0.0002277091, C3 = —0.0000711966

and the solution is:

ui () = 4.786381392 cos wt 4 0.2095410409 cos 3wt + +0.0012524974 cos Swt
+0.00021635625 cos 7ot — 1.971 - 108 cos 9wr — 2.498 - 1077 cos 11wt
+9.59- 10" cos 15wt
= 0.97095656
(8.104)

In Fig. 8.7 the present solution is compared with the numerical integration
results.
(d) For A = 10 we obtain:

C; =10.0128057685, C, = —0.0012160379, C3 = —0.0001158973

and the solutions becomes:

uy () = 9.51883831227 cos wt + 0.475390212 cos 3wt + 0.015796936 cos 5wt
+0.0014483729 cos 7wt — 3.02 - 1077 cos Yot — 1.34 - 10~ cos 11wt
+1.36- 1072 cos 13wzt + 4.16 - 10~ cos 15wt
o = 0.99109273
(8.105)

In Fig. 8.8 the present solution is compared with the numerical integration
results.

Fig. 8.7 The behavior of the
present solution (8.104) and
the numerical integration
results of Eq. 8.90 for A = 5:
numerical solution;
approximate

solution
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Fig. 8.8 The behavior of the uy(t)
present solution (8.104) and 10
the numerical integration

results of Eq. 8.90 for

A =10: numerical 5
solution;

approximate solution

Table 8.2 Comparison of

»

approximate frequencies with Dex Dex

the exact frequencies 0.1 0.08439 1.00214124
1 0.63678 1.00341721
5 0.96698 1.00911236
10 0.99092 1.00017432
50 0.99961 1.00013105
100 0.99990 1.00003500

For the Duffing-harmonic oscillator, the exact angular frequency is

1

Wex(A) = Acost [Azcoszr + In(1 — A%cos’t(1 + Az)_l} Cdr (8.106)

NSNS
= LG

Table 8.2 shows the ratios of the approximate angular frequencies obtained
through the proposed procedure to the exact angular frequency wex in Eq. 8.106.

The obtained analytical expression for the angular frequency yields very good
approximations for both small and large values of amplitude A. Graphical compar-
ison of the approximate and numerical solutions show that the proposed method
provides excellent approximations to periodic solutions for both small and large
amplitude.

8.4 Oscillations of a Uniform Cantilever Beam Carrying an
Intermediate Lumped Mass and Rotary Inertia

Consider the nonlinear oscillator (see Sect. 6.7)

i+ u + o + owii® + fu’ =0 (8.107)
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subject to the initial conditions
u(0)=A4, u(0)=0 (8.108)
We rewrite Eq. 8.107 as
i+ Q%u+ (1 — Q)+ o(wi® + u?it) + pu® =0 (8.109)

with the initial conditions (8.108), where Q is the frequency of the system. As an
initial guess for uy(f) we choose

up(t) = Cy cos Qt + C, cos 3Qt + C3 cos 5Q¢ (8.110)

where Cy, C, and C5 are unknown constants which partially can be determined from
Eq. 8.108:

Ci+Cr+C3=A (8.111)
In Eq. 8.109 it can be written
Nu = f(t,u,u,ii) = (1 — Q) + o(ui® + u?ii) + pu’ (8.112)
From Eq. 8.8 for n = 0 it is obtained

uy (1) = uo(?) —&—é Jsin Q(r — 0)f (z,up(z), o (z),u"o(7))dr (8.113)
0

where f (7, uo(7), uy (), ug(t))is obtained substituting Eq. 8.110 into Eq. 8.112 and
therefore
1
f(tup(v),udo(z),u"o(r)) = [(1 — Q*)C; + Zagz(—ch —20C,C3—
— 6C2Cy — 52C1C3 — 36C,C2C5 — 22C5C3)
1
+3 B(3C3 4 3C3C, + 6C,C5 + 6C,C3 +3C5C5
1
+6C1C,C3)] cos Qr + [(1 — Q*)C, — EocQz(cf +9C3C;
+22C1C,C5 + 8CTCy + 9C5 + 34C,C5)+
1
+3 B(C3 +3C3 + 6C3C, + 3C3C5 + 6CC3
+ 6C,C5C3)] cos 3Q1 + [(1 — Q*)C3
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1
- Eocgzz(l 1C1C5+9C3C, +26C3C5 +34C3C;3+50C3)

3
+5 B(C3+C3Cy+C1C3 +2C3C3 +2C3C3)) cos 5Qu+

1
+ [—5a92(17C1C% +19C3C5 +42C,C2C5 +27C5C3)

3
+Zﬁ(clc§ +CiC3 4 C,C5 +2CC2C3)] cos Tt

1
+ [75a92(33c1c§ +58CC2C3+9C3)

1
+Zﬂ(c§ +3CC3 +6C,C,C3)]cos9Q1

1 3
+ [—5a92(43clcg +41C3C3) +Zﬁ(clc§ +C3C5)]x

57 3
x cos 11Q¢ + [—7a92C2C§ +1ﬁC2C§] cos 13Qx

25

1
+ [—70592@ +Zﬁcg] cos 15Q¢

(8.114)

Avoiding the presence of secular terms in the right-hand side of Eq. 8.113, we
obtain from Eq. 8.114 the frequency of the system

o A+ 3B(C3 + C3C, +2C1C5 +2CC3 + C3C5 + 2C1C2C5)
~4C, +2a(C3 + 10C;C3 + 3C3C5 + 26C1C3 + 18C1C2C3 + 11C5C3)
(8.115)

Substituting Eq. 8.114 into Eq. 8.113 we obtain

a b c d e f
802 2407 4807 800 120Q% 1680
a b
) cos Qr + (Cz + 892) cos 3Q¢ + <C3 + 2492) cos 5Qt+

u(t) = (C1 —

|
2240°
¢ 70+~ cos 00 + ¢ 110
+@cos t—|—mcos t—|—@cos t+

cos 15Q¢

f g
+ cos 13Qr +
1680Q? 2240?

(8.116)
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where
2 1 2 3 2 2 3
a= (1 —-Q )Cz —EOCQ (Cl + 9C1C3 +22C1C,C3 + 8C1C2 + 9C2+

1
+34C,C3) + 3 B(C; +3C3 + 6C3C, + 3C1C5 + 6C,C5 + 6C,C2C3)

1
b= (1-0Q"C; — EocQz(l 1C1C3 + 9C7Cy + 26C7C5 + 34C5C5+

3
+50C3) + 2 B(C3 + CiCy + C1C3 +2C7C5 + 2C5C3)

aQ*(17C1C3 + 19C1C + 42C,C-C + 27C,C3) +

C = —

(8.117)

5L —

+ = B(C\C3 + C3C3 + C,C5 + 2C,C,C3)

1 1
d=— 5@92(33C1C§ +58C1C2C5 +9C3) + 3 B(C3 + 3C1C5 + 6C1C2C5)

1 3
e = — a2 (43CC5 +41G5C3) + L B(C1C5 + C3C3)

57 3
f=- 7a92c2c§ +7 BC>C3

25 1
g= —7a92C§ + ZﬁC%
with Q given by Eq. 8.115.
Substituting Eq. 8.116 into Eq. 8.107, it results the residual
R(t) = ity + uy + oa(udity + uyiid) + pus (8.118)

The residual functional is given by

T
J:JRz(t)dt, T=% (8.119)
0

The parameters Cy, C, and C3 are derived from Eq. 8.111 and from the condition
that the residual functional J be minimum (conditioned minimum):

oJ aJ aJ oJ

- == = 8.120
8C1 E)Cz’ 6C2 8C3 ( )

In this way, the solution (8.116) in the first approximation is well-determined.
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We illustrate the accuracy of our procedure comparing the approximate
solutions previously obtained with the numerical integration results obtained
using a fourth-order Runge—Kutta method.

(a) When oo = 0.5, f = 0.5, A = 2, it is obtained
C, = 21542, C, = —0.115724, C; = —0.038479

uy (1) = 2.113788817 cos 1.14348¢ — 0.1710453 cos 3.430441+
+0.0471591 cos 5.71741 + 0.012261 cos 8.00436—
—0.00194563 cos 10.29132¢ — 0.000235328 cos 12.57828¢4-
-+ 0.0000142413 cos 14.86524¢

(8.121)

(b) Whena =1, =1,A = 1, it is obtained
C, = 0.99041, C, = —0.00652485, C; = —0.016108

u (1) = 0.994931286 cos 1.09036¢ — 0.01076994 cos 3.27108¢ +
+ 0.01583921 cos 5.45181¢ — 0.000050524 cos 7.63252¢t —  (8.122)
— 0.000000185 cos 9.81324¢

It is easy to verify the accuracy of the obtained results if we graphically compare
these analytical solutions with the numerical ones. Figures 8.9 and 8.10 show the

uq(t)
2

Fig. 8.9 Comparison

between the results obtained

for Eq. 8.107 in case

(@,0=f=05A="2: 1
numerical 1

integration results; _ _ _ _ _ _

approximate results given

by Eq. 8.121 -2

Fig. 8.10 Comparison
between the results obtained
for Eq. 8.107 in case t
b),a=p=1A=1: 1 2 3 4 5

numerical integration

results; _
approximate results given
by Eq. 8.122 -1
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comparison between the present solutions and the numerical integration results
obtained using a fourth-order Runge—Kutta method.

From Figs. 8.9 and 8.10 one can see that the errors between the approximate
solutions and numerical integration results are very good.

8.5 Thin Film Flow of a Fourth-Grade Fluid Down
a Vertical Cylinder

Consider the nonlinear differential equation (see Sects. 6.3 and 7.5)
dr\’ I\ &f
3 —1 =0 8.123
(d77> " n(dn dn? ®129

f(1)=0, f(d)=0, d>1 (8.124)

d2f df
- kn + 2b
d 5 +dn+ +

with the initial conditions

The correction functional for Eq. 8.123 can be written down as follows:

(&) + () il

(8.125)

n

d*f d
Jar1(n) =fn(n)+J2(s,n){sd—€+df+k +2b
0

But Eq. 8.123 has variable coefficients and thus with notations

Fls,mfof of") = Ao {sf"(s) +£(s) + ks + 2b [ (5) + 3 (5)f"(s)] |

(8.126)
the variation of the functional
U]
= JF(& n.fof " )ds
0
symbolized by dvbecomes [165]:
T d
ov =20 JF(S, nfof " )ds = (Ff’ - d—Ff">5f|6’+
s
0 (8.127)

U)
i d &
+Fpdf [y | ( Fr— o Fp o5 Fpr ) ofds
0
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Making the above functional stationary, noticing that 3f = 0, yield the following
stationary conditions:

d
5f;1 : Ff(s7’r]7fn7f;;af;;/) - %F]N(S’ 777fl’l7fn,7f;;,)
d2
+ EF}’”(S;”?fmf;;af:) =0

5f/n : Ff"(s7 n,fmfln’f;;/)“)]: 0
7

d
5fn 1+ <Ffr —aFf/) =0 (8.128)
0

The Lagrange multiplier therefore can be readily identified from Eq. 8.128. For
Egs. 8.123 and 8.124 the correction functional becomes

n

Fonr(n) =Fuln) + jm, SIS +£105) + ks

0
+2b[f3(s) + 3sf"2(s)f2 ()] }ds (8.129)

The stationary conditions (8.128) in the case of Eq. 8.123 are

0i(s,n)  9%A(s,n)
Os s 0s?

=0 (8.130)

[1 — A(s,m) — smgs’ ")} - 0 (8.131)
}“(S777)|s:'r] =0 (8.132)
As a result, we obtain the following iteration formula [166]
7
_ n 11 /
Fra) =l + [ (1= D) F(0) +7406) +
§ (8.133)

d
+ks+2b [f’,f(s) + 3sf’n2(s)f”n (s)} }ds

Integrating part by part, from Eq. 8.133 we obtain the following two identities

n n

J (1 - g) 7" () + £ (s)]ds = —n Ef’n(s)ds (8.134)
d d
[(=D 03200l = [ ir2os ©139
d d
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From Eqgs. 8.134, 8.135 and 8.133 we obtain
7

Fual) =l =[S [ + 268, 0] = Ska=n?  ®136)

d
By differentiating into Eq. 8.136, we obtain the following iteration formula

n

/ / 1 U /
P ) = k(d =) = 28 30) = [ {12 + 26,9 s (8.137)
d
For n = 0 into Eq. 8.137 we have
n 1
7o) = K =) = 2863 — [{ o) + 2609 (5.138)

d

where f(;(n)is the initial approximation which must satisfy the boundary conditions
(8.124):

fo(1) =0,f(d) =0 (8.139)

The initial approximation f(;(n) is chosen such as it depends on several unknown
constants. For example, if we take into account only the linear part of Eq. 8.123, we
can write

nf" +f +kn=0, f(d)=0 (8.140)

Therefore, we obtain from Eq. 8.140

ok (d?
Jfo= 7 (n - n) (8.141)

The initial approximation f(; which appears in the right side of Eq. 8.138 is chosen
in the form

, & 2N\ RS
Jo(n) = Ci (ﬂ) +Cz<n> +C3<77) (8.142)
n n n
Alternatively, this initial approximation can be chosen in the form:

, &> d? } e 5 P 7
fo(n)=C, <—77> +C2<—77> +C3(—n) +C4<—n> (8.142))
n n n n

or

, d2 d2 2 d2 4
fo(n) = Ci (n) +C2<n> + C3 (n> (8.142,)
n n 7
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and so on. At this moment, the constants C;, C, and C3 which appear in Eq. 8.142
are unknown.
Having in view Eq. 8.138, from Eq. 8.142 we obtain:

/ , 42 &2 2 pe 3
fols) +2bf03(s) =C (T—S> -‘rCz(T—S) (C3+2bC?)<T—S) +
Y & 2\
+6bCiCs <? - s) +2b(C,C3 + C3C3) (— — s) +2bC3 (? - s) +
42 7 2 8 42 9
+6b(C,CE + C2C) ( - s) + 6bC,C3 <s - s> +2bC3 <s _ s>
(8.143)

and therefore

n

1 J / 2
J;[fo(S) +2bf¢ (s)lds = C (Zd —n— d—) + G [d*(1 +21Ind) — 2d°n—
: U
d

2 4 6 4 3 2
” d s d 3d iy 16d
| (G4 2bC) [ =+ —+3dP -~ — ——
2 2n2}+(3+ 1)( 3*+77+ 3 3 )"
8
+ b2y (2 +£+6d4ln 2d4° 2+ —6d* | +2b(C,C3+
12 4 ) U n 4 165
d"° 5d8 10d6 5d2 P 256d°
CC) | — ==+ ———10d*n+ =1’ ——
+‘3)<55+3n3 n Tt st s )t
+2bC3 [ — a®  3d° 158 20 In +3 S g 3ty
6f 2t 2P K e

d14 d12 7d10 35d8
—+

4
n 6 2 2
+—6 + 20d ) Jer(ClC3 +C2C3)< n - 775 7 ”

7175447 dare
1 35d% — 21d*P + TdPr — "7 - ) + 6bC2C2< T

N 4d"* 144" N 28410
3t 3pt U

4
+ 70d® Inn) — 2847 + Td*n* — §d2n6+

8 18 16 14 12
A ¢ S d® 9d'° 364 284
~ ——d® —70d* Ind ) + 2bC3 -
g3 n)+ (94+ Ty T
1264"° 36 o 64536d°
- — 126d%n + 284°%)° — —d*n’ + 2d2n7 e (8.144)
n 5 7 9 315
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Substituting Eq. 8.144 into Eq. 8.138 we obtain

2 4 2

d d
fi(n) :Clﬁ'i'(cl k)n+(k2C1)d+C2[2 2+Z +2dInn—

&\ 2\
—d*(1+21nd)] - 2bC; (— - 77) + 6bC3C, (— - n) -
n U

&Y 2 \°
—2b(CiC5 + C3C3) <; - n) —2bC3 <F - 77) — 6b(C1C3+

& ! & 3d 1642
(L on) e aapen (L3 gy 16N
n 3P n 3 3

2 d® 2d° 4 2,2 4 2
+ 6bCiC, _77__6d Inn+2d-n +6d +2b(C1C5+

256d°
15

+——+10d*n

10 8 6 2
e )<d_5 5d° 10d Em
5n 377 n 3

r_
5

d? 34" 154% 15
611 c— g vy +7+20d6ln77—7d4772+

+2bC3( %dzn“—

4 14 12 10 8
n s s o fdY 74" 74" 35d

— L —20d°) +2b —_—
6 0. >+ (CiC3+C C3)(7 ey + e "

7 1754d
—35d% + 21d*n® — 1d*° + 777 +—35 > +... (8.145)

The residual functional J given by Eq. 8.85 is

d
= [{nrr 776+ k-4 280 e 3ns 2" () @.146)
1

The constants C;, C, and C5 are determined from Eq. 8.86 and thus from the
conditions (m = 0, n = 3):

ol a1 ol

e .14
0C;  0C, 0Cs (8.147)

The explicit analytic expression given by Eq. 8.145 contains the parameters C},
C, and C3 which give the convergence region and rate of approximation for the
OVIM. In order to prove the efficiency of the OVIM we consider different cases for
some values of the parameters k,  and d [166].

(@) Thecasek=1,=1
Form the system (8.147) we obtain

C1 =0.5,C, =0.00001127,C3 = 0.74789281
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Table 8.3 Comparison between the present solution (8.145) and the exact solution fork = f§ = 1,
d=1.02

n f'given by Eq. 8.145 fexact

1 0.020183555 0.020183555
1.005 0.015105047 0.015105047
1.007 0.013079437 0.013079437
1.01 0.010047475 0.010047475
1.0105 0.009542918 0.009542918
1.0108 0.009240289 0.009240289

Table 8.4 Comparison between the present solution (8.145) and the exact solution fork = f = 1,
d=1.04

n f'given by (8.145) f'exact

1 0.040665504 0.040665504
1.008 0.032439661 0.032439661
1.016 0.024254926 0.024254926
1.023 0.017131195 0.017131195
1.03 0.010046515 0.010046515
1.038 0.00200191 0.00200191
Fig. 8.11 Comparison fon

between the present solution 0.0002

(8.145) of Eq. 8.123 and the

numerical solution for k = 1, 0.00015

p=1,d=102,

numerical integration results; 0.0001

______ approximate

results 0.00005

T
1005 101 1015 102"

In Tables 8.3 and 8.4 are presented some comparisons between the present
solution obtained from formula (8.145) and the exact solution of Eq. 8.123 for
d = 1.02 and d = 1.04 respectively. It can be seen that the solution obtained by the
present method is identical with that given by the exact solution, demonstrating a
very good accuracy.

Figures 8.11 and 8.12 present a comparison between the present solution given
by Eq. 8.145 and the exact solution of Eq. 8.123 for d = 1.02 and d = 1.04,
respectively.

(b) Thecasek =1, = 1.5

In this case we obtain

C, =0.5,C, =0.000012321,C3 = 0.74791023
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Fig. 8.12 Comparison f(m)
between the present solution 0.0008
(8.145) of Eq. 8.123 and the

numerical solution fork = 1,

B=1,d=104, 0.0006
numerical integration results;
______ approximate 0.0004
results

0.0002

101 102 103 104"

Table 8.5 Comparison between the present solution (8.145) and the exact solution for k = 1,
p=15d=1.02

n f'given by Eq. 8.145 flexact

1 0.020175363 0.020175363
1.005 0.015101608 0.015101607
1.007 0.013077203 0.013077203
1.01 0.010046462 0.010046462
1.0105 0.009542049 0.009542049
1.0108 0.009239501 0.009239501

Table 8.6 Comparison between the present solution (8.145) and the exact solution for k = 1,
p=15d=1.04

n f'given by Eq. 8.145 fexact

1 0.040599239 0.040599241
1.008 0.032405844 0.032405844
1.016 0.024240732 0.024240731
1.023 0.017126181 0.017126181
1.03 0.010045502 0.010045502
1.038 0.002001902 0.002001901

In Tables 8.5 and 8.6 are presented some comparisons between the present
solution (8.145) and the exact solution for d = 1.02 and d = 1.04, respectively.

It is easy to verify the accuracy of the obtained solutions if we graphically
compare these analytical solutions with the exact ones (Figs. 8.13 and 8.14).

The results obtained through the proposed method reveal very good agreement
with the exact solution. It is to observe that we need only one iteration to obtain a
remarkable good accuracy.

8.6 Dynamic Analysis of a Rotating Electric Machine

Rotating electric machines are elastic systems exhibiting nonlinear vibrations in
their working regime. From the engineering point of view it is important to
accurately predict the behaviour of such a system. This prediction is the key to
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Fig. 8.13 Comparison fin)
between the present solution 0.0002
(8.145) of the Eq. 8.123 and
the numerical solution for
k=1,=15,d=1.02, 0:00015
numerical
0.0001

integration results;
approximate results

0.00005
n
1.005 1.01 1.015 1.02
Fig. 8.14 Comparison fap
between the present solution 0.0008
(8.145) of the Eq. 8.123 and
the numerical solution for 0.0006
k=1,f=15d=1.04,
: : numerical 0.0004
integration results; _ _ _ _ _ _
approximate results
0.0002
7

1.01 1.02 1.03 1.04

the design of high-performance electric machines with higher speeds or longer
periods between downtimes. The main causes that determine the occurrences of
undesirable vibration in these dynamic systems are the nonlinear bearings, which
support the rotating machine, the unbalanced forces, the mechanical looseness or
misalignments. All these factors can affect the integrity of the system, therefore
being highly detrimental [167].

In this section, a rotating electrical machine supported by nonlinear bearings is
investigated. The main sources of undesirable nonlinear vibration for this dynamic
system are the nonlinear bearings, which support the rotating machine, the unbal-
anced forces and misalignments. All these factors can affect the integrity of the
system, being therefore highly detrimental. The rotating machine under study is
modelled as a 2-DOF system, assuming that the rotor mass is lumped at the
midpoint, the rotor speed is constant, the axial and torsional vibrations and the
mass of the shaft are negligible, as well as the damping. In these simplifying
hypotheses, the equations of motion describing the dynamic behaviour of the
system are:

(8.148)
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where X is the horizontal and y, the vertical displacement and sy, s, ¢, o and f are
known parameters.
Using the notations

1 1 o f
1=atoa B=3 Bi=3 ( )
we can rewrite Eq. 8.148 as a system of differential equations
¥+ Q%% + (Bl — Q)x; +Box> =0
1 11 ( 1 1) 1 241 (8150)

1+ Qv+ (B1 — )y + Boy; +B3 =0

where Q; and Q, are the frequencies of x; and y; respectively. The following
variational formulas can be obtained

t
1 .
X1(t) = x10(2) + Q_ Jstl(s —0)f1(x10)ds

(8.151)
1
Yia(t) = yio(t Jstz s —0fa(y10)ds
2 0
where
fi(xi0) = (B1 — Q})x10 + Baxl, (8.152)
f2(y10) = (Br — Q3)yw0 + Bayy + Bs
We start with the initial approximations
x10(t) = Crcos Qt + Cr cos 3Q1t + C3 cos 5Ot
10(1) 1 1 2 1 3 1 (8.153)

y10(t) = Ca cos Qo + Cs cos Qa1 + Cg cos 5t

where C, C,,...,Cq are unknown constants at this moment.
Substituting Eq. 8.153 into Eq. 8.152 we obtain the following results:

3
filxi0) = [C1(B; — Q) + ZBz(cf + C3Cy +2C,C3 4 2C,C3+

+ C3C3 + 2C1C2C3)] cos Qi + M3 cos 3Qu1 + Ms cos 5Qu+ (3.154)
+ M7 cos 7Qit + Mg cos 9Qt + My cos 11Q; ¢+
+ M3 cos 13Qqt + M5 cos 15Q,¢

, 3
H00) = [Ca(Br — Q3) + ZBz(cj + C2Cs + 2C4CE 4+ 2C4C2+

+ C§C6 + 2C4C5C6)} cos Qrt + N3 cos 3t + N5 cos 5Qy 1+ (8.153)
+ N7 cos 7t + Ny cos 9Qt + Nyj cos 11Q,1+
+ Ni3c08 13Qy¢t + Ny5cos 15Q,¢ + B3
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where

1
My = (B, — Q)Cy + ZBz(cf +3C3 + 6C1Cy + 3C3C5 + 6C1C3 + 6C1C2Cs)
3
Ms = (B; — Q})C; + ZBz(cg +C3Cy + C1CE +2C3C5 4 2C2C5)
3
M, = ZBz(C1C§ + CiC; + C2C5 + 2C1C2C5)

3
My = ZBQ(C1C§ +C3 +2C1C12C)

3 3 1
M = ZBz(C1C§ +C5C3), Mz = 132C2C§7 Ms = ZBzcg

1
N3 = (B; — Q3)Cs + ZLBz(ci +3C% + 6C5Cs + 3C5Cs + 6C5Cs + 6C4CsCy)

3
Ns = (B; — Q3)C¢ + ZBZ(Cg + C2Cs + C4C2 + 2C3Cs + 2C2C5)

3
N; = ZBz(c4c§ + C3Cs + C5C2 + 2C4C5Cs)

3 3
Ny = ZBQ(C;;C% + C2 4+ 2C4C5Cs), Nyj = ZBZ(C4C§ + C3Cs)

3 1
N3 = ZBZC5C§, Nis = ZBzcg (8.156)

Avoiding the presence of secular terms in the right-hand side of Eq. 8.151, we
obtain the frequencies

3B,

e (C3 4 C1Cy +2CC5 + 2C1C5 4 2C5C5 +2C1C2C3)  (8.157)
1

Q=B+

3B
Q=B+ ﬁ (C3 4+ C3Cs +2C4C2 + 2C4CE 4-2C3C6 +2C4C5C6) - (8.158)
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Finally, the first iteration (n = 1 into Eq. 8.151) results in

M
x11(t) = Crcos Qit + Cp cos 3Qt + C3 cos 5Q1 + 8—932(005 3Qt—
1

2

Ms M5
—cos Q1) + —— (cos 5Q;t — cos Qt) + —— (cos 7Qt — cos Q1)+
1) 2491( ‘ 1) 48(2%( ! 1)

M M
+ 92(cos991tfcos£21t) + llz(cosllgltfcosQlt)Jr
8002 120Q3

M M
+ 132(cosl391t—cos§21t)—|— lsz(cos 1594t — cos Qy¢)
16802 22407
(8.159)
N3
y1.1(t) = C4cos Qat 4+ Cs cos 3t + Cg cos 5Qp1 + Py (cos 3Q,t—
2
— cos Qy1) —l—&(cosSQ t — cos Qi) +£(cos79 t — cos Qpt)+
T ? 24802 ? ?

No Ny
+ ——(c0s9Q,t — cos Q1) + cos 11Qt — cos Qrt)+
5002 ¢ ? 20+ o g 2/)

2
2 QZ

N N
D (cos 13Q,1 — cos Q) + —— 5

+
168Q3 22403

(cos 150t — cos Q)+

B;
+—(cosQyt — 1
Q%( 2 )
(8.160)

Applying  x11(0) =Ay,%1,1(0) =0,y11(0) =A,y1:(0) =0 as initial
conditions on the approximate solutions (8.159) and respectively (8.160), we obtain
the following system of algebraic equations:

x11(0) =C1 +Ca+C3=A1; y11(0) =Cs+Cs +Co = Az (8.161)

From stationary conditions and Eq. 8.161 we can obtain the following system of
equations with the unknown Cy, Cs,. . .,Cg
C3=A-C—Cy, Ce=A—C4—0Cs
aJ oJ o) oJ

oy Y9 8.162
aC, aC, ' dCs OCs (8:162)

where T,
2
J(Cl,CZ, ...,Cﬁ) = J [x//l,l —|—Q%x1‘1 +f1 (xl,l)] ds+
0 (8.163)

T,

2
"’J "1 + Dy +Hyi)] ds
0
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In this way, the approximate solutions (8.159) and (8.160) are well-determined.
In order to assess the advantages and the accuracy of OVIM for solving this
nonlinear problem, some numerical applications were performed for a certain
working regime characterized by s; = 0.756829, s = 2.07797, o = 6.96429,
¢ = 0.5, f = 0.013734. In these conditions, we obtained for the constants C...Cg
the values:

C; = 0.299582; C, = 0.000188573; C3 = 0.00022966; C4 = 0.40038;
Cs = 0.000585701; C¢ = —0.000965953

which must be replaced in Egs. 8.159 and 8.160 to obtain the analytic solutions

x; = 0.299582 cos[1.35982 t] + 0.000188573cos[4.07946 t]+
+ 0.000646829 ( - cos[1.35982 t] + cos[4.07946 t])+
+ 0.00022966 cos[6.79911 t] (8.164)

y; = 0.40038 cos[1.3872 t] 4+ 0.000585701 cos[4.16159 t]+
4 0.00147327 (cos[4.16159 t] — cos[1.3872 t]) -
— 0.000965953 c0s[6.93599 t] - 0.000165287616 (8.165)

In order to assess the validity and accuracy of the obtained results, a comparison
between the approximate results and the results obtained through a fourth-order
Runge—Kutta method was developed. Figures 8.15 and 8.16 show this comparison,
where one can observe that analytical and numerical results are nearly identical.

8.7 Oscillators with Fractional-Power Nonlinearities

Among nonlinear oscillators, an interesting category is represented by the
oscillators with fractional-power nonlinearities which were studied using different
procedures [168].

X1(1)

0.3

0.2

0.1
Fig. 8.15 Displacement x,(t) 1 2 3 2 t
given by Eq. 8.164: _ _ _ _ -0.1
approximate results;

. . . -0.2

numerical integration results
for Eq. 8.150 -0.3
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Fig. 8.16 Displacement y,(t) ya(t
given by Eq. 8.165: _ _ _ _ 0.4
approximate results;
numerical integration results 0.2
for Eq. 8.150
t
1 2 3 4
-0.2
-0.4

The purpose of this section is to construct accurate approximations to periodic
solutions and frequencies of nonlinear oscillators with fractional-power restoring
force by using the OVIM. In order to develop an application of the proposed
method, we consider the nonlinear oscillator with fractional-power restoring force:

i + u + Pulu"" = fcosQr =0 (8.166)

where wy, a, f, Q are constants and » > 0O rational.
Initial conditions are given by

u(0) =a, (0)=0 (8.167)

There exists no small parameter in the equation and therefore the traditional
perturbation methods cannot be applied directly.
It can be shown that

n—1

ulul""" = |u|"signu (8.168)
so that Eq. 8.166 can be rewritten as
i + o*u + (0} — 0?)u + o |u|"signu — f cos Qt = 0 (8.169)

where o is the frequency of the system.
The Eq. 8.169 describes a system oscillating with the unknown frequency w and
2t — oyt Under the transformation

the period T, we switch to a scalar timet = <
T = wt (8.170)

we can rewrite Eq. 8.169 in the form

u'(t) + u(t) + h(t,u(r)) =0 (8.171)
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where prime denotes differentiation with respect to T and

2 Q
h(t,u(t)) = (Z))g — 1>u +— |u|"signu — é cos 1 (8.172)

As an initial approximation for uy(7)we choose:

up(1) = C1cost+ Cycos 3t + Czcos 5t + Cycos 7Tt (8.173)

where C, C,, C3 and C,4 are unknown constants which partially can be determined
from Eq. 8.167:

Ci+Cr+C3+Cy=a (8.174)
It is known that if g is an analytic function, then

p2

21

p

g(y+p)=g(y)+ﬁg’(y)+ O+, K=1-2-3-..-k (8.175)

for any real y and p, where prime denotes differentiation with respect to y.
In our case:

g(u) = |ul"signu, g'(u) = nju|"",

(8.176)
y=Cijcost, p=Cyco831+ C3cos51+ C4cosTt
From Eq. 8.8 for n = 0 it is obtained:
T
ui(t) = up(t) + Jsin(s — 1)h(s,up(s))ds (8.177)
0

where h(s, uo(s)) is obtained substituting Eq. 8.173 into Eq. 8.172. On the other
hand, using only the first two terms into Eq. 8.175, we can approximate g in the
form:

g(uo(s)) = g(Cy coss) + (Cacos3s + C3 cos 55 + C4cos 7s)g'(Cy coss) (8.178)
For g(Cy cos s), we obtain the following Fourier series expansions:

g(Cycoss) = C(ay, cos s + az, cos 3s + as, cos 5s + a7, cos Ts + ...)  (8.179)

where

N

Wjiin = J coss)"cos(2j+ 1)sds, j=0,1,2,..neR (8.180)
0
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The last term in Eq. 8.178 can be written in the form

(Cyco83s + C3cos5s 4+ Cycos 7s)g'(Cy cos s) =
= nC7'(Cy coss)"[Cy(2cos2s — 1)+
+ C3(2cosds —2cos2s + 1) + C4(2cos6s — 2cos4ds + 2 cos2s — 1)]
(8.181)

From Eqgs. 8.179 and 8.181 we obtain

(C2co83s + C3 0855 + Cycos 7s)g'(Cy cos s) =
= nC" Y (az,Ca + as,C3 + az,C4) cos s+
+ [a1,Ca + a3,(C3 — C3) + as,(C2 — C3 + C4) + a7,(C3 — C4)] cos 3s+
+ [a1nC5 + a3, (C2 — C3 + C4) + as,(C3 — C2 — C4) + a7,(Ca—
— C3 4 C4)]cos 55 + [a1,Cs + a3,(C3 — C4) + as5,(C2 — C3 + Cq)+
+ a7,(C3 — Cy — Cy)] cosTs + [a3,Cq + as,(C3 — Cq)+
+ a7,(Cy — C3 + C4)] cos9s + [a5,Cq + a7,(C3 — C4)] cos 115+
+ a7,C4 cos 13s}
(8.182)

Substituting Egs. 8.182 and 8.179 into Eq. 8.178 and then substituting Eq. 8.178
in Eq. 8.172, we obtain

2
o, o
h(s,uo(s)) = {(O — 1)C1 —&-&(al,,C'f +na3,,C'1'71C2+ (8.183)

+nas,C'Cs + naz,C""'C4)] coss + H.O.T.

Avoiding the presence of secular terms in the right-hand side of Eq. 8.177, we
obtain from Eq. 8.183 the frequency w as

w* = 0} + 0> C*(a1,Cy + naz,Cy + nas,Cs + naz,Cy) (8.184)

With this requirement, Eq. 8.183 becomes

h(s,uo(s)) = Acos3s+ Bcos5s + Ccos7s + D cos 9s+

(8.185)

Q
—&—Ecoslls—&—FcoslSs—L2 Ccos—s§
%) w

where:

w2 OC2Cn—l
A= (60_2 - 1>C2 + CO; [a3nCl + n(aln —az, + aSn)C2+

+ n(a3n —das, + a7n)C3 + n(a5n - a7n)C4]
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0)2 o(2cn—l
= (a)_g - 1)C3 + w; [as,C1 + n(as, — as, + az,)Ca+

+n(a1n — asy + dasp, — a7n)C3 + n(a3n — dsp + a7n)C4]

602 OCZC"71
C — (wg — 1)C4 + wé [a7.C1 + n(as, — a7,)Car+

+ n(GSn —as, + a7n)C3 + n(aln —az, + as, — a7n)C4]

2
o
D = EnC’f’l[mnCz + (615,, — a7,,)C3 + (‘1311 — dsp + a7n)C4]
O(2
E= Enc';*1 [a7.C3 + (as, — a7,)Cs), F = a7,nC""'C4 (8.186)

Substituting Eqgs. 8.185 and 8.170 into Eq. 8.177 yields:

uy (1) = Cy cos wt + C, cos 3wt + C3 cos 5wt + Cy cos Twt+

A B
+ 3 (cos 3wt — cos wr) + 2 (cos 5wt — cos wi)+

D (8.187)
+ 4—(; (cos 7ot — cos wt) + 30 (cos 9wt — cos wt)+
+ £ (cos 11wt — cos wt) + xr (cos 13wt — cos wt) + G (1)
120 168
where w is given by Eq. 8.184 and
Q

fiz[l —cos(w—Q)t], if w#Q
o(w?—Q°)

G(r)= of 1 1 (8.188)
e21e) siniswtsin(w +58w)t, ifQ=ow(l+¢), O<e<<1

At this moment the first approximation given by Eq. 8.187 depends on the
parameters Cy, C,, C3 and C,. If R(#,Cy,Cs,C5,Cy4) is the residual obtained
substituting the first approximation (8.187) into Eq. 8.166:

R(1,Cy,Cs,C3,Cy) = iy 4 wou; + o2uy|uy "' — f cos Qr (8.189)

then the constants Cy, C,, C3z and C4 can be determined from Eq. 8.174 and by
means of the collocation method:

R(t17C15C27C3;C4) :R(t23C17C23C37C4) = R(l3,C1,C2,C3,C4) =0 (8190)
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where t;, i = 1,2,3 are three arbitrary values, such that
2n .
o<ti<—, 1i=1,2,3 (8.191)
[0)

We illustrate the accuracy of the OVIM by comparing the previously obtained
approximate solutions (8.187) with the numerical integration results obtained by a

fourth-order Runge—Kutta method.
I. In the first case we consider n = %and from Eq. 8.180 it is obtained

= —0.231919053;

ay; = 1.159595266; a;
= —0.073792426

asy = 0.115959526; a; 1
(@) Fora =5, =1, w9 =0, f= 0, from Eqs. 8.174 and 8.190 we obtain

Cy; =5.083874107; C, = 0.005746695; C3 = —0.057474928;
Cs = —0.032145873

The first-order approximate solution (8.187) becomes:

uy (1) = 5.194375003 cos wt — 0.12115924 cos 3wt—

— 0.034843933 cos Swrt — 0.038371881 cos 7wt + 0.000007998 cos Yot
(8.192)

where o = 0.6269145.
(b) Fora =5, =1, wy = 1, f = 0, the following results are obtained:
C, =5.018214118;C, = 0.01968471; C3 = —0.015158401; C4 = —0.022740428

uy(t) = 5.05176786 cos wt — 0.016254795 cos 3wi—

—0.011945177 cos Swt — 0.023567886 cos 7wt + 0.000006078 cos 9wt
(8.193)

where o = 1.1817241.
(¢c) Fora=5a=1,wp=1,f= 0.1, Q2 = 1, it is obtained

Cy =5.020224969; C, = 0.018260618; C3 = 0.007441779; C4 = —0.045927367

u; (1) = 5.053982615 cos wt — 0.01779699 cos 3wt+
+ 0.010444517 cos Swt — 0.046645334 cos 7wt + 0.000020455 cos Ymt+

+0.223011649(1 — cos 0.17537309¢)
(8.194)

where w = 1.17537309.
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II. In the second case we consider n = 2. From Eq. 8.180 it is obtained:

aip = 0.848826363; a3, = 0.169765272; a5, = —0.02425218; a7, = 0.00808406

(@) Fora=5,a0=1,wy =0, f= 0, we have
Ci1 =4.929081167; C, = 0.000890717; C3 = 0.030884506; C4 = 0.039143609

ui (1) = 4.79659747 cos wt 4 0.12566055 cos 3wt+
+ 0.032727712 cos St + 0.044810445 cos Tt + 0.000203823 cos Yt
(8.195)

where w = 2.045312.
(b) Fora=5,a=1,wp = 1,f = 0, we obtain

C1 =4.952586959; C, = —0.015000551; C3 = 0.034838155; C4 = 0.027575436

uy () = 4.8543132899 cos wt + 0.085782596 cos 3w+

8.196
+0.030887963 cos 5wt + 0.028913121 cos 7wt + 0.000103034 cos 9wt ( )

where o = 2.2807431.
(c) Fora=5,a=1,wp=1,f=0.1, 2 = 1, we have

C, =4.936194326;C, = —0.025541995; C3 = 0.059682125; C4 = 0.029665543

uy (1) = 4.837168737 cos wt + 0.075535083 cos 3wt+
4 0.056053186 cos Swt 4 0.031232993 cos 7wt + 0.000091955 cos Ywr+
+0.010503799(1 — cos 1.27643211)
(8.197)

where o = 2.2764321.
III. In the third case, we considern = % From Eq. 8.187 it is obtained:

a, 5 = 0.891467659; a; s = 0.127352522;

ass = —0.025470504; a5 = 0.009796347

(@) Fora=2,00=1,wy =0, f= 0, we have:

Cy =1.971343187; C, = 0.020411906; C3 = 0.001490562; C4 = 0.006754343
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uy () = 1.958991 cos wt + 0.0334889 cos 3wt + 0.000654408 cos Swi+ (8.198)
+ 0.0068656 cos 7wt + 0.000001134 cos Ywt ’

where « = 1.1854322.
(b) Fora=2,0a=1,wp = 1,f =0, it is obtained

C; = 1.985630001; C, = 0.00505791; C3 = 0.0000205581; C4 = 0.00929309

uy (1) = 1.977958874 cos wt 4+ 0.013179562 cos 3wit—
— 0.000490736 cos 5wt + 0.009346505 cos 7wt 4 0.000008539 cos 9wt
(8.199)

where w = 1.553241.
(¢) Fora=2,a=1,wy=1,f=0.1, 2 = 1, we obtain:

C; = 1.975849538; C, = 0.037915719; C3 = 0.0.013202094;
C4 = —0.026967352

u (1) = 1.904864454 cos wt + 0.01624387 cos 3wt+
+ 0.047954663 cos Swt + 0.031098074 cos 7wt + 0.000019391 cos 9w+
+0.047282731(1 — cos 0.5404371)
(8.200)

where o = 1.540437.

Figures 8.17-8.25 show the comparison between the present solutions and the
numerical integration results obtained by a fourth-order Runge—Kutta method in the
above cases.

It is clear that the solutions obtained by OVIM are nearly identical with the
solutions given by the numerical method.

u4(t)

4

Fig. 8.17 Comparison 2

between the approximate

solution and numerical results t
obtained for Eq. 8.166 in case 2 4 6 8 10
n=1/3,a=5w0y=0, -2

f=0,0=1:

numerical solution;_ _ -4

approximate solution (8.192)
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Fig. 8.18 Comparison u4(t)
between the approximate
solution and numerical results 4
obtained for Eq. 8.166 in case
n=13,a=5wy=1, 2
f=0,a=1:
numerical solution; _ _ _ _ t
approximate solution (8.193) 1 2 3 4 5
-2
-4
Fig. 8.19 Comparison uq(t)
between the approximate o=
solution and numerical results 4
obtained for Eq. 8.166 in case
n=1/3,a=5 wy=1, 2
f=010=1,Q=1:
numerical solution; t
_ _ _ _ approximate solution 1 2 3 4 5
(8.194) _2
-4
Fig. 8.20 Comparison u4(t)

between the approximate

solution and numerical results 4

obtained for Eq. 8.166 in case

n=2a=5wy=0,f=0, 2

a=1: numerical

solution; _ _ _ _ approximate {
2.5 3

solution (8.195) 05 1 15 2

-4

8.8 A Boundary Layer Equation in Unbounded Domain

In this section we apply the OVIM to solve a boundary layer equation in unbounded
domain [169-172]:

(@) + (n— DF)F"(x) = 2n[f'(0)]* =0, n>0 (8.201)
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Fig. 8.21 Comparison
between the approximate
solution and numerical results
obtained for Eq. 8.166 in case
n=2a=5wy=1f=0,
o=1: numerical
solution; _ _ _ _ approximate
solution (8.196)

Fig. 8.22 Comparison
between the approximate
solution and numerical results
obtained for Eq. 8.166 in case
n=2,a=5wy=1,
f=01,0=1,Q=1:

numerical solution;
_ _ _ _ approximate solution
(8.197)

Fig. 8.23 Comparison
between the approximate
solution and numerical results
obtained for Eq. 8.166 in case
n=573,a=2,wy=0,
f=0,0=1:

numerical solution; _
approximate solution (8.198)

Fig. 8.24 Comparison
between the approximate
solution and numerical results
obtained for Eq. 8.166 in case
n=53,a=2,0y=1,
f=0,a=1:

numerical solution; _ _ _ _
approximate solution (8.199)
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Fig. 8.25 Comparison uq(t)
between the approximate 2 o
solution and numerical results &
obtained for Eq. 8.166 in case
n=53,a=2,0y)=1, 1
f=01,0=1,Q=1:
numerical solution; t

_ _ _ _ approximate solution 1 2 4
(8.200)

-1

-2

with boundary conditions:
f(0) =0, f/(0) =1, f'(c0) =0 (8.202)

This equation appears in boundary layers in fluid mechanics, wheref” (0)<0. An
analytic treatment combined with numerical computations will be approached to
find the numerical values of f”(0)for several values of x.

It is interesting to point out that Kuiken [169] investigated this problem for three
cases of n, namely for 0 < n < 1, n =1 and for n > 1. Kuiken gave such an
asymptotic expression

1—n
1+n

N
F) = (x—x0)" Y ChCil — x0) ) = (8.203)
=0

1

where the coefficients C; are given by recursive formulas and the coefficients Co, xo
are determined by an iterative numerical approach. Thus, rigorously speaking,
Kuiken’s solution is a semi-numerical one. Besides, the above expression is valid
only for x> > x¢ + 1. It was shown in [172] that the algebraic behaviour at the
outer edge of a boundary layer in fluid mechanics can sometimes be allowed in
regions of non-vanishing extent.

To solve this problem by OVIM, we make the transformation % =g, % = hand
thus we can rewrite Eq. 8.201 as a system of differential equations

ar

e g(x)

dg

I h(x) (8.204)
dh
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The following Variational Iteration Algorithm — II can be obtained from the
Egs. 8.204 and 8.17:

fur1(x) = fo(x) + Jgn(s)ds (8.205)
0
nr1(x) = go(x) + Jh" (s)ds (8.206)
0
Bnr1(x) = ho(x) + J [2ng.(s) + (1 — n)fu(s)hy(s)]ds (8.207)
0

From the initial conditions (8.202) it is natural to express f{x) from (8.201) by the
set of base functions

{¥"e™"™|m > 0,n > 0,2>0} (8.208)
in the form
FO) =) apaxe ™ (8.209)
m,n>0

where ay,, , and Aare unknown coefficients.
We start with the initial approximations:

folx) = Cre ™™ + Coxe ¥,
go(x) = C3e™ 2 + Cyxe 3", (8.210)
ho(x) = Cse ™ + Coxe ™

where Cy, Cs,....Cq and 4 > 0 are unknown coefficients at this moment.
Substituting Eq. 8.210 into 8.205, 8.206 and 8.207, we obtain the following
results (n = 0):

fi(x) (8.211)

Cs  Cj _J C3\ o 3AC4x + Cy _3;
= —+Cie™ Cox — — - *
9;L2+2/1+ e + < 2X 2&)6 072 e
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Cs Co ACex+Cs _y, iy Cs\ _3
_ G G5 Mex+Co x _S5) e g1
g1(x) 5t e e + Cze " 4 | Cux )¢ (8.212)

2 205, C? CiCs 2C2Cs  C,Cs
hi(x) =2n( =+ +— )+ 1- ( + + +
1) "(42 52 1) PG T T
C,C  C1Cs(n—1)(2Jx + 1
N ZA;)+C6xe“+ 1Cs(n )2( )
254 4)
| C,Ce(n — 1)(9,{2)(2 +6x +2) eIy CiCs(n—1) _n_C% o
' 27)3 4), 2
C2C5(I’l — 1) — 4C3C4n
* 52

872/\)(_’_

+ |:C5 +
(574 1)e 3 — G (36/%%% 4 12Jx + 1)e ¥
108°

(8.213)

For the second iteration, (n = 1) we obtain the following results:

Cs Cs\ . C3 Ciy Cs 205 (C
fz(x)(;+;> R —6+<;;X+Cl+

2C6\ i C3\ o Cy | Cs—Ca\ 3
—I—?)e +<C2x——v>e +(—§x+ YE )e

(8.214)

2 2050, C? CiCe  2C2Co
x) = |2n| 2+ + 4>+l—n( T +
82(%) { (4A 52 T10s2) TN T

C,Cs czc5>]x+ (n1)<clcﬁ 2C,C¢ C,Cs 2c2c5)
4, 25), 4> 21t 162r 12503

C% 8C3C4 Cézl ) CS C6 (Cﬁ Cﬁ) —Jx

—n| =4+ —=F+ + 2 S [ xS e M r
(8;? 12573 108,%) 34 ;2 yi 22

C,Ce(1 —n)

C1Cs(1 —n) } o
4+ | —x+C3 +——= 4
[ 472 ’ PP
C2C6(1 — I’l) ) ( 4C2C6(1 — l’l)) 2C2C6(1 — H) C5:| _3)x
+|———x+(Cs+ X — e+
{ 972 ! 2773 27/ 37
2nC? 1-— ., 4 1 — 2
nC3+Clc;5( I’l) o C3C47£+C22C§( }’l) (X+)€5M+
164 251 52

nCi ,  nCi nCi ) ~67x
+ X° + X+ e "
(18)? 27237 108)%

(8.215)
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Finally, the third iteration result in (n = 2):

f(x){n<C§+2C3C4 C‘2*> 1”(C1C6 2C2Cs | CiCs
? a2 52 Tr0sR) T2 a2 T s TTw

czcsﬂ 5 [Cs Cs <C1C6 20,C¢  CCs 2c2c5>
X+ |2+ S+ -1 + + + -
2572 ( ) 4> 21t 162?20 2577

3, )2
3 8C;Cy (G )} ( 3 1264 (G >
—n + +—|x+n + + +
<812 12523 10824 3223 6250% 3040
3C1Cs 4C,Cs C1Cs 30205> C; 2Cs Cs Cq4

L(1- e s B Y
( ”)< 162° 812 64l 625t ) 22 3 9.2 o)

Cs 2C6) oy [( CCo(n — 1)> 3C,Ce(n—1)
| Fx+Ci+— e +|(Cat + -
(zz TRl ? 82 ) 16/°
C3 oy CgCﬁ(l’l — 1) 2 2C2C6(I’l — 1) C4
21](3 ’ [ 72 T\ T e )
4C2C6(I’l — 1) C5 C4 —3)x C1C5(n — 1) — ZI’ZC% —4)x
T 5 o2 o2¢ 3 e
814 92~ 94 64/

C2C5(Vl — 1) —4C3Cyn ( 3) —5/x I’lCi ( 2 X 1 ) —6/x
+ X+—=)e " = X+ o+—e
12523 5 1084 32

+

(8.216)

Applying the boundary conditions (8.202) on the approximate solution (8.216),
we obtain the following algebraic system with unknowns C, C,...Cg and 4:

=0 (8.217)

—AC1+Cr+C3=1 (8.218)

C? 205C, C?
2n( 2+ +— )+
<42 2522 10843

8.219
() (ClCG 2C,C¢  C1Cs C2C5) -0 ( :
a7 "o Al T asiz)
n(C% 8C3Cy C; ) Cs Go
2 3 4) 34 2
82 125/ ' 108/ p (8.220)

CiCs  2C3Cs  CiCs  2C,C
+(1_n)<16 2L6 1-5 25)

4> 272 162* 12503

From Egs. 8.217, 8.218, 8.219 and 8.220 we can obtain C,, C5 and Cg as
functions of 4, Cz and Cj.
From the residual functional:

!

J= J [Jg (s) + (n— DA (s)fs (s) — 2nf’32(s)]2ds (8.221)
0
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Table 8.7 The coefficients Cy, C,, ... Cg and A given by OVIM for several values of n
n C, G C; Cy Cs Ceg A
1/3 0 0.924589 0.0754107 0.0027517 —0.003321 —5.53e-15 0.145537

0 1.0217901520 —0.021790 0.1 0 0 0.6473200694
10 0 1.007896023 —0.007896  0.0999958 0.0000852 —0.000383 1.0286048

0 0.9258295575  0.0741704 0.0662164 0.0126234 —0.225463 3.35582155
1,000 0 0.9862411165  0.0137588 0.0873533 0.0014285 —0.084459 10.256605438
5,000 0 0.9956307348  0.0043692 0.0949307 0.0003390 —0.043459 26.101014908

Table 8.8 Comparison of the results obtained for f”(0)through our procedure with results
obtained using different methods, for several values of n

n HPM [170] Padé [171] Homotopy-Padé HAM OVIM

[172] [172] (present results)
1/3 - —0.5614491934 —0.56144919 —0.56145 —0.56078
4 —2.5568 —2.483954 - - —2.5174906
10 —4.0476 —4.026385 - - —4.030582
100 —12.8501 —12.84334 - - —12.846640
1,000 —40.6556 —40.65538 - - —40.655400
5,000 —90.9127 —104.8420 - - —104.08070

we can obtain the following three equations:

al  oJ oJ
8/178C3_8C4_0 (8.222)

In this way, approximate solution (8.216) is obtained with the parameters Cj,
C,, ... Cg and A given by the system of Egs. 8.217, 8.218, 8.219, 8.220 and 8.222.

In order to assess the advantages and accuracy of OVIM for solving nonlinear
problems, some numerical applications were performed for several distinct values
of n, as shown in Table 8.7.

In Table 8.8 we compare the results obtained for f”(0)through the proposed
procedure with the results available in the literature, obtained by Homotopy Pertur-
bation Method (HPM) [170], Padé approximants [171], Homotopy-Padé approach
[172] and Homotopy Analysis Method (HAM) [172].

Different from other classical perturbation techniques, the proposed procedure is
independent upon small parameters and provides us with a convenient way to
control and adjust the convergence region, when necessary. OVIM can be
employed to efficiently approximate a nonlinear problem by choosing different
sets of base functions.






Chapter 9
Optimal Parametric Iteration Method

9.1 Short Considerations

The most common and most widely studied methods for determining analytical
approximate solutions of a nonlinear dynamical system are iteration methods.
These methods, in principle, do not require the presence of a parameter ¢ which
should be small. Several researchers have studied different nonlinear problems by
means of iteration procedures [173—179].

Firstly, consider a nonlinear conservative oscillator described as

ii+f(u) =0 u(0)=A, (0)=0 ©.1)

where f{(u) is an odd function and its derivative near u = 0 is positive. Equation 9.1
can be written as

i+ o’u = o’u — f(u) == g(u) 9.2)

where o is a priori unknown frequency of the periodic solution u(¢) being sought.
The original Mickens procedure is given as [173]

iy + 0wy = glw, ), k=1,2,... 9.3)
where the input of starting function is
uo(t) = Acos wt 9.4

This iteration scheme was used to solve many nonlinear oscillating equations
[173-178]. Lim et al. [175] proposed a modified iteration scheme

fig1 + Uy = glo,m—) + gu(w, up—1) (e — we—y), k=0,1,2,...  (9.5)

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering, 313
DOI 10.1007/978-3-642-22735-6_9, © Springer-Verlag Berlin Heidelberg 2011
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with the inputs of starting functions as
u_1(t) = up(t) = Acos wt (9.6)

where g, = %. In principle, the approximations can be obtained to any desired
order. However, more and more complicated nonlinear algebraic equations in
o have to be solved. Chen et al. [177] proposed a new iteration scheme, considering
W as wy:

iy + o = glog_1,u—1), k=1,2,.. 9.7)
where the right-hand side of Eq. 9.7 can be expanded in the Fourier series:

p(k)
glont,ume1) =Y ax1i(@p1) cos(ion 1) 9-8)

i=1

where the coefficients ay_; ; are functions of wy_; and ¢(k) is a positive integer. The
(k-1) th-order approximation wy_; is obtained by eliminating the so-called secular
terms, i.e. letting

ap—11(wp—1) =0, k=1,2,.. (9.9)

Equation 9.9 is always a linear algebraic equation in w? ;.
In a different manner, J.H. He [179] proposed a new iteration scheme consider-
ing the following nonlinear oscillator:

i+u+ef(u,u)=0, u0)=A, u0)=0 (9.10)
We rewrite Eq. 9.10 in the following form

i+ u+eug(u,it) =0 (9.11)

where g(u,u) = %

J.H. He has constructed an iteration formula for the above equation

Gigr1 + g + eugr1 (g, tix) =0 9.12)

For nonlinear oscillation, Eq. 9.12 is of Mathieu type. This technique is called
iteration perturbation method.
At the begging of this section, we consider two variants of iteration schemes.
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9.1.1 A Combination of Mickens and He Iteration Methods

Consider the following, in general nonlinear oscillation:
i + o’u =f(u,u,it), u(0)=A, u(0)=0 (9.13)

We rewrite Eq. 9.13 in the following form:
i+ Q% = u(QZ —o? +JM) = ug(u, i, il (9.14)
u

where Q is a priori unknown frequency of the periodic solution u(f) being sought.
The proposed iteration scheme is [180]:

fipt + QU1 = 1 [g(Un1, Uy, By )+
+ gulttn—1, iy, iip—1)(thy — tp—1)+
+ 8i(Un—1, iy, lin—1) (tty — tty—1)+
+ Gi(Un—1, Up—1, Gp—1) iy — lin—1)], n=10,1,2,3,...  (9.15)

where the inputs of starting functions are [175]:
u_1(t) = up(t) = Acos Qt (9.16)

It is further required that for each n, the solution to Eq. 9.15, is to satisfy the
initial conditions

un(0) = A, 1,(0) =0, n=123,.. (9.17)

Note that for given u,_1(¢) and u,(¢), Eq. 9.15 is a second order, inhomogeneous
differential equation for u,(r). Right side of Eq. 9.15 can be expanded into the
following Fourier series:

Up—1 [g(unfla l:t,,,h ﬁnfl) + gu(un—h ".{nfla l;{.nfl)(un - unfl)‘i’
+ gu(unflyunflyiinfl)(un - lj{rﬁl) + gﬁ(unfly l’.‘nflﬂ;t'nfl)(’;{'n - l;infl)] =

N
=a1(A,Q, ) cos Qr + Zan(A, Q, w) cos nQr+

n=2

N
+b1(A,Q,0)sinQr + Y b,(A,Q, w) sin nQ (9.18)

n=2
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where the coefficients a,(A,Q,®) and b,(A,Q, ®) are known, and the integer N
depends upon the function g(u, i, ii) on the right hand side of Eq. 9.14. In Eq. 9.18,
the requirement of no secular term needs

a1(A,Q,0) =0, b(A,Q w) =0 (9.19)

The solution of the Eq. 9.15 with the initial conditions (9.17) is taken to be:

N
an(A,Q, )
Ups1(t) =Acos Qt — ———Z(cos nQt — cos Qt)—
+1() ;(nzfl)ﬂz( )
N
A,Q
- ZM(sm nQt — n'sin Q) (9.20)
n=2 (}’[2 - I)Q

Equation 9.19 allows the determination of the frequency Q2 as a function of A
and w. This procedure can be performed to any desired iteration step n. As we will
show in the following examples, an excellent approximate analytical representation
to the exact solution, valid for small as well as large values of oscillation amplitude
is obtained.

(a) The motion of a simple pendulum

When damping is neglected, the differential equation governing the free oscilla-
tion of the mathematical pendulum is given by

ml + mgsin0 = 0 (9.21)

or
0+ asind =0 9.22)
Here m is the mass, / the length of the pendulum, g the gravitational acceleration
and @ = g/l. The angle 0 designates the deviation from the vertical equilibrium

position.
We rewrite Eq. 9.22 in the form

0+0%=0 (92 - a¥) (9.23)

where Q is an unknown frequency of the periodic solution. Here the initial
conditions are 0(0) =A, 0(0) =0, the inputs of starting function are

0_,(t) = Oy(¢) = AcosQr and g(1,0,0,0) = Q* — asinl,
The first iteration is given by the equation:

0, + 0?0, = Q*AcosQt — a sin(A cos Qt) (9.24)
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The term sin(A cos Qr) can be expanded in the power series:

Adcos®’Qr Adcos’Qr  Acos’Qt A%cos®Qr
+ - + +

sin(A cos Qt) = A cos Qr — 3l 30 T ]

(9.25)

We rewrite powers of cos Q¢ in (9.25) in terms of the cosine of multiples of Q¢
with the aid of the known identity

1 n
cos” 1 Qr = Tl Z (2:;#/{1 ) cos(2k + 1)Qr (9.26)
=0

By using Eq. 9.26, Eq. 9.25 may be expressed in the form
3

A‘
sin(A cos Qt) = Acos Qr — 7 (cos 3Q¢ + 3 cos Qr)+

5

1920

7

322560
9

+ 92897280 (

+

(cos 5Q¢ + 5cos 3Qr + 10 cos Q) —

(cos 7Qt + 7 cos 5Q¢ + 21 cos 3Qr + 35 cos Q)+

cos 9Q¢ 4 9 cos 7Qr + 36 cos 5Qr + 84 cos 3Q¢ + 126 cos Q1)
9.27)

Substituting Eq. 9.27 into Eq. 9.24, this can be rewritten as:

. . S U &
Q0 =|AQ? —ala -y 4 = Q-
0, +Q%, [ ”( 8 T 192 9216 737280 © )]COS
3 5 ’

A A
~ g €08 308 + 1950 (cos 5Qt + 5 cos 3Q) — 95560

9

92897280

(cos 7Qt + 7 cos 5Q+

+ 21 cos3Q¢) + (cos 9 + 9 cos TQt + 36 cos 5Qr + 84 cos 3Q)

(9.28)

No secular terms in 6, requires that

A2 A*AS A8
Q=al1-" - Ty 9.29
! “( 8§ 192 9216 ' 737280 © ) (-29)

and solving Eq. 9.28 with the initial conditions 6, (0) = A, #;(0) = 0, we obtain
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A3
0,(t) = AcosQt + ——— (cos 3Qt — cos Q1) —
1(1) 1 1929%( 1 1)

> 5
2608002 (cos 5Qt — cos Q1) — 307202 (cos3Qt — cos Q1)+
! 1
A7 A7

(cos 7Q,t — cos Q1) (cos5Q;t — cos Q1)+

e e
154828800 110592007
7 A9

+———(c0s3Qt — cos Qjt) — ————— (cos 9Q; ¢ — cos Q;1)—
1228809%( : 1) 74317824000 ( : 1)
A9 A9
———————(cos 7Qt — cos Qt) — ——————(c08 5Q¢ — cos Q1) —
495452160, 61931520Q
9
———————(cos3Qt — cos Q1)
8847360Q7
(9.30)
or
A° A7
01(t) = — oo cos It + | s —
743178240082 154828800
A® A3 A7
— s | cos TQt + | — 5+ 5 —
4954521609 46080Q; 11059209
A° A3 A3 A7
——————— | cos 5Q;t + 5 — 5+ 53—
61931520Q; 192Q7  3072Q7 122880,
A® A3 Ad 141A7
—————>|cos3+ | A— 5+ 5 — 5
88473600 19207 ' 2880Q° 154828800
o14” cos Q;t
————]co
46448640000 :

9.31)

The approximate period can be expressed from Eq. 9.29: T,,, = 2n/Q; and we
obtain:

(9.32)

2n A% 5A% 13A° 239483
Topp =

Va 16 T 1536 T 73728 T 23592960
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while the exact period reads:

4

GJ\/lkzsm@

A comparison with the exact period is shown in Table 9.1.

Figure 9.1 shows the comparison between the present solution obtained from
Egs. 9.29 and 9.31 and the numerical integration results obtained by using a fourth-
order Runge-Kutta method

(b) Sliding mass

We consider the motion of a ring of mass m sliding freely on the wire described
by the parabola y = qu® which rotates with a constant angular velocity 4 about the
y-axis as shown in Fig. 9.2 [22].

The equation describing the motion of the ring is (see also Sect.5.12):

k = sin— (9.33)

i + o*u = —dqu(uii + i*) (9.34)

where »? = 2gq — /% and the initial conditions are u(0) = A, 1(0) = 0.
In case ¢ <<, the traditional perturbation methods can be applied. In our study,
q does not need to be small, i.e. it follows 0 < ¢ < +oo. For n = 0 into Eq. 9.15,

Table 9.1 Comparison between the approximate period Ty, given by Eq. 9.32 and the exact
solution T, given by Eq. 9.33

s T T T T T T

10 9 8 7 4 3 2

Tapp 0.99999681 0.99999512 0.99999211 0.99976763 0.99961425 0.99951134 0.99830437
T(f,\'

Fig. 9.1 Phase plane for
Eq. 9.22: a = 100, A = n/4:
—————— present method,
Eq.9.31;

numerical solution
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Fig. 9.2 Particle on a Ya
rotating parabola
G} *
mg
u-..
5 »
with initial functions u_;(¢) = uo(f) = AcosQt and g(u, i, i) = Q* — w* — 4q x
x (uii + 1) we obtain first iteration as:
i) + Q%uy = Acos Qi[Q* — w? + 4q(A*Q*cos’Qr — A2Q%sin’ Q)]
which can be rewritten in a more convenient form as
ii; + Qu; = Acos Qt(Q? — w* + 2gAQ%) + 2gA3Q% cos 3Q)) (9.35)

In order to ensure that no secular terms appear in the next iteration, resonance
must be avoided. To do so, the coefficient of cos Q¢ in Eq. 9.35 requires being zero
ie.

2 o’

7 ©-36)

So, from Eq. 9.35, with initial conditions (9.17), we have the following first-
order approximate solution:

ui(t) = Acos Qr + %qA3 (cos Qr — cos 3Q) (9.37)

For n = 1 into Eq. 9.15, with the initial functions (9.16) and u; given by (9.37)
we obtain the following differential equation for u,:

iy + QPuy =Acos Q1P — w? 4 2gA2Q%)+
+ (2gAQ% — 447 A5Q%) cos 3Qt — 4¢P ASQ? cos 5Q (9.38)

Avoiding the presence of a secular term needs

) w2
¥=— 9.39
27 1+ 2gA? ©-39)
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Solving Eq. 9.38 with the initial conditions (9.17), we obtain

1
up(t) = Acos Qr + ZqA3 (cos Qf — cos 3Q1)+

1
te q*A%(cos 5Qt + 3 cos 3Q¢ — 4 cos Q) (9.40)

It is interesting to note that Q; and Q, are the same. The approximate period can
be expressed as

2n
Topp = - V1 +2gA? 9.41)

while the exact period reads
4
— 1+ 4qA2cos2tdt (9.42)
)
0

As mentioned before, this method gives good approximations in case ¢ << 1. But
our results are valid even in case of ¢ tending to infinity. In the caseq — oo, we have

lim M = & = 0,90031 (9.43)
q—o0 Toy s

Therefore, for any values of ¢, it can be easily seen that the maximal relative
error of the period (9.41) is less than 10%.

(c) Buckling of a column

Now, we consider the structure shown in Fig. 9.3 [22].

The mass m moves in the horizontal direction only. Neglecting the weight of all
but the mass, show that governing equation for the motion of m is

Fspring

)
Fig. 9.3 Model for the §?E H_T P
P

buckling of a column
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2
mii + <k1 —Tp>ll+ (k3—§>u3+...20

where the spring force is given by:
Fypring = ki + kau® + ..
The governing equation of the motion of m can be put in the general form:
i+ oqu+osu’ +...=0 (9.44)

The oscillator with cubic elastic restoring force occupies an important place in
the theory of nonlinear systems, since it is the simplest oscillator displaying specific
nonlinear properties. On the other hand, it provides a first approximation for the
behaviour of a much larger class of oscillators.

For simplicity, we consider the well-known Duffing equation

i+u+e’ =0, u(0)=A, iulo)=0 (9.45)

In this case, the first iteration can be written in the form
(u—1(t) = up(t) = Acos Qo):

3 1
iy + Q%u; = Acos Qt(Qz —-1- ZsAz) — ZSA3 cos 3Q¢ (9.46)

No secular terms in u; requires that

0, =1/1 +%aA2 (9.47)

From Eq. 9.46, we have the following first-order approximate solution:

A3
u(r) = Acos Qr + ﬁ (cos 3Qt — cos Q) (9.48)

The second iteration is obtained by substituting this result into Eq. 9.15 for
n=1:

1;1'2 +QZM2 = ACOSQI(QZ —1 - §8A2 + 82A4
4 3202

)—
eA3 e2A5
— —— ¢0s3Qt — —— (cos 5Qr + cos 3Q 9.49
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Avoiding the presence of a secular term needs:

3eA? + 4 4+ T2A% + 246A2 + 16

Q) = (9.50)
8
Solving Eq. 9.49 with the initial conditions (9.17), we obtain
(1) = Acos Ot + 2 (cos 301 — cos )+
uy(t) = Acos —— (cos — cos
? 3207
2A5
+ T5360° (cos 5Q1 4 3 cos 3Qr — 4 cos ) 9.51)

Substituting Egs. 9.48 and 9.51 into Eq. 9.15, we have the third iteration (n = 2):

eA? eA’
is + Quy = |A| 1 —— Q+— 300 {Q* — 1—
U3 us [ ( 3292> cos L2t + 302 cos ] {

A2 A3 : A2
8[A<1—8—2) cosQl+£—zcos3Qt] —28[A<1—8—2>X
32Q 32Q 32Q

3 2 A5

cos 3Qt} [8—2
1536Q

eA
X cos Qt +
320°

(cos 5Q¢ 4 3 cos 3Q¢ — 4 cos Qt] }
(9.52)

In order to eliminate the secular term arising in the third iteration, the coefficient
of cos Q¢ in this equation requires to be zero i.e.

) 25 5,  eA?  3g2A%  359AC 136*A8 565410
Q;—1——6A" + 5+ 7+ 7 s+ g =
32 32Q5  64Q;  4096Q;  65536Q; 10485760
(9.53)

The exact frequency of the periodic motion of the Duffing equation is given by:

-1

do A2
e N 1)
1 — msin%6 2(1 + ¢A?)

Qe,(:g\/l—i—sAz

[SY S

For comparison between the exact frequency €., obtained by integrating
Eq. 9.54 and the approximate frequencies Q,, €,, ;3 computed by Egs. 9.47,
9.50 and 9.53, respectively, we have
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Q V3

[SY S

do
lim L =Y2 | %7 10223 (9.55a)
eA2—00 Qpx T /1 — %Sin20
o V3+VT do
lim o= J — 0.9935672 (9.55b)
6A%—00 Slex 2V2n o/ 1 — %sin20
%
Q; 2,/0.719601
lim 2 _ 20719 =0.999134 (9.55¢)

do
eA?—00 Qex i ] /1 _ %Sil‘lzg

On the other hand, for large value of ¢A? in Eq. 9.53 we obtain
Q3 ~ 14 0.719601eA2.

Therefore the approximate analytical solutions to the Duffing equation with
respect to the exact solution for the first, the second and the third iteration never
exceed 2.2, 0.64 and 0.08%, respectively.

Our result (9.51) is compared in Fig. 9.4 with the numerical integration results
obtained by using a fourth-order Runge-Kutta method.

(d) As last example, we consider a particle having mass m moving under the
influence of the central force field of magnitude k />3, The equation of the orbit in
the polar coordinates (r,0) is

du
do?

L= _Cu2n+1

where k and ¢ are constants and u = 1/r. In this case, let us consider a family of
nonlinear differential equation (see Sect. 7.1.2):

Fig. 9.4 Phase plane for
Eq.945:e =12, A= 1:
—————— present method, Eq.
9.51; numerical
solution -1
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W'+ ou+ pu* N = 0,0>0,9>0,n = 1,2,3, ...,
u(0) = A;u'(0) =0 (9.56)

The corresponding exact period T is

do

Tex =4
\/OC + n+1A2n( + Sinze + sin40 T Sin2ne)

(9.57)

(= e L]

In this case we have: g(u) = Q% — o — yu®, u_,(t) = up(t) = A cos Qt. The first
iteration becomes:

iip + Q%u; = Acos Qi(Q* — 1 — pA?"cos>'Qr) (9.58)

By using (9.26), equation may be expressed in the form:

A2 (2n 41
ﬁ1+Qzu1:Acoth[Qz—oc—q4n ( )}—
n

2n+1
-5 Lo Z ( ) cos(2k + 1)Q (9.59)

Avoiding the secular term needs that:

Qi(n) = \/a LA (2" +1 ) (9.60)

4n n

The solution of Eq. 9.59 reads:

up(t) = Acos Qr +

VA2n+1 n 1 <2i’l+1

4nt1 - K+ D\ n—k )[COS(2k+ 1)Qt — cos Q] (9.61)

For n = 1 in Egs. 9.56, 9.60, 9.61 we recover Eqgs. 9.45, 9.47 and 9.48 respec-
tively (o = 1,y = ¢). For n = 2 in Egs. 9.56 and 9.60 we obtain

Q(2) =4/1+ %.sm (9.62)

The same result is obtained in [181] using the variational iteration method. Its
approximate period can be calculated as follows
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27
Ty = 9.63)
P T T 56A%/8 (

It should be specially pointed out that the iterative perturbation formula (9.63) is
valid not only for a small parameter, but also for a very large parameter: even in the
case ¢eA* — oo, we have

. T
lim % =
eA* oo Tex

do

= lim
\/1 —|—‘°’A 1 + sin’6 + sin*0)

oAt =00 2\/ 14 3eA

[ T
%

2
~ \/% -7-0,87099 = 0,99916 (9.64)

Therefore, for any value of ¢ it can be easily proved that the relative error of the
period (9.63) is less than 0.08%. This rather extraordinary virtue of this procedure
has first been exploited in this Section. And this might be the reason that the
obtained approximate solution is valid for all £>0.

For integer n, the approximate period in the first-order approximate is

1
_2n yA* (2n+1\]?
Tapp = m =2n |:0C + an ( n (965)

Formula (9.65) is valid for any possible amplitudes and gives the maximum
errors as the dimensionless amplitude yA?" tends to infinity. Note that, even for
n = 9, the maximum error given by (9.65) is less than 4% for amplitude A € [0, oo]:

i Lo SVEIS o (9.66)
A To 05406369 '

i\]

9.1.2 An Iteration Procedure with Application
to Van der Pol Oscillator

We consider the following nonlinear equation

i + o’u = ef (Qt, u, 1) (9.67)
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where o and Q are positive constants; in general f is assumed to be non-linear
function of both u and # which may be expanded in a Fourier series, and i = du/dt
[182].

Assume that @ ~ Q and let us denote (¢ is detuning parameter):

Q — 0 = g0 (0<e<<1) (9.68)
The Eq. 9.67 may then be written:
i + Q%u = efou+ f(Qt, u, 1t)] 9.69)

For ¢ = 0, Eq. 9.69 has the solution u = A cos(Q¢ + ), where A and ¢ are
constants. For € # 0 we try the input of starting function as:

ug = Ag cos(Qt + ) (9.70)
We propose the following iteration formula for Eq. 9.69:

uy(t) =A, cos(Qt + ¢,)+

t

& 9.71)
+ a J[aun,l(r) +1(Qt, uy—1 (1), uxy— (1))]dr, n = 1,2,...
0
where A, and ¢, are constants and i is given by Eq. 9.70.
Expanding ou,_; + f in a Fourier series, we have:
P
oun—1(t) + f(Qt, -1 (), u n1( Za A1, 0,-1,Q,0) cos pQr+
p=0
R
+ Z B (An-1, 001, Q,0) sinrQe
r=0
(9.72)
and therefore, the approximation of n-th order (9.71) becomes:
¢ |1 n—1 .
u, () = Ay cos(Qr + ¢,) + = a 3% (¢sin Q)+
+ lb’“1 tcos Qr + 1 sinQr ) +al '+
1 20 )
n— 1 R
a'!(cos Qt — costh b~ 1(rsin Qt — sinrQt
+ Z 2 Z ) 9.73)

r=2 )Q
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The solution (9.73) is chosen such that it contains no secular terms, which
requires that coefficients @}~ and b! into (9.73) disappear, i.e.:

a?il (An—l s Pn_1>s Qa O—) = 07

el (9.74)
b1 (Anfla(pnflagao-) :0

For real systems, the expansion of the function ou,_; + f usually contains only a
small number of harmonics.
If we consider the nonlinear oscillator governed by the Van der Pol equation

ii+u=ce(l—u*)i (9.75)
in Eq. 9.71 we have @ = 1 and assuming Q = 1, Eq. 9.69 becomes:
i + Q%u=eF(u,it); Flu,it) = ou+ it — ti® (9.76)

Assuming that the input of starting function is (9.70), we obtain

A2
F(ug,1tp) = aAg cos(Qt + ) + QA (TO — 1) sin(Qz + @)+

1
+ ZQA?, sin(3Q + ;) (9.77)

From the conditions (9.74) we have:

& =0cAp=0; b =QA (%‘% — 1) =0 (9.78)
and therefore
=0, Ap=2 9.79)
The solution uy(¢) given by (9.70) becomes:
up(t) = 2 cos(Qt + ) (9.80)
An additional condition to determine the constant ¢, of the homogenous solu-
tion (9.80) is simplified to iy(0) = 0, such that ¢y, = 0. The solution (9.80) and

F(ug, t1p) become respectively:

uo(t) = 2cos Qt,  F(up,tip) = 2Qsin 3Q
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The solution (9.73) for n = 1 is written in the form:

3
ui (1) = Ay cos(Qr + ) + ZS sin Qf — % sin 3Q¢

or

w1 (1) = A cos(Qr + ) — % sin 3Q 9.81)

where A’ and ¢ are constants and

Al cos(Qt + ¢)) = Ay cos(Qr + @) — % sin 3Q¢

The homogenous solution given by (9.81) is simplified to 1y,(0) = 0, such that
¢} =0 and Eq. 9.81 becomes

!
u (t) = A cos Qr — 4Q sin 3Q¢ (9.82)
and therefore
/ ! 1 2 82
F(up, ) = | 0A’y cosQr + QA [ 5 — 1+ sin Qr+
(i) = (o' + 512) (214 5)
3 3 3&3 1
+ <§ eAl2 — ik 56Qz> cos 3Qr + <Z QA}3 4Q) sin 3Qr+
5 5624, . A, . 3&
+E8A/IZCOSSQZ‘— ) sin 5Qr — ) sm7Qt—mcos9Qt
(9.83)
Eliminating the secular terms in Eq. 9.83 needs
2 4 1 3 5
AT ¢ S R S (9.84)

& __f . =
3207 4096Q° 8 512Q%  655360*

such that Egs. 9.82 and 9.83 become respectively

uy(f) = (2 _i—i) cosQl‘—i sin 3Q¢
n = 3207 4096Q° 4Q
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. 3 9¢3
F(Ml,lxll) = (ZS — 256—S22) COS3Ql+

&2 & 5 563
+ (20— —————=|sin3Qr+ (-6 — ——— | cos 5Q¢t—
( 16Q 409693) (4 128!22>

562 5t 762 7t 363
(= - —— ) sin5Q — (— — ——— ) sin7Qr — ———— cos 9
(329 204893) <32§2 204893) 2560%

For n = 2 into Eq. 9.73, we obtain:

3 ’ Qf — cos 3Q
uz(t)_Azcos(QtJr%)JréK_'9 9¢ )cos tggszos ,+

47 2560
&2 & 3sin Q¢ — sin 3Q¢t
2Q — —— —
+ ( 16Q 4096Q3> 8Q +
n § 563 cos Qt — cos 5Q¢ 5782 St 5 sin Qt — sin 5Q¢
24Q 32Q  2048Q° 24Q

8 —
47 128Q°
B ( 762 7 > 7 sin Qt — sin 7Q¢ 363 cosQr — cos 9Qt]

32Q  2048Q° 48Q 25602 80Q
(9.85)

We insist that i, = 0 and it follows that:

3¢2 og*

() =AbcosQt — | — — ———
21) = A% (3292 20480

) cos 3Qr—

P & & 52 3¢
Y - in3Qr — [ — > 501+
<4Q 12807 3276895) - (96 307294) cos
583 583 783 78
+ — sin 5Qr + — sin 7Qr+
(768!23 4915295) (153693 983O4QS>

+ 3¢! cos 9Q¢t
20480Q*

(9.86)

and substituting u,(¢) in (9.76,), yields the result
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N 3 S5
Flus, ity) =| oA’ +A’2(i— b ¢ >+
(1, 112) { T2 \16 51207 1310720°

A (_ 5¢3 N 5¢3 >+ 19¢° }coth—&—
2\ 38402 29491207 ) T 3276807

53 3¢2 9t
Q 7A/ A/Z o e
+[ <4 )+ 2( 128Q+8192§23>+

&2 115¢* St
+ A < > + }sinQH—H.O..T. 9.87
320 18432Q° ) 614403 ©-87)

Avoiding the secular terms in Eq. 9.87 requires that:

A/ A/2 83 85
0A') + +
2 (16 51202 13107294>

—|—A'( 5¢3 N 56 >+ 196
2\ 38402 T 20491207 ) T 32768Q%

9.88
Q A—R—A/ + A} —3—82+9—84 + o
4 2\ 128Q  819200°
AL (82 N 115¢* )+ 560
320 184320°)  6144Q°
From Eq. 9.88 if we keep terms only up to 0(¢®), we have:
e 37e
Q=1 0(e° 8
16 " o1aa 0 ©-89)
&2 6265¢*
Ay =2 0(c® 90
s +6+73728+(8) (9.90)

which lead to:

e 6265 382 156 e &
uy(t) = (2 +674+ 73728) cos Qt — <32+2048) cos 3Qt — (Z ~ 13
22365 52 5 53
————— | sin3Q¢ — [ — 501
98304) sin (96 + 1024) cos St + (768
5¢ Te 763 3¢t
5Qt ——— | sin 7Q¢ 90
+ 24576) sS4+ (1536 49152> I TIVTT R

9.91)

It is worthy pointing out that Mickens [183] and Chen et al. [184] obtained the
following result
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2 4

I 17¢
Q=1-—

16+3072

+ 0(%) 9.92)

by using the classical Lindstedt-Poincaré method under the same initial conditions,
respectively by using a perturbation method in two variables.

Figures 9.5-9.8 illustrate that the displacements and velocities are very accurate,
when comparing to numerical results.

Figures 9.9-9.10 show the comparison in terms of the phase plane obtained for
¢ = 0.6 and ¢ = 0.8, between the present solution given by Eq. 9.91 and numerical
integration results obtained using a fourth-order Runge-Kutta method.

It can be seen that the displacement-time curve and velocity-time curve of the
present solution are very close to the numerical solution.

Therefore one can conclude that adopting the present procedure for the solution
of the Van der Pol equation, satisfactory results are obtained even for moderate
values of the parameter ¢.

Fig. 9.5 Solutions of the Van o1

der Pol Eq. 9.75 for ¢ = 0.6:
numerical solution,

----- proposed method

Fig.9.6 Solutions of the Van  _5 |

der Pol Eq. 9.75 for ¢ = 0.8:
numerical solution;

————— proposed method




9.1 Short Considerations

Fig. 9.7 Velocity-time
curves obtained from Eq. 9.75
for e = 0.6:

numerical solution; - - - - -
proposed method (9.91)

Fig. 9.8 Velocity-time
curves obtained from Eq. 9.75
fore = 0.8:

numerical solution; - - - - -
proposed method (9.91)

Fig. 9.9 Phase plane for Van

der Pol Eq. 9.75, ¢ = 0.6:
numerical solution;

————— proposed method
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Fig. 9.10 Phase plane for 3T Uy

Van der Pol Eq. 9.75,

e =0.8: numerical
solution (9.91); - - - - -
proposed method

-3
-3+

9.2 Basic Idea of Optimal Parametric Iteration Method
We consider the nonlinear differential equation

L(u) + N(t,u,u,ii,...) — g(r) =0 (9.93)
with L a linear operator and N a nonlinear operator and g a known function.

Initial conditions are
B(u,ii) = 0 (9.94)

If o, f, y are real values, then applying the well-known Taylor formula for an
analytic function F, we obtain

o

F(t,u+o,u+ fii+y,...) =F(tu,ui,..)+ T

Fo(tu, i, i, ...)+

N (9.95)

B -
ﬁFL;(t,u,u,u,...) + T

Falt,u, i, i, ..) + ...

where F,, = OF /Ou
Instead of solving the nonlinear differential Eq. 9.93, one can solve another
equation, making recourse to Eq. 9.95 and to the following scheme

L(ttny1(8)) + Nty thyy i, iy -..) + 0 (2, Co)Ny (8, thyy By ...)+
+ B, (1, Ci)N(t, tn, iy, i, ...) + 9, (2, Ci )N (1, Ui, B, ...) + ... — g(r) =0,

B(I/ln+17 I/'t,H,]) =0
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where o, fi,, and 7, are auxiliary functions and the initial approximation u(#)can
be determined at least in the following two alternatives:
In the first alternative uo(¢) is the solution of the equation

L(uo(t)) — g(r) =0 B(uo,1t9) =0 9.97)

In the second alternative we can choose the initial approximation in the general
form

uo(1) =Y Cif (9.98)
i=1

where C; are unknown constants, the function f; depends on the form of linear
operator L and also on the coefficients of given Eq. 9.93 and m is an integer number.
For both alternatives, the auxiliary functions o(z,C;), f(t,C;), y(t,Cy). .. can be
chosen such that the products a,N,, 8,Ni, 7,, Nii,. .. and N,,, Ny, N, ... be of the
same form, respectively. The auxiliary functions f;, o, 8, 7. - - are not unique. In
this way, we obtain an approximation of the solution of Eq. 9.93 given by a
truncated series (9.96). To improve the order of convergence of the sequence
u, () as given in Eq. 9.96 we propose that the constants Cy, C,,. .. which appear
in Eq. 9.98 and in the auxiliary functions o, f,,, 7,,,- . . (Which are unknown at this
moment) be determined optimally (see Chaps. 6-8) using the least square method,
the Galerkin method, the Ritz method, the collocation method etc. In this way, the
solution of Eq. 9.96 is well-determined after only one iteration.

The basic ideas of the proposed procedure are the construction of a new iteration
scheme (9.96) and the involvement of the convergence-control constants Cj,
1 = 1,2,.. ., through the auxiliary functions and Eq. 9.98, which lead to an excellent
agreement between the approximate and exact solutions. The presence of a finite
number of initially unknown parameters C;, which are optimally determined later
provides a rigorous way to control the convergence of the solution.

In what follows, we apply the optimal parametric iteration method (OPIM) to
some nonlinear problems using the above described alternatives.

9.3 Thin Film Flow of a Fourth Grade Fluid Down
a Vertical Cylinder

Consider the nonlinear differential equation with variable coefficients [166] (See

also Sects. 6.3, 7.5, 8.5)
&f df dr\’? df\* d*f

L = kn+2b
Mg gy TR
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with the initial conditions

f(1)=0,f(d)=0 (9.100)

In this case a linear operator, known function and a nonlinear operator are
respectively

d? d
L1 (0) = 05+ G
f(r) = —kn

AN dar\’
¥ i) —Zbl(m)

df\* d&*f
In|— ) —= 9.101
1 (dn> i’ ©-10D
where k and b are known constants.

Using the first alternative, the initial approximation fy(7) is given by Eq. 9.97
and thus

L(fo(n)) =0, fo(d)=0 9.102)
where f' = df /dn. In our case, Eq. 9.102 can be written as
‘ot fot+kn=0, f'(d)=0

It is obtained
k (d?
fom) =5 <—17) (9.103)
The first-order approximate solution fi (n)is obtained from Eq. 9.96 for n = 0:

W )+ k4 2B + 3nfy )+

+ a(n, Ci)( 2 6nflf'h) + B(n, C)(3uf)] = (9.104)
fll(d) =

The Eq. 9.104 can be written in the following form

(1) + )+ 260" +
+ 6blo(n, ;) (nfy?) + B(n, C;)(nfy’)] = 0

(9.105)

The Eq. 9.105 can be easily solved if the functions «(n,C;)and B(n, C;)are
chosen such as
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o(n, C)(nfy?) + Bln, C(fy) =

1 » S s (9.106)
:g(cmfo + Confy + Canfy )
where C, C, and C3 are unknown constants and i, j, k are integers.
From Eq. 9.106 it is obtained:
1 i i _
a(n,C1) = 2 (C1fy LT (9.107)
1 . . ~
B(n,C;) = & CRT+ I+ o) (9.108)
From Egs. 9.104,, 9.105, 9.107 and 9.108 we obtain
/ _ k (d* /3 /i 1J 1k
fl(n)—i PRk = 2blfy"(n) + Cify + Cofy + Cafy | (9.109)
Fori =4,j =5, k = 6 and using Eq. 9.103, from Eq. 9.109 we obtain
k (d 1 [ o & ¢
) =3—-n)—=b*(——n) —<bk*C(——-7n) -
fin) 2<77 77) 1 (n 77) 2 A
1 & > & 6
——bkCy [ — — — —bkSC3 [ —— 9.110
16 2(77 n) 32 3(77 n) 110

The residual functional J given by Eq. 6.115 becomes:

d
J= j{nf’a (n) +£1() + kn + 26 () + 32 )2y ©O.111)

From Eq. 6.116 for § = k = 1 we obtain
C; = —0.00135812; C, = —5.98314207; C; = 0.02175281

Therefore, the explicit analytic expression given by Eq. 9.110 of the first-order
approximate solution becomes:

£ =o05(E 2s(C ) | e\
() =05 —n) ~025(T—n) +0000169765 (% —n) +

) (9.112)

d 5 &2 6
1 0.373946379 (; _ n) — 0.000679775 (7 _ 77)
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Table 9.2 Comparison between the present solution (9.112) and the exact solution for d = 1.02

n f’ given by Eq. 9.112 ! exact

1 0.020183555 0.020183555
1.005 0.015105047 0.015105047
1.007 0.013079437 0.013079437
1.01 0.010047475 0.010047475
1.0105 0.009542918 0.009542918
1.0108 0.009240289 0.009240289

Table 9.3 Comparison between the present solution (9.112) and the exact solution for d = 1.04

H f given by (9.112) [ exact

1 0.040665504 0.040665504
1.008 0.032439661 0.032439661
1.016 0.024254926 0.024254926
1.023 0.017131195 0.017131195
1.03 0.010046515 0.010046515
1.038 0.00200191 0.00200191

Tables 9.2 and 9.3 present a comparison between the present solution obtained
from formula (9.112) and the exact solution of Eq. 9.99.

It can be seen that the solution obtained through the present method is identical
with that given by exact solution, demonstrating a very good accuracy.

9.4 Thermal Radiation on MHD Flow over a Stretching
Porous Sheet

The study of magnetohydrodynamic flow (MHD) and heat transfer of an electrically
conducted fluid finds useful applications in many engineering problems such as
nuclear power plants, gas turbines and various propulsion devices for aircraft,
missiles, satellites and space vehicles. It serves as the basis for understanding
some of the important phenomena occurring in heat exchanger devices. Magneto-
hydrodynamics can be regarded as a combination of fluid mechanics and electro-
magnetism. The effects of thermal radiation on MHD flow and heat transfer
problems have become more important industrially. At high operating temperature,
thermal radiation effects could be quite significant.

In this section we determine the approximate solution of thermal radiation
effects on MHD steady asymmetric flow of an electrically conducting fluid past a
stretching porous sheet.

Consider a steady two-dimensional incompressible flow caused by a moving
sheet, which is placed in a quiescent, electrically conducting fluid. A magnetic field
of uniform strength is applied perpendicular to the stretching sheet. The magnetic
Reynolds number is taken to be small enough so that the induced magnetic field can
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be neglected. The equation governing the dimensionless temperature 6(n) is given
by [185]:

0" () + Bf ()0 (1) — BSf'(m)0(n) =0 9.113)
where 7 is the similarity variable, § = %, R is the radiation parameter, P, is the

modified Prandl number, S is the wall temperature parameter and f{(n) is a dimen-
sionless stream given by the solution of nonlinear differential equation:

") + )" (n) = f2(n) —Mf'(n) =0 (9.114)

where M is the magnetic parameter and prime denotes derivative with respect tor.
The boundary conditions for Eq. 9.114 are:

f0)=24, f0)=1, f(0)=0 (9.115)

where / is the injection/suction parameter.
In order to satisfy the above boundary conditions, the solution of Eq. 9.114 for
arbitrary M and 4 is sought in the form

1 ,

f) =2+ (1—e) (9.116)
where

y:%(i+\/iz+4M+4) (9.117)

Substituting Eq. 9.116 into Eq. 9.113 we obtain:
0"(n) + (a —be )0 (n) — ce "0(n) =0 (9.113)
where

a:ﬁ}HrE b=

B
y’ Y

. c=pS 9.119)

The boundary conditions are given by:
0(0)=1, 6(c0)=0 (9.120)

The exact solution of Eq. 9.118 with boundary conditions (9.120) is graphically
known (in terms of Kummer’s confluent hyper-geometric function) [186].
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For Eq. 9.118, which is a differential equation with variable coefficients, with
the conditions (9.120) we propose an approximate analytical solution by OPIM
using the first alternative.

For n = 0 into Eq. 9.96 and with 0y = Ofrom Eq. 9.97 we obtain the first-order
problem:

0 (1) = ce "a(n, Ci) + (be™ " — a)B(n, C;) (9.121)
91(0) = 1,91(00) =0 (9122)
If we choose

a(n,C;) = (Cin + C2)e ™™ + Cs

9.123
B0, C)) = (Con+ Ca)e™ ©-129

where Cy, C», C3, C4, Cs and k > 0 are unknown constants at this moment, then
Eq. 9.121 can be written as

0] (n) = ce(C i+ Cr)e ™ + (be ™" — a)(C3n + C4)e ™ + cCse™™ (9.124)

Also, we can consider other expressions for o and f3, because these functions
which appear in Eq. 9.121 are not unique. For example, one can choose

a(n, C;) = Cre ™,

. 5 . ok (9.125)
B0, Cj) = (Cyn + Gin+ Cyle ™
or
a(n,C;) = (Cn* + Con)e ™
(n,Ci) = ( /1711(7 ) (9.126)
ﬁ(n7 Cj) = C3€ !
and so on.
Now, Eq. 9.124 can be written in the following form
0"1(n) = [(cCy + bC3)n + ¢Cs + bCyle” 014
1(n) = [(cCy 31 2 4] ©.127)

+ (—aCsn — aC4)e_k" +cCse™

From Eq. 9.127, with the boundary conditions (9.122), we obtain the first-order
approximation
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CCi+bCy  2aCy aCy
Gre? R R

Cy  2aC; aCy\ _, )
N (_Qn_ 2aC; “_4> o %cse*m (9.128)

01(n) =

— %Cs + 1} etk
v

In accordance with Eq. 7.115, the residual functional J becomes
o0
/= J [0"(n) + (a = be )0, () — ce™"0(n)]*dn (9.129)
0

The unknown constants k, Cy, C3, C4 and Cs are given by the conditions (6.116)

ol  oJ oJ oJ aJ

ok 0C; 0C3 0C4 OCs ©-130)

The exact solution of Eq. 9.118 satisfying Eq. 9.119 in terms of Kummer’s
confluent hyper-geometric function 1F; (-, -, ) is [186]

0( ) —oyn lF] (5 - 575 + 1, —yﬁze77n)
’I’] =e i
1F1(0—s5,0+ 17,%)

(9.131)

where 6 = 0424

Consider 15r =0.71,2=0.1,s=1,R=1 and M = 1. In this case, for the
above specified parameters it is obtained: y = 1.465097, f = 0.3042857,
a = 0.238118, b = 0.207689, ¢ = 0.304286.

From Eq. 9.130 it results

C, =0.175774; C;5 = 0.00146048; C, = —0.230031; Cs5= —0.71168,
k = 0.2381184

Therefore, the approximate solution (9.128) is well determined:

01(n) = (0.01854197 + 2.01233875)e 170321541 1.
+ (—0.00146047 — 0.91145205)¢ 023811841 _ (0 100886713~ 463097
(9.132)

In Fig. 9.11 we compared the exact solution (9.131) and the approximate
solution (9.132) in the considered particular case, and a very good agreement can
be observed. In Fig. 9.12 the residual obtained from the initial equation using the
approximate solution (9.132) is given in the considered case. As it can be seen, a
very good error is achieved.
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Fig. 9.11 Dimensionless
temperature for R = 1,

P, =071,2=01,5s=1,
R=1andM =1__  exact
solution (9.131); _ _ _
approximate solution (9.132)
of the Eq. 9.113

Fig. 9.12 The residual of the
initial equation (9.113)
obtained using (9.132) in the
above case
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9.5 The Oscillator with Cubic and Harmonic Restoring Force

Consider the nonlinear differential oscillator governed by the equation

subject to the initial conditions

i+u+a’ +bsinu=0

(9.133)

(9.134)

If Q is the frequency of the system described by (9.133) and introducing a new

independent variable

(9.135)
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then Eq. 9.133 becomes
W' +u+N(u)=0 (9.136)
where ' = d/dt and

a

b
7 W+ 7 sinu, f(r)=0 (9.137)

L(u)=u"+u, N(u)= (é - 1>u +

We use the second alternative. We consider the initial approximation and the
auxiliary function in the form [187, 188]

up(t) = Cycost
0(t,Cp,C3,Cq) = 2C;, cos 3t 4+ 2C5 cos 5t + 2C4 cos Tt (9.138)
p(r)=y(r)=..=0

where C;, C», C5 and C,4 are unknown constants at this moment.
For n = 0 into Eq. 9.96 we obtain only one iteration given by

M/ll + up +N(u()) + OC(T,Cz,C3,C4)NM(u0) =0 (9.139)
where
1 a 5 4 b .
N(up) = o 1|Cicost+ EClcos T +@ sin(C| cos 1) (9.140)
1 3aC? b
N, (up) = o 1+ ;’221 cos’t +& cos(Cj cos 1) (9.141)

In Eq. 9.140 the terms cos®t and sin(C; cost)can be expanded in the power
series

343
cos’t = w (9.142)

3 3 5 5 7 7 9 9
Cicos’t n Cicos’t  Cjcos't n Cicos’t 4 (9.143)

sin(C; cost) = Cicost — 30 51 7 91

By using Egs. 9.142 and 9.143 by simple manipulations, Eq. 9.140 can be
expressed in the form
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3aC3 bC c ot ¢t
ol e R0 B

8 192 9216
[aC3 bc?( c

407 02 \24 384 ' 15360

cos 3t + ! C2
1 105920 1920 ~ 46080
St 4 hC7 1 (o .
2580480 o8t 322560 10321920/ | < F
+ [92897280} cos9T .

(9.144)
The last term into Eq. 9.141 can be written as

Cicos’t 4 Cicos*t  C8cos®t 4 Clcos’t

cos(Cycost) =1 — o 1 al T

or

02 c o a . o
—1-=t
cos(Cy cos7) = 64 2304 ' 147456 ( 48 1536

ct e . o
T (el 4ot (-
o160 ) coszr+ (192 3840 184320) cosar+ ( 23040

ct s
6 8t + ...
+645120+ )cos T+<5160960+ >cos T+

(9.145)
Therefore Eq. 9.141 becomes

1 3a°Cy b ¢ ococ’
Nuluo) :&‘1+W+&(l‘—+6—4—m+
c o)+ 3azc3+b—cz 71+C—2 Ci+
147456 = 207 40?7 12 384
+ C6 cos2tT +——= bC4 1— C—2 —|—C—4 + .. cos4t+
23040 19207 20 960

bC® c? bC8
|1 == 6 L 8 9.146
—I—[ 2304092< 28+ )] cos T+{5160960+ }cos T ( )

From (9.144) we remark that N(ug) is a combination of the functions cosT,
cos 31,08 57,. . . and therefore we choose «(t, C;) such as the term o(t, C;)N,(up)
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from (9.96) to be of the same form like N(up) (see Eq. 9.138,). In this way,
Eq. 9.139 can be written in the form:

3aC? bC, Ci Ci Co
W’y +uy + +t—=+t=l-F+—= +

40°  Q? 8 192 9216
bC? 5C*  1Ct
lf_l i
737280+ >+c2{ 492( 48 1920
¢ bC* 7C2 3¢
- G551 +
15360 1920 120 ' 2240
bC® 9C?
Cy|l—— (1 -1 HOT.=0 9.147
+ 4[ 23040Q2( o4t )HCOSH (.147)

The solution of (9.147) is chosen that it contains no secular terms, which requires
that coefficient of cost disappear, i.e.

Q2_1+3ac2+b ¢t Cf C6+ Ct L)
B 4 8 192 9216 737280

C,[ bC? 5¢: 1ct ¢
+=-—=(1-== - e

C\| 4 48 ' 1920 15360
] [bCY - 7C2+ 3¢t N

Cy 192 120 ' 2240

Cs[  bCS 9C?

g 1-—1 148
T 23080\ 2 T 9.148)

The Eq. 9.147 becomes

u'y +ur + oz + (2B + Be)Ca + (By + B3)Cs + B4Cal cos 31+
+ [o5 + (By + Bg)C2 + 2B¢C5 + B,C4] cos 5t + [ot7 + B4Ca + ByCa) cos TT+
+ [otg + PCa + f4C3 + p,C4]cos9T =0
(9.149)

where

T 40 O \24 384 15360 1105920

bC3 ( c: )
Os = 5 1
1920Q 1344

aCi bC3 (1 CF i c8
B=———" |55
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T 32256002 2

bC?
069:72
928972800
o= 142 1—C—%+C—?_ <y €l 3a°CY
RS o 4 T4 2304 147456 ) 202
P S YOS B <
2702 4? 12 7384 23040 '
bc‘l‘ C2 C4
- R
P 19292( 20+960+>
bC?( c? )
=——1 (1-2+..
Ps = = D304 28
bC8
= Srenoeno? T 9.150
Ps = 516006002 (9.150)

From Eq. 9.149, with initial conditions (9.134) we obtain the first-order approxi-
mate solution

(1) = Acos Q1+ ¢ [as + (260 + B)Ca + (B2 + Bu)Cst

1
+ B4C4](cos 3Qt — cos Q1) + — [as + (B2 + fg)Ca + 26C3+

24

1
+ B,C4](cos 5Q1 — cos Q) + Ty (o7 + B4Ca + B2C3 + 2, C4](cos TQr—
—cos Q1) + 20 [tt9 + P6C2 + f4C3 + P,C4](cos 9QU — cos Q)

(9.151)

where Q is given by Eq. 9.148

The parameters C;, C,, C3 and C4 can be determined optimally using several
procedures. Thus, such optimal value for the parameters C; can be found imposing
that the residual functional given by

J = | ["1(6) + uy () + aud () + bsinu, (1)) dr (9.152)

ST ST
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be minimum, i.e.

aJ aJ oJ aJ
B (9.153)
aCl 8C2 8C3 8C4

or by means of a collocation-type method involving the residual R of the initial
equation:

2
R(;,C) =0, i=1,2,3,4 r,»e(o,;;) (9.154)

In this way, solving the above system of algebraic equations, the solution (9.151)
in the first approximation is well-determined.

We will illustrate the applicability, accuracy and effectiveness of the proposed
approach by comparing the analytical approximate periodic solution with numeri-
cal integration results obtained using a fourth-order Runge-Kutta method.

The comparison was made in terms of displacements, phase plane and residuals
of original equation. These comparisons are presented in the Figs. 9.13-9.24 for
several cases, where the constants C; were determined from Eq. 9.154. An error
analysis is graphically performed plotting Er(f) = ugk (f) — tapp(t), where ugg is
the numerical solution of Eq. 9.133 obtained using a Runge-Kutta algorithm and
Ugpp 1s the approximate solution given by (9.151)

Case (a) Fora = 1,b = 1, A = 1, following the procedure described above we
obtain the optimal values of the unknown parameters:

C; =0.99614,C, = 0.0165173, C3 = 0.00555482,C4, = —0.00603017 (9.155)

and therefore Q = 1.61911.

Taking into account these optimal parameters, in Fig. 9.13 is presented a
comparison between the approximate solution and the solution obtained through
numerical simulations. Moreover, Fig. 9.14 presents a comparison between the
approximate solution (9.151) and the numerical results in terms of phase plane.

In order to provide a comprehensive evidence of the accuracy of the results, the
error between the numerical and approximate solution has been computed.
A graphical representation of this error for the case (a) is presented in Fig. 9.15.

Case (b) Fora = 1,b = 1, A = 2, following the same procedure we obtain:

C, =1.9768,C, = 0.0066599, C3 = 0.00831937,C4 = —0.00835391 (9.156)

and therefore Q = 2.12459. Comparisons between the approximate and numerical
results for case (b) are presented in Figs. 9.16-9.18.
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Fig. 9.13 Comparison
between the approximate
solution (9.151) and
numerical solution of
Eq. 9.133 in case (a):

a=b=A=1:
numerical solution;
approximate
solution

Fig. 9.14 Comparison
between the approximate
solution (9.151) and
numerical results of Eq. 9.133
in terms of phase plane in
case (a)a=b=A=1:

numerical solution;

approximate

solution

Fig. 9.15 The error between
the numerical and
approximate solution (9.151)
incase(@Qa=b=A=1

Fig. 9.16 Comparison
between the approximate
solution (9.151) and
numerical solution of
Eq. 9.133 in case (b)
a=b=1A=2:

numerical solution;

approximate

solution
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Fig. 9.17 Comparison
between the approximate
solution (9.151) and
numerical results of Eq. 9.133
in terms of phase plane in
case()a=b=1,A=2:

numerical solution;

approximate

solution

Fig. 9.18 The error between
the numerical and
approximate analytical
solution (9.151) in case (b)
a=b=1A=2

Fig. 9.19 Comparison

between the approximate

solution (9.151) and

numerical solution of

Eq. 9.133 in case (¢) a = 2,

b=1A=15:

numerical solution;
approximate solution

Fig. 9.20 Comparison
between the approximate
solution (9.151) and
numerical results of Eq. 9.133
in terms of phase plane in
case (c)a=2,b =1,
A=15: numerical
solution;

approximate solution
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Fig. 9.21 The error between
the numerical and
approximate analytical
solution (9.151) in case (c)
a=2,b=1,A=15

Fig. 9.22 Comparison

between the approximate

solution (9.151) and

numerical solution of

Eq. 9.133 in case (d)

a=b=2,A=25:
numerical solution;

approximate solution

Fig. 9.23 Comparison
between the approximate
solution (9.151) and
numerical results of Eq. 9.133
in terms of phase plane in
case (d)a=b=2,A=25:
numerical solution;

approximate

solution

Fig. 9.24 The error between
the numerical and
approximate analytical
solution (9.151) in case (d)
a=b=2,A=25
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Case (¢) Fora=2,b =1, A = 1.5, we obtain:
Cy = 1.49429,C, = 0.000614432; C3 = 0.00157958,C4 = —0.00128292 (9.157)
and therefore QO = 2.25718. Comparisons between the approximate results and
numerical simulations results for case (c) are presented in Figs. 9.19-9.21.
Case (d) Fora =2,b =2, A = 2.5, we obtain:

C) =2.45728, C, =0.0140962,C; =0.0178149, (4 =0.0108985 (9.158)
and therefore Q = 3.29742. Comparisons between the approximate results and
numerical simulations results for case (d) are presented in Figs. 9.22-9.24.

It can be seen from Figs. 9.13-9.24 that the results obtained using OPIM are

nearly identical with those obtained through numerical simulations for different
initial amplitudes.

9.6 Oscillations of a Uniform Cantilever Beam Carrying
an Intermediate Lumped Mass and Rotary Inertia

For the nonlinear oscillator described by the equation (see Sects. 6.7 and 8.4)
i+ u+ au’ii + aui® + b’ =0 (9.159)
subject to the initial conditions
u(0)=A4, u(0)=0 (9.160)
we introduce a new independent variable
=0 (9.161)

Equations 9.159 and 9.160 become
" 1 1 2.1 2 b 3 _ 0 9.162
u +u—+ @7 U+ au'u’ + auu +@u = 9.162)

u(0)=A, u'(0)=0 (9.163)

where the prime denotes derivative with respect to the new variable ©
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Having in view the second alternative of OPIM, we consider the following
functions to construct the iteration (9.96)

up(t) = Cjrcost

o(r,C;) = Cycos 3t
(9.164)

B(t,C;) = Czcos 5t

p(t,Cy) = C4cosTt

Equation 9.96 can be expressed for n = 0 in the form
W'y +up + N(Cycost) + (C cos 31)N,(Cy cos 1)+ 9.165)
+ (C3¢08 57)N;(Cy cos 1) + (C4cos Tt)N;(Ci cosT) =0 ’
where

N(u, i, ii) = au*ii + aun® + bu’ (9.166)

By simple manipulations, Eq. 9.165 can be written as

1 1 3b 3
W' 4+ up — Kl —§>C1 —&—EaC? +@(Cfcz - C?) +ZaCfC2} cos T+

L4, b 11, 3,

— |:§a(cl — C1C3) *@Cl + <1 *&4’506‘1 *ﬁcl C2 COS3T+
1 3b 1

— [Za(SC%Cz — C%C4) + @C%Cz} cos 5T — Ea(C%C3 — C%C4) cos 71—

1
+ ZaC%C;; cos9t =0
(9.167)

The solution of Eq. 9.167 is chosen so that it contains no secular terms, which
requires that the coefficient of cost disappears from this equation, i.e.

2 4+ 3b(C% — C1C2)

= 9.168
4—|—a(2C%—|—3C1C2) ( )
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From Eq. 9.167 we obtain the first-order approximate solution

1 b
ui(t) = ocost + fsint + {—Ea(@ CfC3)+@C?—

1 1 1 3b
-3 <1 — &JriaC% 207 C2>C2} cos 37+

+{ % a(3C3C, — CICy) — ccz} cos 51—

3207

- 9—6zz(cfc3 — CiCy) cos Tt + ﬁacfc4 cos 9t (9.169)

where o and f§ are constants.
From the initial conditions (9.163) and from Eq. 9.161, the first-order approxi-
mate solution (9.169) becomes

ur(t) = (A =91 —y2 = 73 — 74) cos Q1 + y, cos 3Qu+
~+ y, cos 5Qt + 5 cos 7Qt + y, cos 7Qt (9.170)

where Q is given by Eq. 9.168 and the parameters y;, i = 1,2,3,4 are:

"= —%a(c? —C3C3) + éc?—
—% (1 g;z ~aCt — 23;;2 CZ)C2
7= _%0(3C%C2 - C%cy) - Qz CiC, (9.171)
n=—%ddQ—d@)
V4 = S%acﬁa

The parameters Cy, C», C3 and C,4 can be determined optimally, i.e. the residual
functional J given by

T
1 b L] 2n
JJl:M,,1+M1 B (1Qz>ul+abl%bl”l+a”1u,12+92u? diT =5 (9.172)

be minimized:

o w A

= = = 173
0C; 0C, 0C; (‘3C4 ©-173)



354 9 Optimal Parametric Iteration Method

From Eqs. 9.173 and 9.168, one can determine the parameters Cy, C,, C3, C4 and
the frequency Q. In this way, the solution (9.170) in the first approximation is well-
determined.

This procedure is tested for solving Egs. 9.159 and 9.160 in different conditions.
We consider different values of a, b and A, and we compare our results with known
results from the literature [51] and also with the numerical integration results
obtained using a fourth-order Runge-Kutta method.

Case (a) Whena = 1,b = 1, A = 5 it is obtained:

C; =3.1445891; C, = —0.348612116; C3 = 1.537425988; C, = 1.208556244

up (1) = 5.282603026 cos Qf — 0.578012411 cos 3Qr+ 9.174)
+0.291938471 cos 5Qt — 0.033875093 cos 7Qt + 0.037346051 cos 9Qr

where Q = 1.343011012.
The approximate solution obtained in [51] is

u,,(t) = 5.479790632 cos wt — 0.479790632 cos 3wt (9.175)

where w = 1.389279655.
Case (b) Whena =2, b = 2, A = 5 it is obtained:

C; = 0.2493232; C, = —0.840897196;
C3; = —85.34186347; C4 = 10.02682709

uy (t) = 5.473754321 cos Qt — 0.619143788 cos 3Qr+ 9.176)
+0.017987348 cos 5Q¢ + 0.123506543 cos 7Qt + 0.003895551 cos 9Q¢

where Q = 1.372149301.
The approximate solution obtained in [51] in this case is

1, (1) = 5.532121689 cos wt — 0.532121689 cos 3wt (9.177)

where w = 1.335870935.
Case (¢) Whena = 1,b = 2, A = 5 it is obtained:

C; =2.89302478; C, = —0.390415451;
C3 = 1.152442491; C4 = 0.997740614

uy (1) = 5.329628381 cos Qr — 0.589431231 cos 3Qr+ 9.178)
+0.247194381 cos 5Qt — 0.013487413 cos 7Qt + 0.026095882 cos 9Q¢

where Q = 1.874934651.
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The approximate solution obtained in [51] is
u,, (1) = 5.518356604 cos wt — 0.5183566 cos 3wt (9.179)

where o = 1.846429459.

It is easy to assess the accuracy of the obtained results if we graphically compare
these solutions with the numerical simulation results, or with other results known in
the literature. Figures 9.25-9.27 show the comparison between the present
solutions, the numerical integration results obtained using a fourth-order Runge-
Kutta method and the results obtained in [51].

It can be seen from Figs. 9.25-9.27 that the solutions obtained through the
proposed procedure are nearly identical with the numerical solutions obtained
using a fourth-order Runge-Kutta method. Moreover, the analytical solutions
obtained through our procedure prove to be more accurate than other known results
obtained by combining the linearization of the governing equation with the method
of harmonic balance [51].

Fig. 9.25 Comparison
between the results obtained
for Eq. 9.159 in the case (a),
a=b=1,A=5___
numerical simulation; _ _ _ _
present method (9.174);

uw(t) given in [51]

u(t)

4

-2

-4

Fig. 9.26 Comparison between the results obtained for Eq. 9.159 in the case (b), a = b = 2,
A=25, numerical simulation, _ present method (9.176), uy, given in [51]
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Fig. 9.27 Comparison between the results obtained for Eq. 9.159 in the case (c),a = 1, b = 2,
A=25, numerical simulation; present method (9.178); uy, given in [51]

9.7 A Modified Van der Pol Oscillator

The self-excited systems have a long history in the field of mechanics [22]. A self-
excited oscillator is a system which has some external energy sources. Recently,
self-excited systems have been proposed as fundamental tools for control and
reduction of friction [189]. A modified Van der Pol oscillator has been proposed
to describe a self-excited body sliding on a periodic potential [188]. This autono-
mous modified Van der Pol oscillator is described by the following equation [189]:

i+ u+ e’ — )i+ Asinu=0 (9.180)
with initial conditions
u(0)=A, u(0)=0 (9.181)

where ¢ and A are positive parameters.
Equation 9.180 can be written in the following form

i+ Qu+Nu)=0 (9.182)
where Q is the frequency of the system (9.180) and
N(u, i) = (1 — Q%) u + Asinu + e(u® — 1)i (9.183)

In this case we consider the second alternative with



9.7 A Modified Van der Pol Oscillator

uo(t) = Cy cos Qt
o(f) = Cacos Qt + C3 cos 3Q1
B(t) = C4cos3Qt + Cs cos 5Qt

where C,, C,, C3, C4 and C5 are unknown constants.
For n = 0 into Eq. 9.96 we obtain:

iy + Q%uy + N(C; cos Qt, —QC sin Q)+
+ (Ca cos Qf + C3 cos 3Qu)N,,(Cy cos Qt, —QC sin Q1)+
+ (C4cos 3Qt + Cs cos 5Qt)N,;,(C cos Qt, —QC; sinQr) = 0

From Eqgs. 9.183 and 9.184 we obtain:

N(Cy cosQt, —QCy sin Q) = Cy (1 — Qz) cos Qt + Asin(C cos Qf)+
+ S(C%COSZQI —1)C1Qsin Qr.

The term sin(C| cos Q) can be expanded as:

Cicos’Qr  Clcos’Qt
3l 510
Clcos’Qt  Clcos’Qt
- +
7! 9!

sin(Cy cos Q) = Cy cos Qt —

357

(9.184)

(9.185)

(9.186)

(9.187)

We rewrite the powers of cos Q¢ in Eq. 9.187 in terms of multiples of Qt:

n

1
cos™1Qr = ym ; (2:j_kl ) cos(2k + 1)Q¢

By using Eqgs. 9.187 and 9.188, Eq. 9.186 can be expressed as:

(9.188)

N(C; cos Qt, —QC sin Qr) = [(1 —Q°)C, +AC, — A?C?‘F%Cj - 9A261q6
* 73A7§?80 * } cos - {Az—? - ?ch - 1?3%0 - 1135C9?20 * } cos 3+
5 7 9
LA9C26 - 42(?810 25@(?4180 - } cos 3=
7 9 9
- {3?2?60 - 103A2C11920 * ] cosTU {92?9% i } cooart
+ M sin Qf — @ sin 3Q¢ + ...

4

(9.189)



358 9 Optimal Parametric Iteration Method

and N, and N, are respectively:
AC% AC‘I‘ AC?
4 64 2304

N,(C1cosQt, —QC,sinQr) =1 - Q> + A —

N ACY CJACY ACT  ACY ACY 08201 + ACY
147456 4 48 1536 9210 1927
ACS  ACH ACS  ACE
— — . 4Q1 — - . 6Q¢
3840 ' 184320 ] o8 {23040 645120 } cos bR+
ACS .
+ [5160960 } cos 8Q¢ — eCTQsin 20 + ..
(9.190)
a2
N;i(CycosQt, —QC; sinQr) = 1 —71—7100529 (9.191)

Substitution of Egs. 9.189, 9.190 and 9.191 into Eq. 9.185 results in:
AC] AC]  AC]  ACY
ip 4+ QPuy — | (Q2—1)C) —AC, + —1L ——1 L _ 1
kS [ ( JC1 = AC = o T o316~ 737280

3AC? 5ACT TACS  ACS
C(Q*—1-A L_—1 pu— S
* 2( T3 192 T 9216 81920 *

2 4 6 8 2
+G; <A£ 4G TAC ACy > - 8C1C4] cos Qr—

§ 384 | 15360 122880
_[ACt Acy Ac Ay L (AC SACt
24 384 ' 15360 1105920 U8 384

TACS ACS ) AC?  ACY  TACS
o o R L
15360 | 122880 | ) + C*( + +

4 64 15360
39ACS & eC2Cs ACS

_ Naef1-Ge, oG o | AG
5160960 )”( z)c“ 4 }0053 g { 1920
ACT  ACT L (ACT TACT  AQY .
46080 2580480 384 ' 46080 386720 '

e (AC2 AC}  ACS  57TACH ) B 8C%C4+

8 96 3072 10321920 2

? ACT AC? TACS  AC
(1-=2L)C 501 — L L C L_ L
“( 2) 5] cos [322560 10321920 2<46080 1146880

ACH  ACS ACS ACY AC3
+C3(——1+—1— 1 —&—...)}cosﬂlt—{ L__ L)+

384 7680 368640 92897280 10321920

8

ACS ACY AC}
_ Qf 4 ——1 19—
+ G (46080 1290240)] cos 9 + 40321020 ©* €8

_ E (C2—4)Qc, + %cfg(g - C3)] sin Qr—

- ZC%Q(Cl +2C5) sin 30 + §C$QC3 $in5Qf = 0
9.192)
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The solution of Eq. 9.192 chosen so that do not contain secular terms, requires
that the coefficients of cos Qf and sin Q¢ to disappear, i.e.:

Cc:—4
C;=C 1 9.193
3 2+ 20, ( )
AC? AC* ACP  ACB
2= C, A_L_FL_L_ Ci
Ci+C 8 192 9216 737280

3AC?  SACY  TACS  ACS
1LA— 1 1 1 1
+C2( * g 192 9216 81920)
AC? S5ACT TACS  ACS €,
— =1 - - z . 194
+C3( 8 " 284 15360 122880> +365¢4) ©.194)

Assuming the initial conditions:

u(0)=2, u(0)=0 (9.195)
from Eq. 9.192 we obtain the first-order approximate solutions :
up (1) = 2cos Qr + a3 (cos Qr — cos 3Qt) - (cos Qr — cos 5Q1)+
8QY? 2400

+ 4:(722 (cos Qr — cos 7Q1) + (cos Qr — cos 9Q)+
T (cos Qt — cos 11Q1) + C% (3 sin Qt — sin 3Qr)+

1200 320

(2
+ 84C§S3 (5 sin Qf — sin 5Q1). (9.196)

where Q is given by Eq. 9.194 and the parameters o;; are :

ACT AC]  AC] ACY AC?  5ACT  TACS
%3 =357 T Req - (65} - + -
24 384 15360 1105920

8 384 ' 15360
ACH  TACS  39ACS

ACS AC?
- G2 —1-A+—L_—1
122880)+ 3( T e Tis360 5160960>

C2 -C2C
—i—s( )C _E ‘11 >

poo AC ACT  ACy | ACH TAC)  ACH
771920 T 46080 2580480 C\ 384 ' 46080 286720
ACT ACT  ACY  5TACY 8C2C4 c?
C L) = 1-=
* 3( 8 96 13072 10321920 > 2 < )CS’

(9.197)
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ACT AC? . ACS AC8
o7 = — —
77320560 10321920 ' 2\46080 1146880
ACt  ACS  ACS € 4
'+Q(_§E+7@0_3w@m)_iac“
- AC ACY o+ ACS ACY
1 792897280 10321920 > ~*\46080 1290240
AC8
M= 10321920

The parameters Cy, C»,. . ., Cs can be optimally determined, putting the condition
that the residual functional J, given by :

T

2

J:J[m+m+4ﬁ—nm+Ammf@ ng (9.198)
0

be minimum:

oJ
oC;

=0, i=1,245 (9.199)

and also using the Eq. 9.193.

From Egs. 9.193, 9.194 and 9.199 the parameters and the frequency Q are
determined. In this way the solution (9.196), in the first approximation, is well-
determined.

The initial approximation and the functions o(z), f(¢) into Eq. 9.196 are not
unique. We can consider other expressions for ug, o(f)and S(z),

ug = CycosQt + Cycos3Qt,  a(t) = CyeosQr,  B(t) = C)cos 30

and so on. The new constants C', C%, ..., C5 can be determined in the same way from
Egs. 9.199 and 9.193.

In what follows we present some examples with analytical solutions and
frequencies to show the efficiency of the method described above for solving
Eq. 9.180. We consider different values of ¢ and we compare our results with
numerical integration results obtained using a fourth-order Runge-Kutta method.
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Case (a) When ¢ = 0.2 and A = 2, from Eq. 9.199 we obtained the following
parameters:

C; =2.66323168751, C, = —1.68784445425, (3 = —1.10719594442,
C4 = —193.447730074, Cs5 = 29.3463553689, a3 = 0.704744879839,
o5 = —0.174581669433, o7 = 0.0660397909103,

o9 = 0.508616351595, «l,11 = —0.00689002888449

T =4.38111631932, Q = 1.434204312
and the first-order approximate solution (9.195) under the form

uy (1) = 2.043022598 cos Qr — 0.0212347494 sin Qr — 0.042827221 cos 3Q¢—
—0.0309137 sin 3Q¢ + 0.003536432 cos 5Q¢ — 0.000668871 cos 7Qt—
— 0.003090852 cos 9Q¢ + 0.000027913 cos 11Q¢
(9.200)
Case (b) For ¢ = 0.4 and A = 2, we obtained

C1 = 2.73599246755, C, = —1.33246558502, (3 = —0.69546551579
Cs = —88.8010396268, (5 = 14.2051940821, a3 = 0.769760657104
o5 = —0.010667132613, a7 = —0.122242192892

o9 = 0.558572214112, oy 11 = 0.401862599992

T =4.42073214804, Q = 1.421302197

and the first-order approximate solution (9.196) under the form

uy (1) = 2.051264747 cos Qt + 0.044884636 sin Qs — 0.047631347 cos 3Qs—
— 0.0365834475 sin 3Q¢ + 0.000220021 cos 5Q¢ — 0.030523738 sin 5Q¢+
+ 0.001260686 cos 7Qt — 0.00345634 cos 9Q¢ — 0.001657766 cos 11Q¢
(9.201)

Case (¢) For ¢ = 0.6 and A = 2, we obtained

C; = 2.80282194949, C, = —1.10874387685, (3 = —0.420899456115
C4 = —48.9597206575, Cs5 = 8.03360867586, o3 = 0.569412682511
o5 = 0.406915100929, o7 = —0.0531640773192

a9 = 0.54051554035, o1 = 0.708213166982

T =4.43236399108, €Q =1.417610032
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and the first-order approximate solution (9.196) under the form

uy (1) = 2.049602464 cos Qr + 0.0165936117 sin Qr — 0.03547963 cos 3Qr—
—0.103904776 sin 3Q¢ — 0.008436824 cos 5Qt + 0.029155642 sin 5Qz+
+ 0.000551141 cos 7Q¢ — 0.003362053 cos 9Q¢ — 0.002936764 cos 11Q¢
(9.202)

Case (d) For ¢ = 1 and A = 2, we obtained

C) = 2.73692623845, C, = —0.706276028914, C3 = —0.0685596765921
Cy = —30.7921182188, Cs = 4.56819087016, a3 = —0.547828772763
15 = 135134428124, a7 = 0.484031973056

%10 = 0.493905284112, o, = 1.06513438702

T = 4.44502154653, Q = 1.41400123

uy (1) = 2.006482621 cos Qt + 0.458814565 sin Qr + 0.034249582 cos 3Q¢—
— 0.165548946 5in 3Q¢ — 0.028161461 cos 5Qt + 0.007566654 sin 5Q¢—
— 0.005043514 cos 7Qt — 0.003087835 cos 9Q¢ — 0.004439392 cos 11Q¢

(9.203)
u(t)
2
N
1
Fig. 9.28 Comparison
between the results obtained
for Eq. 9.180 in case (a) for t
e=02and A =2, 1 2 3 4 5
numerical 1
solution; _ _ _ _ _ _
approximate results obtained
from (9.200) -2
u(t)
2
1
Fig. 9.29 Comparison
between the results obtained
for Eq. 9.180 in case (b) for 1 2 3 t
e=04and A =2,
numerical 1
solution; _ _ _ _ _ _
approximate results obtained
from (9.201) -2
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Fig. 9.30 Comparison
between the results obtained
for Eq. 9.180 in case (c) for
e=06and A = 2,

numerical
solution; _
approximate results obtained
from (9.202)

4 5
Fig. 9.31 Comparison u(t)
between the results obtained )
for Eq. 9.180 in case (d) for
e¢=1land A = 2,
numerical solution; _ _ _ _ _ _ 1
approximate results obtained
from (9.203) t
1 2 3 4 5
-1
-2

It is easy to verify the accuracy of the obtained results if we graphically compare
these analytical solutions with numerical ones. Figures 9.28-9.31 show the com-
parison between the present solutions and the numerical integration results obtained
using a fourth-order Runge-Kutta method.

9.8 Volterra’s Population Model

The study of Volterra integral equations originated with the work of Volterra in
population dynamics [190]. Scudo indicates that Volterra proposed a model for a
population #i(7) of identical individuals which can be written in the form:

% = ai — bi® — cii J i(t)d7; 0(0) = Gy (9.204)

where i = #(¢) and a > 0 is the birth rate coefficient, b > 0 is the crowding
coefficient and ¢ > 0 is the toxicity coefficient. The coefficient ¢ indicates the
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essential behaviour of the population evolution before its level falls to zero in the
long run. The last term contains the integral that indicates the “total metabolism” or
total amount of toxins produced since time zero.

Several scales and population scales may be employed [191]. However, we shall
scale time and population by introducing the non-dimensional variables

producing the following differential equation:

t
Bit = u —u* — Ju(x)dx, u(0) = o (9.205)
0
where f§ = i, o :%.
ab a
In [191] Small showed that if f§ is large, where the populations are strongly
sensitive to toxins, the solution is proportional to sech®(7). In this case the solution
u(f) has a smaller amplitude. Furthermore, for small f;, where populations are
weakly sensitive to toxins, the author showed that a rapid rise occurs along the
logistic curve (curve given by Eq. 9.204 with ¢ = 0) that will rich a peak and then
followed by a slow exponential decay.
Noticing

Nu)=u* —u+ Ju(x)dx (9.206)

Equation 9.96 can be written for n = 0 in the form

Py + N(ug) + ot, Ci)N,(up) =0 (9.207)
where
C C,
Uy = + ,
ST 1) (1)
C c c (9.208)
a1, Ci) = 3 4 5

(4 1) * (hr+1)° * (it 4 1)*

with A, Cy, C,, ...Cs unknown constants at this moment.
The initial condition (9.205,) becomes

1 (0) =« (9.209)
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Equation 9.207 becomes
. C C
iy +N{t,—+ ——2 |+
(Ae+1)7 (Ar+1)

Cs n Cy n Cs
(t+17 (a+1)°  (e+1)*

Ci Cy
Nu| g, 5+ 5| =0
(At+1)° (At+1)

(9.210)

where

G G :<C1 2C1+C1C2>
"(r41)7 0 (r+1) (Jr+1

+(C2+2C%—2C162—C§> 1 +(—c2+2C‘C2) 1 N
24 (it +1)° Y ) e+ 1)t

3 1 1
( 2C1C2+C> =—C; 5
(hr+1) (At +1)

C C
Nu| 1, l >+ : 3] =
A+ 1) (At+1)

2C1+C, Cp 1 C 1 1
=1+ —— - —2C; + —— 20— (9.212
24 A ar+1 ( ! 2)> (At +1)* 2(/lt—&-l)‘% ( )

(9.211)

By using Egs. 9.211, 9.212, Eq. 9.210 can be expressed in the form

2C,C3 + C,C3 — 2C2 — C,C 1
ﬁm—<cl+C3+ 1&s + 628 = 264 12)(

27 J+1)7

ZC%2C1C2C%+2C1C4+C2C42C1C3> 1
27 (e +1)°
4C1Cy —2C1Cy — C2C3 +2C1C5 + CC 1

C5—2C1C37C%+ 162 1Cy 203 +2C,Cs + 25)(

(
( 2 i+ 1)t
a
(@

2C3% —2C1Cs — CC 1
—2C1Cy —2C,C4 — 2C,C5 + 2 1L5 2 4)

+
22 (it +1)

C,C 1 1
12C,Cs +2C,Cy + =2 5)(——2@057:0

2% ) (Gt +1)° (it 4 1)

(9.213)
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From the Eq. 9.213 and from the initial condition (9.209), the first order
approximate solution becomes

1 1
ul(t)a+A[—1]+B ———1|+C s — 1]+
At+1 (At+1) At+1)
bl 1| +E : 1| (9214)
(it +1)* (dr+1) (it 41)° '

where

1
A= 57 (2C% + C1Cy — 2C1C3 — C2C3 — 2ACt — 22C5)

1
B= T (2C1C2 + C5 +2C1C3 — 2C] — 2C1Cy — C2Cy — 22C5 — 2/C4)

1
C= 7 (2C1C4 + C2C3 4 2C1Cs + CoCs — 4C\Cs + 24C2 + 4).C1C5 + 2iC5)

1
D= W (C2C4 +2C1Cs5 +4.CCy + 4CCy + 4AC,C3 — )C%) (9.215)
1
E= e (C2Cs + 44CCs + 24C5 + 42CCy
F e (Cy05)
= 365, 2Cs

The parameters 4, C;, C,, C3, C4 and C5 can be determined optimally, i.e. the
residual functional J given by

o] t 2

J= J Bity — uy + ut — u Jul (x)dx | dt (9.216)

0 0

be minimized:

oL _ ol _ol _ ol _ o _

= = = = = = 217
04 0C; 0C, 0Cs; 0Cs OCs ©-217)

From Eq. 9.217 the parameters A and C;, C,, C3, C4, Cs are determined.
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We can also consider other expressions for 1, and o, such as:
uo(t) = Cexp(=A1), a(t,C;) = Cyexp(—221) + Cyexp(=341) + ... (9.218)

and so on. The new constants C’l, CIZ,C;,. .. can be determined in the same way,
using Eq. 9.217.

In order to show the efficiency of the method described above, we present two
examples of obtaining some analytical solutions. We consider two values for f§ and
we compare our results with the numerical integration results obtained using a
fourth-order Runge-Kutta method.

Case (a) When ¢ = 0.1, f = 0.1, we obtain from Egs. 9.214, 9.215, 9.216 and
9.217 the following results:

A =1.1766462692; C; = 2.7532136036; C, = —1.6994761551;
C3; = 0.6455659763; C, = —1.9115831695; Cs = —0.8723926404 (9.219)

From Eq. 9.214, the first-order approximate solution is given by

0.1078859759
1) = —0.00384197 —
(1) 1176646260285 -1 + 1
4.15358281 51.3816309336

(1176646269285 - 1 + 1)>  (1.176646269285 - 1 + 1)*
17.717637583152 | 4200102526143

(1.176646269285 - 1 +1)°  (1.176646269285 - ¢ + 1)°

(9.220)

Case (b) When o = 0.1, § = 1, following the same procedure, we obtain

) =0.0704414; C, = —0.0246497; C, = 0.0101116;
Cy = —1935.64; C4 = 1658.46; Cs=2242.31

In this case, the first-order approximate solution becomes

1397.2 250012
ur (t) = —=207.07 + 397.26 ~3689.7500

(0.0704414 -1+ 1) (0.0704414 - 1 + 1)
4707.21 B 2791.44 N o1
(0.0704414 -1+ 1) (0.0704414 -1+ 1)° ©-221)

N 476.608 N 107.292
(0.0704414 -t +1)°  (0.0704414 -1 +1)°

It is easy to verify the accuracy of the obtained results if we graphically compare
these analytically solutions with the numerical ones. Figures 9.32 and 9.33 show the
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368

Fig. 9.32 Comparison u(t)

between the results obtained

for Eq. 9.205 in the case (a), J"\\
= =0.1 | ]

a=f=01___ 06 :-

numerical simulation; _ _ _ _ )
present method (9.220) {

04|
{ N\
| N
0.2 J" . .
e t
1 2 3 4 5 6
Fig. 9.33 Comparison u(t)
between the results obtained 0.35 -
for Eq. 9.205 in the case (b), ) /N
a=01,=1, 0.3 N
numerical simulation; _ _ _ _ 0.25 / \\
present method (9.221) / \
0.2 / N\
0.15| / \
! A Y
01} \ E,
0.05 s
t

comparison between the present solutions and the numerical integration results

obtained using a fourth-order Runge-Kutta method.
It can be seen from Figs. 9.32 and 9.33 that the solutions obtained by the

proposed procedure are nearly identical with the numerical solutions.

9.9 Thomas-Fermi Equation
We consider the nonlinear differential equation called the Thomas-Fermi equation

for the electron density around the nucleus of an atom which may be written as
[192, 193]

YO ) =1, y(o0) =0 (9.222)

This equation is also frequently used for calculating form factors and for
obtaining effective potentials which can be used as initial trial potentials in self-

consistent field calculations.
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Because of the singularity at x = 0, it is known that the solution of the Thomas-
Fermi equation is very sensitive to the value of the first derivative at x = 0, which
ensures a smooth and monotonic decay of the solution from 1 at x = 0to 0 at x=00.

It is very important to determine a highly accurate value for the initial slope of
the potential y’(0). The importance of the initial slope is that it plays a major role in
determining the energy of neutral atom in the Thomas-Fermi approximation

2
6 (4 \
E= (3 7'5) 73y (0) (9.223)

where Z is the nuclear charge.
Equation 9.222 can be written in the form

x"? -y =0 (9.224)
which can be rewritten in the more general form
y' =722y —=N(x,y,y") =0 (9.225)

where

N(x,y,y”) _ xy//z +y// _ /lzy _ ys (9.226)

is a nonlinear function.
If we consider the second alternative of OPIM:

yo = Cre™™, a(x) = Cre ™ + C3e7 ¥
P(x) = Cae™ + Cse ™2 + Coe ™™, B(x) =0 (9.227)

then for n = 0 into Eq. 9.96, we obtain

y', =22y = N(x,Cre™™, J2Cre ") —
— (Cae™™ + C3¢ )N, (x,Cre™, J2Cre ™) —
— (Cae™™ + Cse ™ + Coe )Ny (x,Cre™™,22Cre™) =0 (9.228)

y1(0) =1, yi(o00) =0 (9.229)
From Egs. 9.226 and 9.227,; we obtain
N(x,Cre ™, 22 Cre ™) = 2*C2xe 2 — Ce™34 (9.230)

Ny(x,Cre™™, 22 Cie™™) = =) —3C2e ™ (9.231)
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Nyr(x,Cre™ )2Cre™™) = 1 + 222Crxe ™™ (9.232)
Substituting Eqgs. 9.230, 9.231 and 9.232 into Eq. 9.228 we obtain
— 2y = [C4 = PP Cale ™ — [Cs — 27C3 + (A*CT + 272C1Cy)x] e 2 —

— [22°C\Csx — C} = 3C3C, + Cgle ™ — [22°C1Cox — 3CIC3]e ™ =0,

y1(0) =1, yi(c0) =0
(9.233)

From Eq. 9.233 we obtain the first-order approximate solution of Thomas-Fermi
equation

yi(x) = (Ax + B)e ™ + (Cx 4+ D)e "+

+ (Ex + F)e ™ + (Gx + H)e ™~ (9.234)
where
pi 1
A Ecz—ﬁa
B—I—MC cc+c IC—SCC+
- 9'9,1143312516”‘5
+iczc2+ C} +-—CiCs — 16 —(C,Ce — ! Cs
8.2 ! 82 5}2 225). 82
22 2 4 8 1 1
C="=C'+2CiCyy, D=—C14+—-CiCy—=C3+-—C
3 +3 1C4, 9 1+9i 1€a =3 3+3/12 5
1 3 3 1 1
E=-CCs, F=—C(C,C cic c+—cC 9.235
1 61Cs 16,515 g2 277 1+8£2 6 ( )
G:—CC H=—C(,C C2C
15 1C6, 225) 1C6 — 5;2 3

The parameters 4 and Cy, C», C3, Cy4, Cs, Cg can be determined optimally, which
means the residual functional J given by

J= J [o/2 — ] dx (9.236)
0
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can be minimized:

or ol al o,

—=——=——=.==—= 2
04 0C;  0C, 0Cs ©-237)

The initial approximation y, and the functions o(x) and f(x) are not unique.
We can consider other expressions for yg, (x) and y(x), such as:

yo(x) = Cie™ + Che
a(x) = Che™ + Che ™ + CseH (9.238)
X) = C' ef/Lx +C’ efﬂx +C' 673/1): _|_C' 674).x
6 7 8 9

and so on, with the constants 4 and C, 1 C/z, ey C /9, which can be determined in the
same way from Eq. 9.237.
Also, Eq. 9.224 can be written as

2 *
)’N - my -N (x>)’ay") =0

where

//2_|_y//_ 2 2y_y3

Vi) = i)

In this case, the initial approximation and the functions a(x) and f(x) can be
chosen in the form

Ci - 2)2Cy
O (Gx+1)°

y0:)w+17

C Cs3
= —+ 3
Ax+1 (Jx+1)

o(x)

Cy Cs Cs

Bx) =~ T (Jx+1)? * (x+1)°

We follow the procedure described above to find numerical results:

A =0.8142096804743827; C; = —0.1463669113967;

C, = —417.8208014694533; C; = —855.9241157162435;
C4 = —281.4804345074634; Cs = —735.7393406374861;
Ce = 95.01941123786105

(9.239)
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From Egs. 9.239 and 9.235, the coefficients A, B, C, D, E, F, G and H are
determined as follows:

A =12.77581329751336514; B = —11.451371899334289;
C =27.47101530791185; D = —39.64505180499373;
E =26.92197372053835; F = 47.77913460422296;

G = —1.8543596994158142; H = 4.317289100105105

(9.240)

In this way, the first-order approximate solution (9.234) of Thomas-Fermi
equation is well determined.
From Eq. 9.234 we obtain

Yo=A+C+E+G—AB+2D+3F +4H) (9.241)
From Egs. 9.240 and 9.241, the approximate initial slope y| (0)becomes
¥1(0) = —1.5880659888022421 (9.242)

and therefore the energy neutral atom given by Eq. 9.223 is well-determined.

Kobayasi [192] gave the numerical result for the same problem as
y’;(0) = —1.588071. A comparison between different approximations of the initial
slop y’;(0)is presented in Table 9.4. It is clear that the present result for the initial
slope is better than those given by Liao’s method [193].

Figure 9.34 presents a comparison between our first-order approximate solution
(9.234) and Liao’s results [193]. The first-order analytic approximate solution y(x)
for x € [0,00) given by Eq. 9.234 is compared with the 60 th-order approximation
obtained by Liao [193]. From Fig. 9.34 it can be seen that the solution obtained
through the proposed procedure (after only one iteration) is nearly identical with the
60 th-order approximation of the series solution obtained by means of the homotopy
analysis method for the same problem.

Table 9.4 Comparison between different approximations of the initial slope y’;(0).

Order of Liao [81] Liao [193] Present work (first-order Kobayashi [192]
approximation approximation)

10 —1.28590 —1.50014

20 —1.40932 —1.54093

30 —1.46306 —1.55595

40 —1.49236 —1.56373

50 —1.51063 —1.56848

60 152309 157168 —1.5880659888 —1.588071
70 —1.53211 —1.57399

80 —1.53895 —1.57572

90 —1.54430 —1.57708

100 —1.54860 —1.57816
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0.8 1
0.6 1
y(x)
0.4 1

0.2 1

Fig. 9.34 Comparison between the first-order approximate solution (9.234) and Liao’s 60th-order
approximation [193]: ¢-e-e-e. present results; m_m_m_m_ Liao’s results [193]

To the best of our knowledge, it is the first time then such an explicit analytic
approximate solution to the Thomas-Fermi equation is given. Some series solutions
were reported, without providing an explicit analytical solution in the traditional
meaning of the word “analytical”.

We remark that very good approximations are obtained in only a few terms. Our
procedure provides a very accurate solution after only one iteration, unlike Liao’s
procedure [81, 193], which converges to an accurate solution upwards of the 60-th
order of approximation.

The proposed solution and Kobayashi’s solution [192] are both more accurate
that Liao’s [81, 193] in terms of the initial slope. Besides, the present solution is an
explicit analytic approximate solution and to the best of out knowledge this is the
first explicit analytic solution reported in the literature to the Thomas-Fermi
equation.

9.10 Swirling Flow Downstream of a Turbine Runner

Theoretical analysis of swirling flows can employ tools ranging from simplified
axisymmetric, inviscid steady or unsteady flow models to full 3D laminar or
turbulent numerical simulation. Several simplifications must be admitted and the
results must be interpreted accordingly. We consider a steady mean flow with axial
and circumferential velocity profiles derived from experimental data. An inviscid
incompressible fluid is considered, since our swirling flow representation does not
account for the boundary layers near the wall.

If  is a perturbation of the base of a Francis turbine runner and £ is the axial
wave number of this perturbation, then the equation
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321p _ k2
3—))2 —Fo(y)¥ = EW (9.243)

defines a generalised eigenvalue problem. The eigenvalue k> can be computed
numerically once the problem is discretised [194]. The Eq. 9.243 is equivalent
with the equation

.. 2

VoW - {F(y) + ';y} b(y) =0 (9.244)

where the expression of F(y) can be evaluated once an analytical swirl representa-
tion is available. The boundary conditions are

W(0)=0, Y(a)=0 (9.245)

and the function F is given by the expression

P2uye™ + Jluyey
(v) = Fo(y)y P TR ——"

2 {Qoy + g}—]‘ (1 — 67;”)’) + ?—22 (1 — eiizy):| [Qo + Q1€7)"y + Qzeiizy]

(1o + ye= + upe—y)?
(9.246)

where a, Qq, Q, Q5, ug, uy, u», 41 and /4, are known from experimental investigations.
Equation 9.244 is a linear differential equation with variable coefficients. In this
case the optimal parametric iteration method is applied in a particular form, as
follows.
Consider the homogenous linear differential equation whit constant coefficients:

aou™ (y) + aju™V(y) + ... + au(y) =0 (9.247)

where all the coefficients a; are constants. The so-called characteristic equation can
be written in the form.

agk™ + a k" ' + ..+ a1k +a, =0 (9.248)

Thus, the general solution of Eq. 9.247 is of the form:

m

u(y) = Z (Coi +Ciy + Cz,’yz + ...+ Cai_ly“’lil) exp(kiy) (9.249)

i=1

where C; are arbitrary constants, m is the number of distinct roots k; of the
characteristic Eq. 9.248 and ¢; is the multiplicity of the root k;.
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The problem of integrating homogeneous linear differential equations (with
variable coefficients), of the n th-order, reduces to choosing # or at least n-1 linearly
independent particular solutions. However, particular solutions are readily selected
only in exceptional cases. In more invgolved cases, particular solutions are sought in

the form of a sum of certain series > f5;¢;(x), often in the form of the sum of

products of coefficients f3; and powé;lseries @i(x). The conditions, under which
there exist solutions of this form, are ordinarily established by methods of the
theory of functions of a complex variable. In concrete problems the most used
procedure is to choose such series that formally satisfies the differential equation.
Having formally obtained a solution in the form of a series, the next step is to
investigate the convergence and the possibility of n-fold termwise differentiation.
In the region where the series converges and admits an n-fold termwise differentia-
tion, it not only formally satisfies the equation, but its sum is indeed the desired
solution.

In this context, we try to choose an approximate solution of Eq. 9.244 in the form
of a truncated series:

m

Y(3) =D (Cia + Coy + Ciay* + ... + Ciny") exp(—hiy) (9.250)
i=1

where m, n are two arbitrarily integer positive numbers, 4; and Cj; are unknown
parameters. The approximate solution ¥ given by Eq. 9.250 is not unique, because
the integers m and n are not unique.

The parameters Cj; and #; that appear in Eq. 9.250 can be determined optimally
i.e. by considering the residual functional

ﬂmcwzjﬁww—(ﬂw+§0wwr@ ©:251)
)

and minimizing this functional:

oJ oJ
—=0,—/—=0, i=1,2,.. =1,2,.. 9.252
ah' )aCU ) 1 ) ) 7m’] ) ) 7n ( )

The parameters /; and Cj; can also be determined optimally by using other
procedures. For example, if y; € (0,a), i = 1,2,...,2 m + n, then by substituting y;
into the residual of the initial equation obtained for the approximate solution
(9.250),

k2

RO) =002 - (F0) + 53 )70) ©0.253)
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we have a system of nonlinear algebraic equations

I.e(.VbCzj) = R().’%Czj) = ... = R(Yamin—2,Cij) =0, (9.254)
i=12...m j=12..n ¥(0)=0, ¥la)=0

which can be solved to obtain the optimal values of the parameters /; and Cj;.

Alternatively, the least squares method, the Galerkin method, the Ritz method, the

Kantorovich method or the collocation method can be used.

The solution of Eq. 9.244 can immediately be determined by using the optimal
values of the parameters Cjj, once these are known.

In short, the idea of the proposed procedure is to construct a solution (9.250) by
means of some unknown constants Cj; and 4;, which can be determined optimally so
that the convergence of the approximate solution can be easily controlled.

We illustrate the accuracy of our procedure on some particular examples. The
analytical results given by Eq. 9.250 are compared whit the numerical integration
results obtained using a fourth-order Runge-Kutta method.

Case (a) For Qg = 0.26675, Q; = —0.79994, Q, = 3.3512, uy, = 0.31501,
uy = 0.07324, u, = —0.29672, A, = 15.14557522, ), = 231.0418175, k* = 125,
a = 0.55125 and the discharge coefficient 0.360, from Eq. 9.254 we obtain:

hy = 105.43721461,hy = 125.1513718,C;; = 0.0001,
Cpp = 0.021646321, C5; = 0.000006613,Csy = —0.009531734,  (9.255)
Cas = 3.272949511, Cpy = —361.9985675, Cas = 7090.637654

From Eqgs. 9.250 and 9.255, an approximate solution in this case becomes

¥ (y)=(0.021646321y+0.0001 )¢ '®43721461y 1 (7090.637654y*) —361.9985675y°
+3.272949511y* —0.009531734y +0.000006613 )¢~ 12-1313718)
(9.256)

Figure 9.35 shows a comparison between the present solution and the numerical
integration results obtained using a fourth-order Runge-Kutta method.

(y)
0.00012
0.0001
. 0.00008
Fig. 9.35 Comparison
between analytical and 0.00006
numerical results obtained for 0.00004
Eq.9.244: _ __ ___ _
analytical results given by 0.00002
Eq. 9.256; =—— y

numerical results 0.02 0.04 0.06 0.08 0.1 0.12 0.14
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Case (b) In the second case Qu = 0.27113, Q; = —0.80310, Q, = 3.4960,
uy = 0.31991, u; = 0.08710, u, = —0.27350, A1 = 9.192995429,
Jo = 117420092, a = 0.55125, k¥* = —11 we obtain:

hy = 4.8248639,h, = 8.759791538,h3 = 14.2149713,

Ci1 = 0.000087706, Cjo = 0.012776622, Coy =1.2-107",

Cyn = —0.000066696, Ci3 = 0.067607239, Cy = —0.912298988,

Crs = 4.087586517, (6 = —6.039667426, C3 = —0.00002459, (9.257)
Cx»n = 0.267102602, C33 = —1.080928642, C34 = 18.14814559,

Css = —157.9759977, (36 = 766.5114418, Cz7 = —2076.606273,

C3g = 2915.08435, Cz9 = —1639.370297

This yields an approximate solution

Y(y) = e +32489395(0.012776622 y + 0.000087706)—

— 6.039667426¢ 3797913385 (y5_(.67679 y* + 0.151051196 y* —

—0.011193868 y* 4 0.000011043 y) - 1639.370297¢ 142148713y (y8 _

—1.778173214 y” + 1.26670971 y®—0.467564554 y> 4 0.096363828 y*—

—0.011070193 y* + 0.000659356 y>—0.000016293 y + 0.000000015)
(9.258)

Figure 9.36 presents the comparison between analytical and numerical results in
this case.

Case (¢) In the last case we consider Qu = 0.31765, Q; = —0.62888,
Q, = 2.2545, ug = 0.30697, u; = 0.01056, u, = —0.31889, A, = 14.38208782,
J> = 289.9684333, a = 0.55125, k¥* = 10000, we obtain:

hy = 1994.365369,Cy; = 3.07 - 1077, Cy, = 0.734753857 (9.259)
Y(y)
0.001 —
/

0.0008
Fig. 9.36 Comparison 0.0006
between analytical and
numerical results obtained 0.0004
for Eq. 9.244 in case (b): 0.0002

_______ analytical results
given by Eq. 9.258;
numerical results

0.1

02 03 04 05
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Fig. 9.37 Comparison u(y)

between analytical and 0.0001

numerical results obtained for

Eq.9.244incase(c): _ __ _ _ 0.00008

_ _ analytical results given by

Eq. 9.260; 0.00006

numerical results 0.00004
0.00002

0.01 002 003 004 0.05

In this case the approximate solution of Eq. 9.243 is given by:
U (y) = 0.734753857ye™ 194365369 (9.260)

Figure 9.37 shows the graphical comparison between analytical and numerical
results in this case.

It can be seen from Figs. 9.35-9.37 that the solutions obtained through the
proposed procedure are nearly identical with the numerical solutions obtained
using a fourth-order Runge-Kutta method.

9.11 Lotka-Volterra Model with Three Species

Systems of nonlinear differential equations arise in many scientific models such as
biological systems and are used in various fields as engineering, chemistry, ecology
and so on. In 1925, A.J. Lotka [195] developed the motion of an evolutionary
system based on two fundamental changes, those involving matter between
components of a system and those involving exchanges of energy. In 1926, V.
Volterra [196] developed the well-known mathematical models of multispecies
interaction. These models, the predator, prey and competition models are known
today as Lotka-Volterra models. Lotka-Volterra equations describe variations of
population densities of few species that compete for the same resources. However,
the ecological system is often affected by environmental changes and other human
activities. In many practical situations, it is often the case that one of the species
maybe suffers a significant loss or increase in density for some reason at some
transitory time slots. These models, for instance can describe the competing fish
species which are exploited by human activities, can also describe the dynamics of
normal and tumour cells in a changing environment under the effects of the
chemotherapy. These models are also applicable in case we are interested in
the existence and stability of tumour-free solution and how treatment affects the
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interaction of tumour and normal cells. Although simplistic, these few models are
still used as the foundation for mathematical models in biology. These models can
also describe the time history of a biological system and are used in various fields as
engineering, chemistry, biology or mathematics. In fact the Lotka-Volterra model is
one of the most popular ones to demonstrate a simple nonlinear control system. The
accurate solutions of the Lotka-Volterra equations may become a difficult task
either if the equations are stiff or when the number of species is large.

In what follows we consider a nonlinear differential equation described by the
following time dependent Lotka-Volterra model with three species:

x=x(1—-x—oay— f2)
y=y(l—px—y—oaz) (9.261)
i=z(1—ox—fy—z)

were dot denotes derivative with respect to time ¢, o« and § are known parameters not
necessary small. Initial conditions are

x(0)=a, y(0)=b, z(0)=c (9.262)

In accordance with OPIM procedure in the first alternative, we consider the
following iteration formulas:

Xnt =F n, Y, za) + my (8, Cofc (X, Y, 20)+

+mi(t,C) y(xnaymzn) + p1(t, Ci)f-(Xn, Yy Zn)
).’n+1 = g(xnvym Zn) + mz(f» Cj)gx(xn,y,,, Zn)+

+ n2(,C) 8y (X, Yy 2n) + P2(t, C) &= (Xny Yy 21)
Znp1 = M(Xn, Yn, 20) + ma(t, Ci) (X, Yny 20) +

+ n3(t, i)y (X, Y, 2n) + P3(t, Ci)hz (X, Yy Zn)

(9.263)

where

fyz) =x(1 —x—ay — fz)
g(x,y,2) =y(1 = pxr—y —az) (9.264)
h(x,y,z) =z(1 —ox — By — z)

and f, =0f/0x, n=0,12..., and C;, Cj, Cy, 1, j, k=12,.... are unknown
constants at this moment. There are many possibilities to choose the auxiliary
functions m,(t,C;), n.(t,C;) and p,(t,Ci), e = 1,2,3. Basically, the shape of
me, n, and p, must follow the terms appearing in Eq. 9.263. Therefore, we try to
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choose the auxiliary functions so that in Eq. 9.263 the products m,F, be of the same
shape with the function F,, where F € {f, g, h}.

We present an example to show the efficiency of the method described in the
previous section for solving Eq. 9.26.

Taking into account the initial conditions (9.262) we choose the initial
approximations as functions of the form:

t

xo=ae ', yy=be ', zg=ce’ (9.265)

For n = 0 into Eq. 9.263 we can construct the following iteration formulas:

¥ = Xo — X5 — oxXoyo — Bxozo + my(t,Ci)[1 — (2x0 + oy + Bzo)]+
+ mi(t, Ci)(—oxo) + pi(t, Ci) (—Bxo)

Y1 = Yo = Bxoyo — Y5 — oz + ma(t, Cj)(=Byo)+
+ my(t, Ci)[1 — (Bxo + 2y0 + 0z0)] + p2(t, Ci) (—oyo)

2 = z9 — oxozo — Byozo — 25 + m3(t, Cr)(—azo) + n3(t, Ci)(—Pzo)+
+ pa(t, Ci)[1 — (oo + Byo + 220)]

(9.266)

For the auxiliary functions m;, n;, p;, i = 1,2,3 we choose the expressions:

mi(t,C;) = (Cit+ Ca)e™", ni(t,C;) = Cst + Cy,
pi(t,Ci) = (Cst+ Co)e™",  my(t,C;) = C7t + Cs,

my(t,Cj) = (Cot + Cro)e™",  pa(t,C;) = (Ciit + Crp)e™™ (9.267)
m3(t,Cy) = (Ciat +Cia)e™, n3(t,C) = (Ci5t + Cig)e™ %,

p3(t,Ci) = (Ciyt + Crg)e™’

Alternatively, we can consider either other expressions for the initial
approximations and the auxiliary function, such as:

xo=ae ', yo=b, zg=ce ', mtC;)=Cre?,
n(tCh) = (Gt + e, pi(t,C) = (Cht + Cs)e ™,
my(t,C}) = (Cst + Ch)e™",  my(t,C}) = Cge %, (9.268)
p2(t,Cj) = (Cot + Cig)e™, ms(t,C'x) = Clie™,
n3(t,CL) = Clat + Clz,  pa(t.C'y) = (Clat + Cls)e™™
and so on.

Now, substituting Egs. 9.265 and 9.267 into Eq. 9.266, we obtain the equations
in X1, y; and Zy, respectively:
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X1 = (—oaCst + a — 0aCyq)e™" + [(C1 — paCs)t + C, — paCe—
— (a® + aab + Pac)le ™ — (2a + ab + fc)(Cyt + Cy)e ™

y1 = [(Cot — pbC7)t + b — pbCs + Ciole™" — [(fa + 2b + oc)Cot+
+ Bab + b* + abc + (Ba + 2b + ac)Cigle ™ — (abCyt + abCiy)e ™"

21 = (Ci7t + Cig + ¢)e " — {[(2a + Bc + 2¢)Cy7 + acC 3]t + aac + fbe+
+¢? 4+ acCy + (0a + fc 4 2¢)Cigte — (BeCiat + fcCrg)e ™™
(9.269)

The solutions of Eq. 9.269 with the initial conditions

x1(0)=a, y1(0)=b, z(0)=c (9.270)

can be written in the form

x1(t) = a+ aaCste™ + (a — 0waC; — 0aCq)(1 — e™")—

— % (Cy — BaCs)te™ + % [(C1 — paCs +2(Cy — PaCe)—

1
—2(a® + aab + Pac)](1 — ™) + 3 (2a 4 ab + Bc)Cite ' —

—é(Za—l—ab—i—ﬁc)(Cl +3Co)(1 —e ) (9.271)

Yi(t) = b+ (b — pbCs + Cio)(1 — ¢ ™) + (BbC7 — Co)te ™'~
- % [(Ba +2b + ac)Co + 2(Bab + b* + abc)+

1
+2(Ba +2b + ac)Cio)(1 — e ™) + 3 (Ba + 2b + ac)Cote > —

1 1
—5%b(Cr +3Cn)(1 - e + gochHte_3’ (9.272)

1
21y =c+ (Cir+Cig+c)(1 —e™) = Cipte™ — 3 [2(atac 4 pbc + )+
+ 20cCra + 2(0a + fc + 2¢)Cig + acCy + (0a + fe + 2¢)Ciq)(1 — 6721‘)4—

1 1
+ 3 [cCy3 + (aa + Be + 2¢)Ciq)te™ + gﬁcC15te’3’—

1
— Zﬁc(CIS + 3C16)(1 — e_3t)
9.273)
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By substituting Eqs.9.271-9.273 into Eq. 9.261 it results the residuals:

Rl(l‘7 Cl) = X —Xl(l — X1 — oy — ﬁZ]) (9274)
Rz([, C,) = )'71 —yl(l — [)’xl —y1 — OCZl) (9275)
Ry(t,Ci) = 21 — z1(1 — oxy — Byr — 1) (9.276)

Making collocation in the arbitrary points #;, i = 1,2,...,6

Ri(t1,Ci) = Ri(t2,Ci) = ... = R (t6,Ci) =0 (9.277)
Ry(t,C;) = Ry(£,C;) = ... = Ry(t6,C;) =0 (9.278)
R3(11,Ci) = R3(t2,Ci) = ... = R3(t6,Ci) =0 (9.279)
we obtain the optimal values of the constants Cy, C»,....,Cig and therefore the

solution (9.271-9.273) in the first approximation is well-determined.
In the case when a=0.2, b=03, ¢=05, «=0.1, f=0.1, from
Egs. 9.277-9.279 we obtain

C1 = 1.669841466, C, = —0.452081708, C3 = 0.899181851,
Cy = 2361528973, Cs = —1.940901217, Cg = 0.582517076,
C; = 1033.008542, Cs = —540.7564632, Co = 30.90993616,
Cio = —14.59841284, Cy, = 29.8078082, Cj> = 94.01456893,
Cia = 5321346396, C)s = —22.21139178, (i = —35.8538265
C17 = —0.345181562, Ci5 = 0.993490199

(9.280)

By substituting Eq. 9.280 into Egs. 9.271-9.273 we obtain after only one
iteration, the following expression for the first-order approximate solution of
Lotka-Volterra equations in three species (9.261):

x1(f) = 0.8281811 — (0.452081708¢ + 1.669841466)¢ '+

+ (23615289731 — 0.899181851)e % + (0.582517076¢ + 1.940902217)e "
(9.281)

y1(£) = 0.83333001 + (0.08032009¢ — 1.924281055)¢ "+
+ (17155014571 + 0.342446025)e 2 + (0.2980780827 4 1.04850505)e
(9.282)
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21(f) = 0.836102311 + (03451815627 — 1.148308637)¢ '+
+ (0.0016062417 + 1.532769033)e > — (0.370189863¢ + 0.720960396)e >
(9.283)

It is easy to verify the accuracy of the obtained solution if we graphically
compare the analytical solution with the numerical one. Figures 9.38-9.40 show

X(t)

0.8

0.7
Fig. 9.38 Comparison
between the approximate 0.6
solution (9.281) and 05
numerical results obtained for )
Eq. 9.261 in case a = 0.2, 04
b=03,¢c=05a=0.1,
p=0.1: numerical 0.3
solution; _ _ _ _ approximate t
solution 2 4 6 8 10

y(t

0.8
Fig. 9.39 Comparison 0.7
between the approximate 0.6
solution (9.282) and ’
numerical results obtained for 05
Eq. 9.261 in case a = 0.2, '
b=03,¢c=05a=0.1, 0.4
p=0.1: numerical
solution; _ _ _ _ approximate t
solution 2 4 6 8 10

z(t)
0.85
0.8

Fig. 9.40 Comparison 0.75
between the approximate 0.7
solution (9.283) and )
numerical results obtained for 0.65
Eq. 9.261 incase a = 0.2, 0.6
b=03,¢c=05a=0.1,
p=0.1: numerical 0.55
solution; _ _ _ _ approximate

t
solution 2 4 6 8 10
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the comparison between the present solutions and the numerical integration results
obtained by a fourth-order Runge-Kutta method.

It can be seen from Figs. 9.38-9.40 that the solution obtained by OPIM is in very
good agreement with numerical integration results. Our method gives analytic
solutions valid globally in time unlike other known methods, for instance Adomian
decomposition method, which unfortunately does not guarantee analytic solutions
valid globally in time as proved by Repaci [197].
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