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Preface

The practice of science could be described as the process of observation followed

by the construction of verbal or mathematical models to explain the observations, or

vice-versa. The use of the mathematical models implies that the observations are

quantitative, that they involve numbers used to specify the observations. The

successful application of any science depends on the use of an appropriate mixture

of principles, techniques and approaches. Sometimes principles are easily under-

stood, sometimes so difficult as to be opaque. Often some rejection takes root in the

dry mathematical form in which the subject is presented, unrelated to observation,

quite irrelevant to life, and lacking any form of interest. Setting problems based on a

wide variety of experience should engage interest, challenge and intelligence and

even stimulate curiosity. The wealth of detail offered should not lull the reader into

thinking that the material can be meaning by leafing through the book. As much

time as possible it should be devoted to going through the calculations and solving

problems.

Analytical solutions to nonlinear differential equations or linear differential

equations with variable coefficients play an important role in the study of nonlinear

dynamical systems, but sometimes it is difficult to find these solutions, especially

for nonlinear problems with strong nonlinearity. In general, the known analytical

methods are restricted to limited cases depending on the parameters which appear

in the governing equations and are valid only for nonlinear problems with weak

nonlinearity.

Dynamical systems are a vast subject. It is often found that the going gets easier

as one goes deeper, learning the mathematical connections tying together the

various phenomena. The material of this book can be included in courses covering

the theory of nonlinear oscillations, the theory of electrical machines, classical and

fluid mechanics, thermodynamics or even biology.

The prerequisites for studying dynamical systems using this book are undergrad-

uate courses in linear algebra, real and complex analysis, calculus, dynamics, and

ordinary differential equations, classical physics of oscillations, knowledge of a

computer language would be essential. Also, it is assumed that the reader knows

basic notions about nonlinear systems of differential equations as well as the
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plotting of phase portraits, analysis of nonlinear systems, and graphical representa-

tion of errors and so on.

This book is informed by the research interest of the authors, which are currently

nonlinear differential equations. Some references include recently published

research articles. Our work has very hands-on approaches and takes the reader

from the basic methods right through to recently published research material.

Most of the material in every chapter is at postgraduate level and has been

influenced by the authors’ own research interest. These chapters are especially

useful as reference material for senior undergraduate project work.

The text is aimed to undergraduate students in accelerated programs, working

scientists in various branches of engineering, natural scientists or applied

mathematicians.

The whole book consists of concrete examples from various domains of nonlin-

ear dynamical systems. The authors believe that the problem of motion of different

dynamical systems can be assimilated only by working with the differential

equations applied to concrete examples. Nearly all the sections of this book are

followed by comparisons with numerical results or with other known results in the

literature.

The aim of this book is to present and extend different known methods in the

literature, especially Lindstedt-Poincaré method, the method of harmonic balance,

the method of Krylov-Bogolyubov and the method of multiple scales, to solve

different types of strong nonlinearities. A better knowledge of these methods lead to

a better choice of the so-called “base functions” which are absolutely necessary to

obtain the auxiliary functions present in the last Chapters, devoted to some optimal

analytical approaches. These auxiliary functions are cornerstone of the optimal

methods and also, ensure the conditions of convergence of the solutions obtained by

different approaches. Unlike all previous analytic approaches, these few optimal

methods provide us with a simple way to control and adjust the convergence region

of solutions of nonlinear dynamical systems. These new optimal methods show one

step in the attempt to develop a new nonlinear analytical technique working in the

absence of small or large parameters. Actually, the capital strength of our optimal

procedures is the fast convergence, since after only two or three iterations, or

sometimes after only one iteration, it converges to the exact solution, which proves

that these optimal methods are very efficient in practice.

The text begins with some known procedures, presented in Chaps. 1–4: the

Lindstedt-Poincaré method, the method of harmonic balance, the method of

Krylov-Bogolyubov and the method of multiple scales. All these techniques sup-

pose the presence of a small parameter into the governing nonlinear equations.

There are presented some alternatives and examples to each of these approaches,

such as the use of perturbation method for strong parameter, the rational harmonic

balance method, a combination of the method of Krylov-Bogolyubov and iteration

method. The last four chapters, from 5 to 8 are devoted to optimal approaches such

as: the Optimal Homotopy Asymptotic Method, the Optimal Homotopy Perturba-

tion Method, the Optimal Variational Iteration Method and the Optimal Parametric

Iteration Method. The validity of the proposed procedures has been demonstrated
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on some representative examples and very good agreement was found between the

approximate analytic results and numerical simulations. The convergence of the

approximate solutions obtained by each of these new methods is greatly influenced

by the convergence-control constants which are optimally determined.

The examples presented in this book lead to the conclusion that the accuracy of

the obtained results is growing along with increasing the number of constants in the

auxiliary functions. These methods are very rapid and effective and show their

validity and potential for the solution of nonlinear problems arising in dynamical

systems.

Finally, our main aim is to inspire the reader to appreciate the beauty as well as

the usefulness of the optimal analytical techniques in the study of nonlinear

dynamical systems.

Timişoara Vasile Marinca

Nicolae Herişanu
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Chapter 1

Introduction

Most nonlinear phenomena are models of our real-life problems. The world around

us is inherently nonlinear. A vast body of scientific knowledge has developed over a

long period of time, devoted to a description of natural phenomena. Nonlinear

evolution of equations are widely used as models to describe complex physical

phenomena in various field of sciences, especially in fluid dynamics, solid state

physics, plasma physics, mathematical biology and chemical kinetics, vibrations,

heat transfer and so on.

Generally speaking, dynamics is a concise term referring to the study of time-

evolving processes, and the corresponding system of equations, which describes

this evolution, is called a dynamical system. In this book “nonlinear system” refers

either to a dynamical process with a physical existence, or to an equation which

may be a model of the process.

Initially, the theory of nonlinear systems build up on its own on the foundations

of the results of Poincaré (1878–1900), Lyapunov (1893), Birkhoff (1908–1944)

and those concerning point mappings, interactions, recurrences obtained at the end

of the nineteenth and beginning of twentieth century, by Koenig, Hadamard,

Andronov, Krylov-Bogolyubov, etc. Very strong interactions between theoretical

researches and practical implications in physical, mathematical or engineering

systems were the reason for the success in well-known Soviet schools: Moscow-

Gorki and Kiev. The most important component of theory of dynamical systems
was the theory of nonlinear oscillations. In dynamics, these two schools have

occupied incontestably the first place, admitted by some of the most famous

American mathematicians, as Lasalle and Lefschetz.

From 1960, and especially since 1975, with the explosive growth of researches

irregular oscillations in the chaotic dynamics field, and with the translation of some

Soviet results in Western countries, the study of nonlinear systems has become a

subject in vogue out of USSR, with more and more papers on all scientific

disciplines. A large part of these papers concerns abstract nonlinear systems, and
are devoted to nonessential generalizations without any interest for understanding a

typical dynamic behaviour, or for practical purposes. Other papers are limited to

concrete nonlinear systems, a field which is considered to be constituted by two sets

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering,
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of results. The first one is related to the study of problems directly suggested by

practice (physics, engineering, . . .). The second set concerns the study of equations,
directly tied with practice, but having the lowest dimension, and the simplest

structure, which permits to isolate in the purest form a “mathematical phenomenon”

by eliminating the “parasitic effects” of a more complicated structure (for example

the famous Smale’s horseshoe). For so wide a scientific field, having given rise to a

great lot of publications, an exhaustive presentation of the matter is impossible, and

then many results of this time are rediscoveries, or variants of older ones.

The end of the nineteenth century was dominated by Poincaré’s works [1] on

periodic solutions of ordinary differential equations, which constitute the founda-

tion on the most part of results obtained until now. Briefly these ideas were

associated with the notions as: fixed point in the map, limit cycle, bifurcation,

node, focus, saddle, in various manifolds, map (point mapping), double asymptotic

points, homoclinic, heteroclinic. The Poincaré’s contribution of the analytical

method of nonlinear dynamics must also be noted with the Poincaré ’s method of
the small parameter, and the notion of generating solution. It permits to define the

nontabulated transcendental functions, solutions of differential equations, by a

convergent series expansion. This way was considerably developed and extended

(asymptotic methods) later by the dynamics schools of the former Soviet Union.

With Poincaré, Lyapunov is the mathematician who has left the most important

mark at that time. He gave the basis of the theory of the motion stability [2] and

introduced some fundamental notions, for instance: Perturbed motion, characteris-

tic numbers, the functions of the first and of the second kind, critical cases, global

stability, and so on.

Researches about the theory of nonlinear systems represent an important part of

the Birkhoff’s contribution to the mathematical sciences and can be considered in

the field of “concrete nonlinear system”. The definition and the classification of all

possible types of dynamic motions constitute an important contribution by this

author. It gives the many aspects of dynamics in which Brikhoff introduced so

many new ideas, new theorems and new questions [3].

Under the name of theory of oscillations, the study of nonlinear dynamics had a

new phase of growth in the twentieth century, beginning due in particular to the

results of Rayleigh [4] and Van der Pol [5]. It was associated with the development

of electrical and radio engineering [6]. There are known two relatively independent

branches of the nonlinear oscillation theory. So, the first branch corresponds to the

qualitative methods. Here the complex transcendental functions are defined by the

singularities of continuous or discrete dynamic systems such as stationary states

which are equilibrium points or periodical solutions (cycles), trajectories passing

through saddle singularities, stable and unstable manifold, boundary or separation

of the influence domain (domain of attraction or basin) of a stable (attractive)

stationary state, homoclinic or heteroclinic singularities, or more singularities of a

fractal or nonfractal type, bifurcation, etc.

The second branch corresponds to the analytical methods. Here the above

mentioned complex transcendental functions are defined by convergent, or at

least asymptotically convergent series expansions, or in “the mean”. The method
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of Poincaré’s small parameter, the asymptotic method of Krylov-Bogolyulov-

Mitropolski are analytical. So are the averaging methods [7, 8] and the method of

harmonic linearization in the theory of nonlinear oscillations. These two indepen-

dent branches of the nonlinear oscillations theory have the same aims: Construction

of mathematical tools for the solution of concrete problems, development of a

general theory of nonlinear systems.

Since 1960, the important development of computers has meant a large exten-

sion to the numerical approach of the nonlinear systems problems. Such an

approach constitutes a powerful tool when it is associated with the qualitative or

analytical methods.

The problem of the construction of mathematical tools fitted to the study of

nonlinear oscillations was first formulated by Mandelstham in 1920. This was done

in connection with the study of nonlinear systems belonging to radio-engineering.

Indeed, with Papaleski, Mandelstham, formulated the fundamental problems solved

later by his disciples. Such formulations constituted a decisive step in understand-

ing concrete nonlinear systems.

In the beginning, the most popular approach to nonlinear problems was the

fitting method. This method is based on the approximation of a nonlinear charac-

teristic, with a piecewise linear characteristic. So the solution of a nonlinear

problem is changed into the solution of a set of linear problems corresponding to

different linear segments with conditions of continuity at the junction of the

segments. The PhD thesis formulated in 1927 by Mandelstham: “The Poincaré’s

limit cycles and the theory of oscillations” is a first-rank contribution for the

evolution of the theory of nonlinear oscillations, because it opens a new way of

application for the Poincaré’s qualitative theory of differential equations, with a lot

of practical consequences. His professor, Andronov amplified his activity with a

precise purpose: The elaboration of a theory of nonlinear oscillations [9], in order to
dispose of mathematical tools, common to different scientific disciplines. For the

elaboration of this theory, he used the following fundaments: The Lyapunov

stability theory, the Poincaré’s qualitative theory of differential equation, the

point mappings theory, the Birkhoff’s classification of all possible types of dynamic

motions. To be physically significant, a model of dynamic systems must respect the

following conditions: A solution should exist, this solution should be unique, the

unique solution should be continuous with aspect to the data contained in the initial

conditions, or in the boundary conditions, and the dynamic system should be

structurally stable. This last concept was introduced in 1937 by Andronov and

Pontrjagin: A dynamic system is structurally stable, if the topological structure of

its motion does not change with small changes of the parameters, or the structure of

the equation describing these motions.

For Andronov’s school, the analytical methods have been always an auxiliary

tool for qualitative method studies, or for the understanding of specific problems

given by physics or engineering. So, as early as 1932, Mandelstham and Papaleski

used the Poincaré’s small parameter method to study of nonlinear resonance,

subharmonic resonances, synchronization phenomenon, etc.

1 Introduction 3



More recently, in 1956, Malkin published his famous book [10] dealing with the

method of small parameter. This book also gives a method of successive

approximations in the non-analytic case. Malkin has also given a study of critical

cases in the Lyapunov sense via analytical methods.

From the theoretical results of Andronov’s school, the practical applications are

very large and very important for analysis and synthesis purpose. Now they go

beyond the limit of physics or engineering, and concern also natural sciences,

dynamics of populations, economy, etc. The applications concern all types of

oscillators (electronic type, in particular the theory of multivibrators, mechanical

type with the theory of watches, electro-mechanical type with coupling of electrical

machines), regulators using relays, steam engines, automatic flight, the dynamics of

flight and of gyroscopes, radio-physics, quantum mechanics, dynamics of systems

heaving a pure delay, etc.

Since 1952, date of the deterioration of the relation between the two groups (one

in Gorki, the other in Moscow) of the school, the group of Moscow has developed a

considerable activity in the automatic control field with Chetaev, Lur’e, Aizerman,

Petrov, Meerov, Letov, Tsypkin, etc., and in the optimization theory and practice

with Pontryagin, Boltjanski, Gamkrelidze, Mischenko, etc. .

The Krylov-Bogolyubov school from Kiev, has developed essentially analytical

methods. The foundation of their results is the classical method of perturbations
which has been generalized to nonconservative systems. In 1932, the Krylov-

Bogolyubov method gave a close foundation to the Van der Pol studies about

oscillators. Later, the asymptotic method due to Mitropolski constitutes an

improvement, with the use of only asymptotically convergent series expansions.

It is the same for the averaging method and method for accelerating the conver-

gence [7, 8]. With respect to the Poincaré’s small parameter method, these methods

are such that the “full” determination of the first harmonic and of the following

harmonics of a periodic solution does not depend on the determination of the upper

harmonics. The contribution of this school is very large and concerns systems with

one, or several degrees of freedom, the determination of periodical, or quasi and

almost periodical solutions, the determination of transient regimes, the synchroni-

zation phenomenon, and the nonlinear systems having pure delays.

The Hayashi’s school on nonlinear oscillations developed many studies espe-

cially oriented toward electric circuits [11]. Analytical methods as well as qualita-

tive and numerical ones have been intensively used by him and his two disciples

Kawakami and Ueda. Complex behaviours of autonomous oscillators and nonau-

tonomous ones with periodical excitation have been the subject of a lot of publica-

tion. Studies of resonance and synchronization phenomena of harmonic,

subharmonic, higher harmonic and fractional harmonic types, in phase spaces and

in parameter spaces, as well as problems of chaotic behaviours, occupy an impor-

tant place in their publications.

In the last years efforts were also made for collecting the main results concerning

nonlinear vibration in monographs. In this respect we mention the books by

Minorski [12], Stoker [13], McLachlan [14], Kauderer [15], Sansone and Conti

[16], and Roseau [17].
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The theory of random vibration has a comparatively late development. From the

publication in 1905 of Einstein’s studies of Brownian motion [18], considered by

him as a particular type of random vibration, more than two decades elapsed until

the appearance of the first work applying the theory of random processes to the

study of beam and string solutions. The study of nonlinear vibrations raised great

mathematical difficulties. To overcome these difficulties, three different principal

tools have been proposed: The use of Fokker-Planck-Kolmogorov equations, the

method of statistical linearization and the perturbation method. Crandall [19]

proposed and applied a perturbation technique, which is an extension to random

vibrations of the perturbation method used for weakly nonlinear deterministic

systems. Presently there are a great number of papers concerning the theory of

linear and nonlinear random vibrations.

In the study of nonlinear dynamical systems, often are considered equations in

the form:

dx

dt
¼ fðx; t; mÞ; t> t0x0ðt0Þ ¼ x0 (1.1)

where all variables and parameters are real valued, t, t0 and m (a parameter) are

scalars, x is a vector, and the functions f are at least continuous with respect to t, and
analytic with respect to x and m, at least for xj j< �x and mj j< �m.

It is worthy of note that now the well-known Poincaré’s analyticity theorem is

frequently used in a wrong way to prove the smooth dependence on the parameter m
for determining the periodic solution of Eq. 1.1, this dependence being presumed to

follow from the analyticity of fwith respect to x and m. This theorem affirms that the

solution of Eq. 1.1 with @x0
@m � 0, x0j j< �x, can be expressed in the form of series :

xðt; x0; mÞ ¼
X1

i¼0

xiðt; x0Þmi; xiðt0; x0Þ ¼ x0 for i ¼ 0;

xiðt0; x0Þ ¼ 0 for i> 0

(1.2)

which is convergent for |x0|��x1<�x, |m|<�m1<�m and 0 < t-t0<�t(t0,x0,m). It is impor-

tant to stress that �t depends on t0, x0 and m, which is forgotten by many authors, as

noted by Gumowski in [20].The limitation of �t by the properties of f, other than
smoothness, has a profound influence on any method of determining periodic

solutions, because the validity of the Poincaré analyticity theorem in general cannot

be extended to the asymptotic limit �t!1, or even to �t � T, T > 0 being the period

of the solution. The fundamental reason is that a periodic solution with a completely

defined x0 is parametrically imbedded in a general solution x ¼ F(t,t0,x0,m) with
arbitrary x0 such that F� �F(x0,m)F1(t,t0) at t ! 1. In general, it happens that �F is

a qualitatively different function of m for different x0, and for a fixed x0 the precise
dependence on m is not known in advance. Moreover, the qualitative m-dependence
of �F may exhibit a complex structure. At present, no explicit conditions to be
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imposed on f are known, which ensure the m dependence of F to be of specific form

for a fixed x0.
It is generally believed that the validity of the asymptotic method constitutes an

extension of the Poincaré analyticity theorem, with usual m-convergence replaced

by asymptotic convergence. Many examples show that a mere asymptotic conver-

gence is useless for the determination of a periodic solution unless, for a fixed

difference between the exact and the approximate solution, the size of the approxi-

mation interval analogous to the convergence interval, 0 < t-t0<�t (t0,x0,m), is not
less than the period T. Unfortunately, if the differential equations are reduced to

quasi linear standard form, which is the usual practice, and the expansion (1.2) does

not apply with �t�T, then the asymptotic method either fails completely or yields

erroneous results. An analytical method can be improved by using a convenient

parametric substitution, which consists in a rewriting of the differential equation

parameters. Then each of them presents itself as the product of the former parame-

ter and an auxiliary new one at an entire or fractional power, in general different

according to the parameter considered. This leads to series expansions with entire

or fraction powers, characterizing the analytical solution of the equation. Such a

method leads to guess the “intrinsic parametric dependence” of the solution. This

may be facilitated when the equation is the model of a physical process with a well-

understood behaviour, or via numerical simulation of the solution.

The future development of analytical methods is hindered by a major difficulty

due to the fact that the “intrinsic parameter dependence” does not remain the same

for a given equation when its parameters vary. Pure mathematicians accept the

characterization of a solution by a series expansion, only if an existence theorem of

the solution by a series expansion, has been proved. Such proofs generally present

technical difficulties for their establishment, which implies before the understand-

ing of the intrinsic parameter dependence. In the presence of changes of the

intrinsic parametric dependence according to the parameter space point, this

would imply the demonstration of as many theorems as number of changes,

which is non-realistic.

For the future, it is likely that the interest in the analytical methods will not be

restricted to limited cases, for which an explicit dependence of a solution with

respect to the parameters of the problem is necessary for an application [21].

In this context, it can be written that these recent results will be used to search for

better and more efficient solution methods for determining a solution, approximate

or exact, analytical or numerical to nonlinear models or linear models with variable

coefficients.

Large varieties of engineering, physical, chemical or biological phenomena are

governed by nonlinear evolution equations. Obtaining the exact solutions of non-

linear equations, if available it is important because among others, facilitates the

verification of numerical solvers and aids in the stability analysis of solutions.

Analytical solutions to nonlinear differential equations play an important role in

nonlinear science, especially in nonlinear physical science since they can provide

much physical information and more inside into the physical aspects of the problem

and thus lead to further applications.

6 1 Introduction



In the field of nonlinear dynamical systems, rapid progress in the last two

centuries has occurred due in large measure to the ability of investigators to respect

physical laws in terms of rather simple equations. In many cases the governing

equations were not so simple, therefore certain assumptions, more or less consistent

with the physical situation, were employed to reduce the equations to types more

easily solvable. Thus, the process of linearization has become an intrinsic part of

rational analysis of physical problems. An analysis based on linearized equations,

then, may be thought of as an analysis of a corresponding but idealized problem.

In many instances the linear analysis is insufficient to describe the behaviour of

physical systems adequately. In fact, one of the most fascinating features of a study

of nonlinear problems is the occurrence of new and unsuspected phenomena i.e.,

new in the sense the phenomena are not predicted, or even hinted at by the linear

theory. On the other hand, certain phenomena observed physically are unexplain-

able, except by some known aspects due to nonlinearities present in the systems.

Nonlinearities are commonplace in engineering systems. They result from struc-

tural proprieties which give rise to nonlinear elastic forces, geometrical and kine-

matic configurations which create autoparametric interactions or combined bending

and torsional motion, inertial effects including rotational loadings, deformations

such as curvatures and buckled states, machine tool chatter vibrations due to tool

and work-piece interactions, aerodynamic effects, the elastic foundation, strain

displacement of plates, systems with electric deformations, fluid–structure interac-

tion, finite belt stretching, internal combustion, and so on.

As exact solutions for strongly nonlinear system are frequently scarce, at least at

the present state of knowledge in nonlinear mathematics, an approach of accurate

semi-analytical or approximate analytical solutions is most significant appealing. In

this respect, new and innovative approaches capable to solve nonlinear dynamical

systems beyond the restriction of the classical methods of perturbation and har-

monic balancing are presented here and then applied to acquire accurate approxi-

mate higher-order analytical solutions for nonlinear problems. The motivation of

this book is to extend the analysis of different known methods in literature, to solve

different types of nonlinear problems.

In the last years, some fruitful results have been obtained for solving various

nonlinear problems. There exist some well-known analytical approaches applicable

for nonlinear problems such as the method of harmonic balance [22], the Lindstedt-

Poincaré method [22], a modified Lindstedt-Poincaré method [23], the averaging

method [8], a symbolic computation to implement an averaging method with

elliptic functions [24], some extensions of the harmonic-balance method, the

Krylov-Bogolyubov and elliptic perturbation method to the case of complex

strongly nonlinear differential equations [25], the boundary element method [26],

the weighted linearization method [27], the artificial parameter method [28], the

homotopy analysis method [29], the homotopy perturbation method [30], the

variational iteration method [31], a quasi-linearization method [32], and so on.

All of the above mentioned methods work very well for weakly nonlinear

dynamical systems and some of them work even for strongly nonlinear problems.

It is very important in case of strongly nonlinear dynamical systems, to prove and to
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ensure the condition of convergence of the solutions. Every approach used in the

study of nonlinear dynamical systems must be rigorously proved, even if the results

obtained by the approach are in good agreement with other known results in

literature.

It is also worthy to note that the majority of scientists have not been led to their

discoveries by a process of deduction from general postulates, or general principles,

but rather by a through examination of properly chosen particular cases [21]. The

generalizations have come later, because it is far easier to generalize an established

result then to discover a new line of argument. Generalization is the temptation of a

lot of researchers working now with nonlinear dynamical systems.

The important development of the theory of nonlinear dynamical systems,

during these centuries, has essentially its origins in the studies of the “natural

effects” encountered in these systems, and the rejection of non-essential

generalizations, i.e. the study of concrete nonlinear systems have been possible

due to the foundation of results from the theory of nonlinear dynamical system field.

8 1 Introduction



Chapter 2

Perturbation Method: Lindstedt-Poincaré

We seek an expansion that is valid for small but finite amplitude motions. It is

convenient to introduce a small, dimensionless parameter e which is of the order of

the amplitude of the motion and can be used as a crutch, or a bookkeeping device, in

obtaining the approximate solution [22, 33–35]. For instance, the equation of

motion of an autonomous weakly nonlinear system has the form:

€uþ o2u ¼ ef ðuÞ; 0< e<< 1 (2.1)

where in general f is a nonlinear function and _u ¼ du
dt .

The perturbation method aims at getting a periodic solution of Eq. 2.1 in the form
of a power series with respect to e. This method, introduced about 1830 by Poisson,

was at first applied formally, without any theoretical justification. Nevertheless it

has been successfully used to obtain some effective solutions especially in celestial

mechanics. By the end of the nineteenth century, the method has been improved as

far as calculation is concerned by Gylden, Lindstedt, Bohlin, and others. However,

the main contribution to the perturbation method is due to Poincaré [1], who

elaborated in 1892 its theoretical grounds and made possible its systematic applica-

tion to various problems of nonlinear oscillations. We shall discuss in this section a

variant of the perturbation method proposed by Lindstedt in 1883.

There is no real and rigorous connection between the way that e is used in

different terms of a nonlinear differential equation and the manner in which it can

be applied to the damping, for example. Besides, it forces the assumption onto the

problem that there is a genuine strength similarity between damping, excitation, or

nonlinear restoring force. In reality this may be a rather vague supposition and

almost impossible to prove unequivocally. The use of e, also introduces the implicit

assumption that occasionally certain term is of the second order in e, whereas other
term can be of the first order in e. Again, such comparison is hard to contemplate

accurately and definitively, but if it does turn out to be physically unacceptable,

then the particular ordering scheme cannot be used. It is important to proceed with

caution and to use one’s experience judiciously. The parameter e can be seen as a

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering,
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convenient universal scaling parameter for different, apparently unrelated

quantities within the equation of motion such as damping, excitation amplitude,

and coefficients of nonlinear terms. On that basis, one might construct a set of

physically reasonable orderings which together convey the requirements for soft

excitation, relativelyweak damping and subordinate status for geometric nonlinearities

when compared with their linear counterparts. The other possibility for introducing e is
based on formal nondimensionalization of the dependent variable (i.e. the chosen

coordinate) and the independent variable.

Let us suppose that Eq. 2.1 has a periodic solution u(t) of some period T. We

cannot try a solution of the form:

uðtÞ ¼ u0ðtÞ þ eu1ðtÞ þ e2u2ðtÞ þ ::: (2.2)

because some functions uk(t) could be aperiodic. Such a situation occurs, i.e. for the
expansion of the periodic function sinð1þ eÞt:

sinð1þ eÞt ¼ sin tþ et cos t� 1

2
e2t2 sin tþ ::::

whose coefficients are not periodic. Terms liket cos t, t2 sin t, . . . in which the time

t appears as “amplitude” are called secular terms. It is obvious that the existence of
such terms, which grow beyond and bound as t ! 1, destroys the periodicity of

the expansion when only a finite number of its terms are considered, which is

usually the case.

This difficulty may be avoided by developing the period TðeÞin a power series

with respect to e:

T eð Þ ¼ 2p
o

1þ eh1 þ e2h2 þ :::
� �

(2.3)

and introducing into Eq. 2.1 the new independent variable

t ¼ 2pt
T

¼ ot
1þ eh1 þ e2h2 þ :::

(2.4)

Then, Eq. 2.1 becomes

d2u

dt2
þ 1þ eh1 þ e2h2 þ :::
� �2

u ¼ e
o2

1þ eh1 þ e2h2 þ :::
� �2

f ðuÞ (2.5)

and has a periodic solution u(t) of constant period 2p. Consequently, we may

assume for u(t) in Eq. 2.5 the power series

u tð Þ ¼ u0 tð Þ þ eu1 tð Þ þ e2u2 tð Þ þ ::: (2.6)

whose coefficients uk(t) have to be periodic functions of t of period 2p.
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Now, we suppose that the initial conditions are

uð0Þ ¼ a; _uð0Þ ¼ 0; (2.7)

We satisfy the conditions (2.7) by requiring that

u0ð0Þ ¼ a; ukþ1ð0Þ ¼ 0;
dukð0Þ
dt

¼ duk tð Þ
dt t¼0j

� �
¼ 0 for k ¼ 0; 1; 2::: (2.8)

By substituting Eq. 2.6 into Eq. 2.5 and taking into account that

ð1þ eh1 þ e2h2 þ e3h3 þ :::Þ2 ¼ 1þ 2eh1 þ e2ðh21 þ 2h2Þ þ 2e3ðh3 þ h1h2Þ þ :::

(2.9)

and

f ðuÞ ¼ f u0ð Þ þ eu1 þ e2u2 þ e3u3 þ . . .
� �

j0 u0ð Þ þ 1

2
ðeu1 þ e2u2þ

þ e3u3 þ . . . Þ2f 00ðu0Þ þ . . . : ¼ f ðu0Þ þ eu1f 0ðu0Þ þ e2½u2f 0ðu0Þþ
þ 1

2
u21f

00ðu0Þ� þ e3½u3f 0ðu0Þ þ u1u2f
00ðu0Þ� þ . . .

(2.10)

by equating coefficients of like powers of e, we obtain the set of recursive linear

differential equations:

d2u0
dt2

þ u0 ¼ 0

d2u1
dt2

þ u1 ¼ �2h1u0 þ f u0ð Þ
o2

:¼ �2h1u0 þ ’1 tð Þ
d2u2
dt2

þ u2 ¼ �2h2u0 � 2h1u1 � h21u0 þ
u1f

0 u0ð Þ þ 2h1f u0ð Þ
o2

:¼
� 2h2 þ h21
� �

u0 þ ’2 tð Þ
d2u3
dt2

þ u3 ¼ �2 h3 þ h1h2ð Þu0 � h21 þ 2h2
� �

u1 � 2h1u2þ

þ u2f
0 u‘0ð Þ þ 1

2
u21f

00 u0ð Þ þ 2h1u1f
0 u0ð Þ þ h21 þ 2h2

� �
f u0ð Þ

o2
:¼

� 2 h3 þ h1h2ð Þu0 þ ’3 tð Þ
(2.11)

and so on, where the symbol :¼ means “note”.

The general solution of Eq. 2.111 satisfying Eq. 2.8 is

u0 tð Þ ¼ a cos t (2.12)
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In order to integrate Eq. 2.112, we develop the function ’1(t) in a Fourier series.
We obtain

’1 tð Þ ¼ C10 þ C11 cos tþ C12 cos 2tþ C13 cos 3tþ ::: (2.13)

and therefore, Eq. 2.112 becomes

d2u1
dt2

þ u1 ¼ �2h1a cos tþ C10 þ C11 cos tþ
X1
k¼2

C1k cos kt (2.14)

The solution of this equation does not contain secular terms provided that there

are no terms containing cos tand sin tin the right-hand side. This condition gives

�2h1aþ C11 ¼ 0, whence

h1 ¼ C11

2a
(2.15)

The general solution of Eq. 2.14 is then

u1 tð Þ ¼ C10 þ
X1
k¼2

C1k

1� k2
cos ktþ a1 cos tþ b1 sin t (2.16)

From initial conditions (2.8) we deduce that

a1 ¼ �C10 �
X1
k¼2

C1k

1� k2

b1 ¼ 0

(2.17)

We now have

u1 tð Þ ¼ C10 1� cos tð Þ þ
X1
k¼2

C1k

1� k2
cos kt� cos tð Þ (2.18)

Introducing Eqs. 2.12 and 2.18 into Eq. 2.113 yields ’2(t) and hence can be

expanded in a cosine series, and so on.

Assume that we have determined in this way the functions uk(t), and the

constants hk, for k ¼ 1,2,. . ..,m-1, and that we may calculate ’m(t). By expanding

’m(t) in a Fourier series, we obtain

’m tð Þ ¼ Cm0 þ Cm1 cos tþ
X1
k¼2

Cmk cos kt (2.19)
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and the m-th equation in Eq. 2.11 becomes

d2um
dt2

þ um ¼ � 2hm þ 2h1hm�1 þ 2h2hm�2 þ :::ð Þa cos tþ

þ Cm0 þ Cm1 cos tþ
X1
k¼2

Cmk cos kt
(2.20)

Requiring the periodicity of um(t) gives

hm ¼ Cm1

2a
� h1hm�1 � h2hm�2::: (2.21)

and we deduce as before, by initial conditions (2.8) that um(t) may be taken under

the form

um tð Þ ¼ Cm0 1� cos tð Þ þ
X1
k¼2

Cmk

1� k2
cos kt� cos tð Þ (2.22)

We may thus successfully determine the function uk(t) and the constants hk. The
solution of Eq. 2.5 is then Eq. 2.6, where t is given by Eq. 2.4 and the period T is

given by Eq. 2.3.

It is apparent from above that there are no special difficulties in applying the

perturbation method up to any step. However, the second and following steps do not

qualitatively change the approximate solution. They only introduce small quantita-

tive corrections of order e2 or higher, which, usually, do not justify the amount of

calculation involved.

Poincaré has shown by an example that, in general, the series (2.6) obtained by

the method of Lindstedt-Poincaré may not converge. In the variant of the perturba-

tion method devised by him, the solution is obtained once again as a power series

with respect to e, which uniformly converges to u(t) if e and the initial amplitude |a|
are sufficiently small, but which may contain secular terms. Poincaré was interested

in astronomical problems, in which the presence of secular terms is harmless,

because of the relatively slow motion of the planets.

However, for the study of nonlinear vibration with comparatively high

frequencies, a casting-out of the secular terms, as the one of Lindstedt discussed

above, seems to be better suited. Moreover, since the expansion (2.6) is practically

limited to its first one or two terms, one is mainly interested in the asymptotic

behaviour for e ! 0 of this truncated expansion, and the possible divergence of the

whole series is generally immaterial.
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2.1 The Oscillator with Cubic Elastic Restoring Force

The oscillator with cubic elastic restoring force occupies an important place in the

theory of nonlinear systems, since it is the simplest oscillator displaying specific

nonlinear properties. On the other hand, it provides a first approximation for the

behaviour of a much large class of oscillators. Indeed, for sufficiently small values

of |u|, the cubic characteristic may approximate as well as we please an elastic

characteristic given by an arbitrary analytic function of u. Finally, another argument

in favour of a detailed study of this oscillator is the possibility that it gives to

compare an exact solution with the approximate solutions obtained by various

analytical methods.

Let us consider the equation of motion of a conservative oscillator with cubic

elastic restoring force (well-known Duffing equation)

€uþ o2u 1þ eu2
� � ¼ 0 (2.23)

with the initial conditions

uð0Þ ¼ a> 0; _uð0Þ ¼ 0 (2.24)

where o, e and a are constants.

2.1.1 The Exact Solution of Duffing Equation

The potential energy per unit mass for Eq. 2.23 is

GðuÞ ¼
ðu
0

o2u 1þ eu2
� �

du ¼ o2u2

2
1þ e

2
u2

� �
(2.25)

The energy equation reduces in this case to

EðtÞ ¼ v2

2
þ GðuÞ ¼ E0 (2.26)

where v2/2 is the kinetic energy per unit mass ( _u¼v) and

E0 ¼ v20
2
þ G u0ð Þ (2.27)

is the initial total energy of the system per unit mass. From initial condition (2.24)

we obtain the energy equation
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v2

2
þ o2u2

2
1þ e

2
u2

� �
¼ E0 (2.28)

where

E0 ¼ o2a2

2
1þ e

2
a2

� �
(2.29)

From Eqs. 2.28 and 2.29 we deduce the velocity as function of the displacement

vðuÞ ¼ �o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � u2ð Þ 1þ e

2
a2 þ u2ð Þ

h ir
(2.30)

from which the extreme values of the speed

v1;2 ¼ �oa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e

2
a2

r
(2.31)

results for u ¼ 0. The extreme values of the displacement may be obtained by

putting v ¼ 0 in Eq. 2.30. We find, as expected, u1,2 ¼ �a. From Eq. 2.28 we see

that the phase trajectories are symmetric with both coordinate axes.

Next, it follows from Eq. 2.30 that the time necessary for the representative point

to move in the lower half-plane from A(a,0) to the point of abscissa u is

tðuÞ ¼ � 1

o

ðu
a

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � u2ð Þ 1þ e

2
a2 þ u2ð Þ	 
q (2.32)

By interchanging the limits of integration and putting u ¼ a�, where � is a new

variable, Eq. 2.32 becomes

tðuÞ ¼
ffiffiffi
2

p

eoa

ð1
u
a

d�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2ð Þ 1þ 2

ea2 þ �2
� �q (2.33)

This expression may be further transformed by means of the elliptic integral of

the first kind F(’.k), [36, 37]. We then obtain

tðuÞ ¼ F arc cos ua ; k
� �
o
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ea2

p (2.34)

where

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ea2

2 1þ ea2ð Þ

s
(2.35)
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Finally, by inverting the function (2.34), we find the exact solution of the

equation of motion

u ¼ a cn ot
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ea2

p
; k

� �
(2.36)

where cn is Jacobi’s elliptic function (elliptic cosine).

We also notice that the quarter of the vibration period may be calculated by

putting u ¼ 0 into Eq. 2.36, and hence the period is given by

TðaÞ ¼ 4

o
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ea2

p F
p
2
; k

� �
¼ 4

o
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ea2

p KðkÞ (2.37)

where K(k) is the complete elliptic integral of the first kind.

In the special case when e is sufficiently small, then

k2 ¼ ea2

2 1þ ea2ð Þ ¼
ea2

2
1� ea2 þ ea2

� �2 � ea2
� �3 þ :::

h i
(2.38)

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ea2

p ¼ 1� ea2

2
þ 3 ea2ð Þ2

8
� 5 ea2ð Þ3

16
þ 35 ea2ð Þ4

128
::: (2.39)

KðkÞ ¼ p
2

1þ k2

4
þ 9k4

64
þ 25k6

256
þ 1225k8

16384
þ :::

� �

After some manipulation we obtain

TðaÞ ¼ 2p
o

1� 3ea2

8
þ 57e2a4

256
� 315e3a6

2048
þ :::

� �
(2.40)

Using the series expansion of the elliptic cosine

cnðx; kÞ ¼ 2p
kKðkÞ

ffiffiffiffiffiffiffiffiffi
qðkÞp

1þ qðkÞ cos
px

2KðkÞ þ
qðkÞ ffiffiffiffiffiffiffiffiffi

qðkÞp
1þ q3ðkÞ cos

3px
2KðkÞ þ :::

 !

where

qðkÞ ¼ exp �
pK

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p� �
KðkÞ

2
4

3
5 (2.41)
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we obtain the solution (2.36) in the form

uðtÞ ¼ 2pa
kKðkÞ

ffiffiffiffiffiffiffiffiffi
qðkÞp

1þ qðkÞ cos
2p
T
tþ qðkÞ ffiffiffiffiffiffiffiffiffi

qðkÞp
1þ q3ðkÞ cos 3

2p
T
tþ :::

 !
(2.42)

We remark that Eqs. 2.40 and 2.42 may be very useful, especially when

comparing the exact solution to approximate solutions obtained by other methods.

2.1.2 Use of the Perturbation Method for Duffing Oscillator
with Small Parameter

We shall apply the perturbation method to determine an approximate solution of

Eq. 2.23 satisfying the initial conditions (2.24), under the assumption that the elastic

nonlinearity is weak. We try a solution of the form (2.6) where the variable t is

given by Eq. 2.4 and the period T is given by Eq. 2.3. In this case, Eq. 2.5 becomes

u000 þ eu001 þ e2u002 þ e3u003 þ . . .þ
þ 1þ 2h1eþ h21 þ 2h2

� �
e2 þ 2 h3 þ h1h2ð Þe3 þ . . .

	 
ðu0 þ eu1 þ e2u2þ
þ e3u3 þ . . .Þ ¼ � eþ 2h1e2 þ h21 þ 2h2

� �
e2 þ . . .

	 
 � ½u30 þ 3u20u1eþ
þ 3 u0u

2
1 þ u20u2

� �
e2 þ . . . :�

(2.43)

where u0 ¼ du
dt .

Equating the coefficients of like powers of e, we obtain the first three

approximations from the following four equations:

u000 þ u0 ¼ 0 (2.44)

u001 þ u1 ¼ �2h1u0 � u30 (2.45)

u002 þ u2 ¼ � h21 þ 2h2
� �

u0 � 2h1u1 � 3u20u1 þ 2h1u
3
0

� �
(2.46)

u003 þ u3 ¼ �2 h3 þ h1h2ð Þu0 � 2 h21 þ 2h2
� �

u1 � 2h1u1�
� h21 þ 2h2
� �

u30 þ 6h1u
2
0u1 þ 3 u0u

2
1 þ u20u2

� �	 
 (2.47)

From Eqs. 2.44 and 2.7 we obtain

u0 ¼ a cos t (2.48)
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Taking into consideration Eq. 2.48, Eq. 2.45 may be also written in the form

u001 þ u1 ¼ � 2ah1 þ 3a3

4

� �
cos t� a3

4
cos 3t (2.49)

from which, by Eqs. 2.15, 2.7 and 2.18, it follows that

h1 ¼ � 3a2

8
(2.50)

and

u1 tð Þ ¼ a3

32
cos 3t� cos tð Þ (2.51)

By substituting the last two solutions into Eq. 2.46, we obtain

u002 þ u2 ¼ 57a5

128
� 2ah2

� �
cos tþ 3a5

16
cos 3t� 3a5

128
cos 5t (2.52)

and we deduce in the same way as above that

h2 ¼ 57a4

256
(2.53)

and

u2 tð Þ ¼ 3a5

128
cos t� cos 3tð Þ þ a5

1024
cos 5t� cos tð Þ (2.54)

Finally, by substituting Eqs. 2.50, 2.51, 2.53 and 2.54 into Eq. 2.47, we have

u003 þ u3 ¼ � 1107a7

4096
� 2ah3

� �
cos t� 705a7

4096
cos 3tþ

þ 13a7

512
cos 5t� a7

512
cos 7t

(2.55)

from which it follows that

h3 ¼ � 1107a6

8192
(2.56)
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and

u3 tð Þ ¼ 705a7

32768
cos 3t� cos tð Þ þ 13a7

12288
cos t� cos 5tð Þþ

þ a7

24576
cos 7t� cos tð Þ

(2.57)

Taking into consideration Eqs. 2.51, 2.54 and 2.57, we obtain, from Eq. 2.6, the

approximate solution satisfying Eqs. 2.23 and 2.24 to within an error of third-order

in e:

u tð Þ ¼ a cos tþ ea3

32
cos 3t� cos tð Þ þ e2a5

1024
cos 5t� 24 cos 3tþ 23 cos tð Þþ

þ e3a7

98304
4 cos 7t� 104 cos 5tþ 2115 cos 3t� 2015 cos tð Þ

(2.58)

Next, by introducing Eqs. 2.50, 2.53 and 2.56 into Eq. 2.3, we derive the

corresponding approximation for the period

T ¼ 2p
o

1� 3ea2

8
þ 57e2a4

256
� 1107e3a6

8192

� �
(2.59)

The approximate expression (2.59) of the period, as obtained by the perturbation

method, coincides with the exact expansion (2.40), as expected, to within terms of

third-order in small parameter e.

2.1.3 Use of the Perturbation Method for Duffing Oscillators
with Strong Parameter

Perturbation method provides the most versatile tool available in nonlinear

dynamical systems and is constantly developed and applied to ever more complex

problems. But, perturbation method has its own limitation: it is based on such

assumption that a small parameter must exist in equation. This so called small

parameter assumption greatly restricts applications of perturbation techniques, and

as it is well-known, an overwhelming majority of nonlinear problems, especially

those having strong nonlinearity, have no small parameters at all.

It is even more difficult to determine the so-called small parameter, which seems

to be a special art requiring special techniques. An appropriate choice of small

parameter may lead to ideal results; however an unsuitable choice of small param-

eter results in badly effects, sometimes seriously. Even if there exists suitable small
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parameter, the approximate solutions obtained by the perturbation method are valid,

in most cases, only for small values for the parameter.

To overcome this limitation, many novel techniques have been proposed in

recent years. For example Cheung et al. [38] presented a modified Lindstedt-

Poincaré method. They expand o2 instead of o:

o2 ¼ o2
0 þ eh1 þ e2h2 þ ::: (2.60)

and a new parameter is defined as

a ¼ eh1
o2

0 þ eh1
(2.61)

It is much better to expand u and o2 into a power series with respect to a:

u ¼ u0 þ au1 þ a2u2 þ ::: (2.62)

o2 ¼ o2
0 þ ah1 þ a2h2 þ ::: (2.63)

The essence of the proposed method is to expand the coefficient 1 from the

equation €uþ u ¼ f ðuÞ rather than the nonlinear frequency into a series of e:

1 ¼ o2 þ eC1 þ e2C2 þ ::: (2.64)

where the constants o2 and Ci can be identified by means of no secular terms.

Dai [39] introduced another transformation of the independent variable t:

t ¼ tþ eFðuðtÞÞ þ 0ðe2Þ

where F(u(t)) is an unknown nonlinear functional further determined.

J.H. He [40–43] proposed some perturbation techniques (Taylor expansion,

artificial parameter, linear perturbation method, parameterized perturbation

method, bookkeeping artificial parameter perturbation method, iteration perturba-

tion method, etc.) which are valid for large parameters. In what follows we present

two versions of modified Lindstedt-Poincaré method applied for the Duffing non-

linear oscillator.

(a) In the first version, in 2004 H. Hu [44] presented a classical perturbation

technique which is valid for large parameters. Hu considered the Duffing equations

in the form

€uþ uþ eu3 ¼ 0 (2.65)
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and the initial condition

uð0Þ ¼ a; _uð0Þ ¼ 0 (2.66)

where e is a parameter which does not need be small.

For Eq. 2.65, the solution is assumed to be in the form

uðtÞ ¼ u0ðtÞ þ eu1ðtÞ þ e2u2ðtÞ þ ::: (2.67)

and the fundamental frequency in the form [38], [42], [44]:

O2 ¼ 1þ eh1 þ eh2 þ ::: (2.68)

where hi are unknown constants.

By substituting Eqs. 2.67 and 2.68 into Eq. 2.65 we obtain

€u0 þ e€u1 þ e2€u2 þ :::
� �þ O2 � eh1 � e2h2:::

� �
u0 þ eu1 þ e2u2 þ :::
� �þ

þ e u0 þ eu1 þ e2u2 þ :::
� �3 ¼ 0

(2.69)

By equating coefficients of like powers of e, and processing as the standard

perturbation method, we have

€u0 þ O2u0 ¼ 0 (2.70)

€u1 þ O2u1 ¼ h1u0 � u30 (2.71)

€u2 þ O2u2 ¼ h2u0 þ h1u1 � 3u30u1 (2.72)

and so on.

The initial conditions are replaced by

u0ð0Þ ¼ a; _u0ð0Þ ¼ 0; uið0Þ ¼ _uið0Þ ¼ 0; i ¼ 1; 2; ::: (2.73)

Solving Eqs. 2.70 and 2.73, we have

u0ðtÞ ¼ a cosOt (2.74)

Substitution of u0 into Eq. 2.71, results into

€u1 þ O2u1 ¼ ah1 � 3

4
a3

� �
cosOt� 3

4
a3 cos 3Ot (2.75)
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Eliminating the secular term needs

h1 ¼ 3

4
a2 (2.76)

and thus the solution of Eq. 2.75 becomes

u1ðtÞ ¼ a3

32O2
cos 3Ot� cosOtð Þ (2.77)

Now, by substituting Eqs. 2.76 and 2.77 into Eq. 2.72, we have the following

equation

€u2 þ O2u2 ¼ ah2 þ 3a5

128O2

� �
cosot� 3a5

128O2
cos 5Ot (2.78)

Avoiding the presence of secular terms requires

h2 ¼ � 3a4

128O2
(2.79)

The solution of Eq. 2.78 with the initial conditions (2.73) becomes

u2ðtÞ ¼ a5

3072O4
cos 5Ot� cosOtð Þ (2.80)

If the second order approximation is sufficient, from relation (2.68) we have

O2 ¼ 1þ 3ea2

4
� 3e2a4

128O2
(2.81)

Solving for O gives

Oapp ¼ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8þ 6ea2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
64þ 96ea2 þ 30e2a4

pq
(2.82)

The second approximate solution of Eq. 2.65 is obtained from Eqs. 2.67, 2.74,

2.77 and 2.80:

uðtÞ ¼ a cosOtþ ea3

32O2
cos 3Ot� cosOtð Þ þ e2a5

3072O4
cos 5Ot� cosOtð Þ (2.83)

where the frequency O is given by Eq. 2.82.
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The exact frequency of the periodic motion of the Duffing equation is obtained

from Eq. 2.37 with o ¼ 1, because into Eqs. 2.65 and 2.24 o is considered equal

with 1:

Oex ¼ p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ea2

p ðp=2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2sin2y

p
 !�1

;m ¼ ea2

2 1þ ea2ð Þ (2.84)

For comparison, the exact frequency obtained by Eq. 2.84 and the approximate

frequency given by Eq. 2.82 are listed in Table 2.1

Table 2.1 indicates that the formula (2.82) can give excellent approximate

frequencies for both small and large parameters.

So, for large e, the present approximate frequencies have the same feature as the

exact one, even in case ea2 ! 1. We have

lim
ea2!1

Oapp

Oex
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6þ ffiffiffiffiffi

30
pp

2p

ðp
2

0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 0; 5sin2y

p � 0; 999691 (2.85)

Therefore, for any value of e, the maximum relative error of the second approxi-

mate frequency obtained for the Duffing equation by means of traditional perturba-

tion technique, is less than 0.03%, with respect to the exact solution

It is at least strange that this traditional perturbation method work for large

parameters.

If normal expansion is used for the frequency

O ¼ 1þ eC1 þ e2C2 þ ::: (2.86)

instead of expansion (2.68), the results are different in the cases of small and large

parameters. For example, from Eq. 2.58 we derive the corresponding first approxi-

mate frequency (for o ¼ 1) in the case that e is small:

O ¼ 1þ 3ea2

8
(2.87)

Table 2.1 Comparison of

approximate frequencies with

the corresponding exact

frequency for the Duffing

equation

ea2 Oapp (2.82) Oex (2.84)

0.2 1.07200 1.07200

0.6 1.20173 1.20173

1 1.31776 1.31778

5 2.15018 2.15042

10 2.86613 2.86664

100 8.53110 8.53359

1,000 26.8025 26.8107

10,000 84.7013 84.7245
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On the other hand, the first approximate frequency, obtained from Eqs. 2.76 and

2.68 for any e is

O ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

4
ea2

r
(2.88)

Formula (2.88) can give good approximate frequencies for both small and large

parameters, but for large parameters, formula (2.87) is not valid, becauseffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

4
ea2

r
6¼ 1þ 3

8
ea2:

We believe that the Duffing equation is one of rather equations in which the

expansion (2.68) can be used instead of Eq. 2.86.

In Fig. 2.1 is presented a comparison between the numerical solution and

analytic solution (2.83) of Eq. 2.65 in the case a ¼ o ¼ 1, e ¼ 0.1 while Fig. 2.2

presents a similar comparison for the analytic solution (2.83) of the Eq. 2.65 in the

case a ¼ o ¼ 1, e ¼ 1. A very good agreement was found between the numerical

and analytical results for Eq. 2.65 in both cases.

Fig. 2.1 Comparison between the results obtained for Eq. 2.65: ______numerical solution; _ _ _ _

analytic solution (2.83) for a ¼ o ¼ 1, e ¼ 0.1

Fig. 2.2 Comparison between the results obtained for Eq. 2.65: _____numerical solution; _ _ _ _

analytic solution (2.83) for a ¼ o ¼ 1, e ¼ 1
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It is clear that the Lindstedt-Poincaré procedure produces a periodic expression

describing the motion of the system, a frequency-amplitude relationship which is a

direct consequence of requiring the expression to be periodic and higher harmonics

in the higher-order terms of the expression.

(b) In the second version we expand o2 in series (2.60) and define the parameter

a by Eq. 2.61 such that

e ¼ a
h1 1� að Þ ; o0 ¼ 1ð Þ (2.89)

With the transformation t ¼ Ot, Eq. 2.65 becomes

O2u00 þ uþ eu3 ¼ 0 (2.90)

where primes denotes differentiation with respect to t. The fundamental frequency

O given by (2.68) becomes

O2 ¼ 1þ a
1� a

� �
1þ l2a2 þ l3a3 þ :::
� �

¼ 1

1� a
1þ l2a2 þ l3a3 þ :::
� �

(2.91)

where h1, l2, l3. . . are unknown constants which will be determined in the later by

perturbation steps successively.

Substituting Eqs. 2.89 and 2.91 into Eq. 2.90 yields:

1þ l2a2 þ l3a3 þ :::
� �

u000 þ au001 þ a2u002 þ :::
� �þ

þ 1� að Þ u0 þ au1 þ a2u2 þ :::
� �þ a

h1
u0 þ au1 þ a2u2 þ :::
� �3 ¼ 0

(2.92)

It can be seen from Eq. 2.61 that the value of a is always kept small regardless to

magnitude of eh1. It is observed that a is a new small parameter which is considered

to be better than e. It will enable a strongly nonlinear system corresponding to e be
transformed into a small parameter system with respect to a.

Equating the coefficients of like terms of a into Eq. 2.92 the following set of

linear differential equation can be obtained

u000 þ u0 ¼ 0; u0ð0Þ ¼ a; u00ð0Þ ¼ 0 (2.93)

u001 þ u1 ¼ u0 � u30
h1

; u1ð0Þ ¼ 0; u01ð0Þ ¼ 0 (2.94)

u002 þ u2 ¼ u1 þ l2u0 � 3u20u1
h1

; u2ð0Þ ¼ 0; u02ð0Þ ¼ 0 (2.95)
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From Eq. 2.93 we obtain

u0 ¼ a cos t (2.96)

Equation 2.94 becomes

u001 þ u1 ¼ a 1� 3a2

4h1

� �
cos t� a3

4h1
cos 3t; u1ð0Þ ¼ 0; u01ð0Þ ¼ 0 (2.97)

In order to ensure that no secular terms appear in the next iteration, resonance

must be avoided, so that the coefficient of cos t in Eq. 2.97 requires being zero:

h1 ¼ 3

4
a2 (2.98)

So, from Eq. 2.97, we have the following solution

u1 ¼ a

24
cos 3t� cos tð Þ (2.99)

Substituting Eqs. 2.96 and 2.99 into Eq. 2.95, yields

u002 þ u2 ¼ a l2 þ 1

24

� �
cos t� 1

24
a cos 5t (2.100)

Avoiding the secular term into Eq. 2.100, we obtain

l2 ¼ � 1

24
(2.101)

and therefore Eq. 2.91 becomes

O2 ¼ 1

1� a
1þ l2a2 þ :::
� � ¼ 1þ 3

4
ea2 � 3e2a4

128þ 96ea2
þ ::: (2.102)

To illustrate the remarkable accuracy of the obtained results, we compare the

approximate period

Tapp ¼ 2p
O

¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

4
ea2 � 3e2a4

128þ96ea2

q (2.103)

with the exact one obtained from Eq. 2.84

Tex ¼ 4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ea2

p
ðp

2

0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� msin2y

p ; m ¼ ea2

2 1þ ea2ð Þ (2.104)
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What is rather surprising about the remarkable range of validity of Eq. 2.103 is

that the actual asymptotic period is also of higher accuracy as ea2 ! 1

lim
ea2!1

Tex
Tapp

¼
2
ffiffiffiffi
17
24

q
p

ðp
2

0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 0; 5sin2y

p ¼ 0; 999271 (2.105)

Therefore, the approximate analytical solution of the Duffing equation has an

error which never exceeds 0.07% with respect to the exact solution.

These extensions of the Lindstedt-Poincaré method, which are simple and easy

to use, are effective methods for dealing with strongly non-linear vibration of single

degree of freedom systems which cannot be treated by the standard Lindstedt-

Poincaré method.

Remark. In general, perturbation methods work very well for weakly nonlinear

dynamical systems and there exist cases when this procedure leads to inappropriate

results. For instance, we consider the weakly nonlinear system

_x ¼ 0:5x� exy; xð0Þ ¼ 4

_y ¼ �0:3yþ 2exy yð0Þ ¼ 1
(2.106)

where e is a small parameter and dot denotes derivative with respect to time t. For
Eq. 2.106 we may suppose the power series

xðtÞ ¼ x0ðtÞ þ ex1ðtÞ þ e2x2ðtÞ þ e3x3ðtÞ þ ::::

yðtÞ ¼ y0ðtÞ þ ey1ðtÞ þ e2y2ðtÞ þ e3y0ðtÞ þ :::::
(2.107)

By substituting Eqs. 2.107 into Eqs. (2.106) and equating the coefficients of like

powers of e, we obtain the following linear differential equations:

_x0 ¼ 0:5x0; x0ð0Þ ¼ 4

_y0 ¼ �0:3y0; y0ð0Þ ¼ 1
(2.108)

_x1 ¼ 0:5x1 � x0y0; x1ð0Þ ¼ 0

_y1 ¼ �0:3y1 þ 2x0y0; y1ð0Þ ¼ 0
(2.109)

_x2 ¼ 0:5x2 � ðx0y1 þ x1y0Þ; x2ð0Þ ¼ 0

_y2 ¼ �0:3y2 þ 2ðx0y1 þ x1y0Þ; y2ð0Þ ¼ 0
(2.110)

_x3 ¼ 0:5x3 � ðx0y2 þ x1y1 þ x2y0Þ; x3ð0Þ ¼ 0

_y3 ¼ �0:3y3 þ 2ðx0y2 þ x1y1 þ x2y0Þ; y3ð0Þ ¼ 0
(2.111)

The Eqs. 2.108 yields
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x0 ¼ 4e0:5t

y0 ¼ e�0:3t
(2.112)

By substituting Eq. 2.112 into Eq. 2.109 and solving these equations, we obtain

x1 ¼ 40

3
e0:2t � 40

3
e0:5t

y1 ¼ 16e0:2t � 16e�0:3t
(2.113)

Now, substituting Eqs. 2.112 and 2.113 into Eq. 2.110 and solving these

equations, it results

x2 ¼ 5000

9
e0:5t � 320e0:7t � 2320

9
e0:2t þ 200

9
e�0:1t

y2 ¼ 48e�0:3t þ 128e0:7t � 928

3
e0:2t þ 400

3
e�0:1t

(2.114)

From Eqs. 2.111, 2.112, 2.113 and 2.114 we obtain

x3 ¼ � 7502000

567
e0:5t� 5120

7
e1:2t þ 21760

3
e0:7t þ 12800

3
e0:4t

þ 86400

27
e0:2t� 21200

27
e�0:1t þ 2000

81
e�0:4t

y3 ¼ 48544

21
e�0:3t þ 2048

3
e1:2t� 8704

3
e0:7t þ 25600

21
e0:4t

þ 34592

9
e0:2t� 42400

9
e�0:1t � 4000

9
e�0:4t

(2.115)

Finally, from Eqs. 2.107, 2.112, 2.113, 2.114 and 2.115, for e ¼ 0.001, we

obtain an approximate solution of the fourth-order in the form

Fig. 2.3 Comparison

between the numerical

solution x(t) of Eq. 2.106 and

approximate solution (2.116):

_____numerical solution; _ _

_ _ approximate solution
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xðtÞ ¼ �0:00000073e1:2t � 0:00031274e0:71t þ 3:9872e0:5tþ
þ 0:00000426e0:4t þ 0:01307e0:2t þ 0:00002143e�0:1t þ 2:46 � 10�14e�0:4t

yðtÞ ¼ 0:0000006826e1:2t þ 0:00012509e0:71t þ 0:000001219e0:4tþ
þ 0:01569e0:2t þ 0:0001286e�0:1t þ 0:98405e�0:3t � 0:000000444e�0:4t

(2.116)

In Figs. 2.3 and 2.4 is presented a comparison between the numerical and

approximate solutions (2.116) of the Eqs. (2.106) in the case of e ¼ 0.001, where

an important discrepancy between these solutions can be observed.

In conclusion, the perturbation method does not work very well in all cases, even

though in the differential equations is involved a small parameter. Therefore, this

remark lead to the conclusion that more powerful methods should be developed to

overcome these difficulties. Some suitable methods will be presented in Chaps. 6–9.

Fig. 2.4 Comparison

between the numerical

solution y(t) of Eq. 2.106 and

approximate solution (2.116):

_____numerical solution; _ _

_ _ approximate solution
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Chapter 3

The Method of Harmonic Balance

This method may be used to determine the approximate periodic solutions of

nonlinear differential equations. If a periodic solution does exist, it may be sought

in the form of a Fourier series, whose coefficients are determined by requiring the

series to satisfy the equation of motion. However, in order to avoid solving an

infinite system of algebraic equations, it is better to approximate the solution by

finite sums of trigonometric functions, i.e.

uðtÞ ¼
XM
k¼0

Ak cos kotþ k’ð Þ (3.1)

or

uðtÞ ¼
XM
k¼0

Ak sin kotþ k’ð Þ (3.2)

or

uðtÞ ¼
XM
k¼0

Ak cos kotþ Bk sin kotð Þ (3.3)

For the sake of simplicity, we have been considered systems governed by equations

having the form

€uþ auþ b _u2 þ cu _u2 ¼ 0; a>0 (3.4)

where a, b and c are constants.
Substituting for example Eq. 3.1 into the governing Eq. 3.4 and equating the

coefficient of each of all harmonics to zero, leads to a set of algebraic equations

whose number is generally greater than that of the coefficients Ak and o. Therefore,

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering,
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to obtain a compatible system, we limit ourselves to imposing a number of

conditions equal to the number of coefficients to be determined. This procedure

obviously yields only an approximate solution. Usually these equations are solved

for o, A1, A2, A3, . . ., Am in terms of A1. The accuracy of the resulting periodic

solution depends on the value of A1 and the number of harmonics in the assumed

solution (3.1).

First, we consider only one-term expansion into Eq. 3.1:

uðtÞ ¼ A1 cos otþ ’ð Þ :¼ A1 cosf (3.5)

we have

1

2
bo2A2

1 þ aA1 � o2A1 þ 1

4
co2A3

1

� �
cosf�

� 1

2
bo2A2

1 cos 2f� 1

4
co2A3

1 cos 3f ¼ 0 (3.6)

Equating the coefficient of cosf to zero, we obtain

o2 ¼ a 1� 1

4
cA2

1

� ��1

(3.7)

which for small A1 becomes

o ¼ ffiffiffi
a

p
1þ 1

8
cA2

1

� �
(3.8)

From Eq. 3.8 it is clear that only a part of the nonlinear correction to the

frequency has been obtained. The reason for the deficiency is that the terms

0ðA2
1Þwere neglected in Eq. 3.6, while the terms 0ðA3

1Þwere kept. To obtain the

rest of the nonlinear correction, we need to include other terms besides the first

harmonic in the expression of u.
Therefore, we consider

uðtÞ ¼ A0 þ A1 cosf (3.9)

Substituting Eq. 3.9 into Eq. 3.4, yields

aA0 þ 1

2
bo2A2

1 þ
1

2
co2A0A

2
1 þ aA1 � o2A1 þ 1

4
co2A3

1

� �
cosf�

� 1

2
co2A0A

2
1 cos 2f� 1

4
co2A3

1 cos 3f ¼ 0 (3.10)
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Equating the constant term and the coefficient of cosf to zero, we have

respectively

aA0 þ 1

2
bo2A2

1 þ
1

2
co2A0A

2
1 ¼ 0

a� o2 þ 1

4
co2A2

1 ¼ 0 (3.11)

If we consider A1 small, the solutions of Eq. 3.11 are

o2 ¼ a 1� 1

4
cA2

1

� ��1

A0 ¼ �4bA2
1 4þ cA2

1

� ��1
(3.12)

Hence

o ¼ ffiffiffi
a

p
1þ 1

8
cA2

1

� �
(3.13)

Again, comparing Eq. 3.13 with Eq. 3.8, we establish that the frequencies are the

same, but we conclude that the assumption (3.9) has also produced a solution that

does not account for all the nonlinear correction to the frequency to 0(A1
2). From

Eq. 3.10, we find that we still neglected terms 0(A1
2) while we kept terms 0(A1

3).

Next, let us try to include three terms in the solution, that is:

uðtÞ ¼ A0 þ A1 cosfþ A2 cos 2f (3.14)

where we consider |A0| << |A1| and |A2| << |A1|. Substituting Eq. 3.14 into Eq. 3.4

yields

aA0 þ 1

2
bo2A2

1 þ 8bo2A2
2 þ

1

2
co2A0A

2
1 þ 8co2A0A

2
2 þ

9

4
co2A2

1A2

þ aA1 � o2A1 þ 4bo2A1A2 þ 3

4
co2A3

1

�
þ 4co2A0A1A2þ

þ 12co2A1A
2
2

�
cosfþ aA2 � 4o2A2 þ 1

2
bo2A2

1 þ
1

2
co2A0A

2
1þ

�

þ 7

2
co2A2

1A2 þ 16co2A3
2

�
cos 2fþ

þ 4bo2A1A2 þ 10co2A1A
2
2 þ

1

4
co2A3

1 þ 4co2A0A1A2

� �
cos 3fþ

þ 8bo2A2
2 þ

9

4
co2A2

1A2 þ 8co2A0A
2
2

� �
cos 4fþ

þ 10co2A1A
2
2 cos 5fþ 8co2A3

2 cos 6f ¼ 0 (3.15)
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Equating the constant term and the coefficients of cosf and cos 2f to zero, we

obtain:

aA0 þ 1

2
bo2A2

1 þ 8bo2A2
2 þ

1

2
co2A0A

2
1þ

þ 8co2A0A
2
2 þ

9

4
co2A2

1A2 ¼ 0 (3.16)

a� o2 þ 4bo2A2 þ 3

4
co2A2

1 þ 4co2A0A2 þ 12co2A2
2 ¼ 0 (3.17)

aA2 � 4o2A2 þ 1

2
bo2A2

1 þ
1

2
co2A0A

2
1 þ

7

2
co2A2

1A2 þ 16co2A3
2 ¼ 0 (3.18)

We suppose that A1 is small and therefore, through Eqs. 3.16 and 3.18 show that

A0 ¼ 0ðA2
1Þ and A2 ¼ 0ðA2

1Þand hence

A0 ¼ � 1

2
bA2

1 þ 0 A4
1

� �
(3.19)

A2 ¼ 1

6
bA2

1 þ 0 A4
1

� �
(3.20)

o2 ¼ a� a 8b2 þ 9cð Þ
12

A2
1 þ 0 A4

1

� �
(3.21)

Substituting A0 and A2 from Eqs. 3.19 and 3.20, respectively into Eq. 3.14 yields

uðtÞ ¼ A1 cosfþ 1

6
bA2

1 cos 2f� 3ð Þ þ 0 A4
1

� �
(3.22)

From Eq. 3.21, it follows that

o ¼ ffiffiffi
a

p
1� 8b2 þ 9c

24
A2
1

� �
(3.23)

Inspecting the coefficients of the higher harmonics into Eq. 3.15, one finds that

they are of the order 0ðA3
1Þand hence the neglected terms are of the order of the error

in Eqs. 3.22 and 3.23, which is the reason why it is in agreement with the solutions

obtained by other procedures.

It is clear from the development above that, in order to obtain a consistent

solution using the method of harmonic balance, one need either to know a great

deal about the solution a priori or to carry enough terms in the solution and check

the order of the coefficients of all the neglected harmonics. Otherwise one might

obtain an inaccurate approximation such as Eqs. 3.13 and 3.23.
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On the other hand, in the frame of the harmonic balance method it is very

difficult to construct higher-order analytical approximation because it requires

analytical solutions of sets of complicated nonlinear algebraic equations. This

method can be applied to nonlinear oscillatory problems where the nonlinear

terms are not small and no perturbation parameter is required.

Various generalizations of the harmonic balance method have been presented by

several other investigators: the unrestricted harmonic balance [45], the rational

representation [46], an intrinsic method [47], the use of Jacobi elliptic functions

[48], two time scale harmonic balance [49], the incremental harmonic balance [50],

etc.

An alternative approach for solving the nonlinear oscillation of a conservative

system is obtained by combining the linearization of the governing equation with

the harmonic balance method [51]. In this procedure, instead of a set of nonlinear

algebraic equations, it results a set of linear algebraic equations, as can be seen in

the next Section.

3.1 Free Vibrations of Cantilever Beam

We consider free vibrations of a slender inextensible cantilever beam carrying an

intermediate lumped mass with a rotary inertia, described by the nonlinear equation

€uþ uþ au2€uþ au _u2 þ bu3 ¼ 0; uð0Þ ¼ A; _uð0Þ ¼ 0 (3.24)

The third and fourth terms in Eq. 3.24 represent inertia-type cubic nonlinearity

arising from the inextensibility assumption. The last term is a static–type nonline-

arity associated with the potential energy stored in bending.

With a new independent variable t ¼ ot, where o is the frequency of system,

Eq. 3.24 becomes:

o2 1þ au2
� �

u 00 þ auu 02
h i

þ uþ bu3 ¼ 0 (3.25)

Following the lowest harmonic balance method (see Eq. 3.5), initial approxima-

tion with initial conditions (3.242) is

u0 tð Þ ¼ A cos t (3.26)

Substituting Eq. 3.26 into Eq. 3.25, yields

Aþ 3

4
bA3 � o2A� 1

2
o2aA3

� �
cos tþ 3

4
bA3 � 1

2
o2aA3

� �
cos 3t ¼ 0 (3.27)
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Equating the coefficient of cos t to zero, we obtain the first analytical approxi-

mate frequency o0:

o0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 3bA2

4þ 2aA2

r
(3.28)

At this time, we know the first approximate periodic solution in the form (3.26).

Wu et al. [51] introduced a new solution in the form of u0ðtÞ þ vðtÞwhich is

composed of the solution (3.26) and the correction v(t), which is a periodic

function. Making linearization of the governing Eq. 3.25, with respect to the

correction v(t) at u ¼ u0(t), leads to

o2 1þ au20
� �

u 00
0 þ au0u 02

0

h i
þ u0 þ bu30 þ o2 1þ au20

� �
v 00 þ 2au0u 0

0v
0þ�

þ 2au0u 00
0 þ au 02

0

� 	
v
i
þ 1þ 3bu20
� �

v ¼ 0; vð0Þ ¼ 0; _vð0Þ ¼ 0

(3.29)

Substituting Eq. 3.26 into Eq. 3.29 we obtain an equation in v:

Aþ 3

4
bA3 � o2A� 1

2
o2aA3

� �
cos tþ 3

4
bA3 � 1

2
o2aA3

� �
cos 3tþ

þ o2 1þ 1

2
aA2 þ 1

2
aA2 cos 2t

� �
v 00 � aA2 sin 2t � v 0


 �
þ

þ 1þ 3

2
bA2 þ 3

2
bA2 cos 2t� o2 1

2
aA2 þ 3

2
aA2 cos 2t

� �
 �
v ¼ 0 (3.30)

To obtain the solution v from Eq. 3.30 in the initial conditions (3.292), we

consider

v tð Þ ¼ k cos t� cos 3tð Þ (3.31)

where k is a constant, which can be determined from the condition that Eq. 3.31 be

the solution of Eq. 3.30, and therefore yield

Aþ 3

4
bA3 � o2A� 1

2
o2aA3 þ k �o2 þ 1þ 3

2
bA2

� �
 �
cos tþ

þ 3

4
bA3 � 1

2
o2aA3 þ 9þ 7

2
aA2

� �
o2 � 1� 3

4
bA2


 �
k

� 

cos 3tþ

þ k
9

2
o2 � 3

4
bA2

� �
cos 5t ¼ 0 (3.32)

Equating the coefficients of cos tand cos 3tto zero in Eq. 3.32, we obtain
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Aþ 3

4
bA3 � o2A� 1

2
o2aA3 þ k �o2 þ 1þ 3

2
bA2

� �
¼ 0

3

4
bA3 � 1

2
o2aA3 þ k 9þ 7

2
aA2

� �
o2 � 1� 3

4
bA2


 �
¼ 0 (3.33)

For the nonvanishing solution of the system, the condition

Mo4 þ No2 þ P ¼ 0 (3.34)

must be fulfilled, where

M ¼ �144� 136aA2 � 28a2A4

N ¼ 160þ 72aþ 124bð ÞA2 þ 60abA4

P ¼ �16� 28bA2 � 15b2A4 (3.35)

From Eq. 3.34 we obtain the second approximate frequency o1:

o1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
40þ 18aþ 31bð ÞA2 þ 15abA4 þ ffiffiffiffi

D
p

72þ 68aA2 þ 14a2A4

s
(3.36)

where

D ¼ 1024þ 896aþ 1472bð ÞA2 þ 212a2 þ 1364abþ 421b2
� �

A4þ
þ 344a2bþ 420ab2
� �

A6 þ 120a2b2A8 (3.37)

From Eq. 3.331 we obtain

k ¼ 4Aþ 3bA3 � 4Aþ 2aA3ð Þo2
1

4o2
1 � 4� 6bA2

(3.38)

and the second approximate periodic solution in the form

u1 tð Þ ¼ u0 tð Þ þ v tð Þ ¼ Aþ kð Þ cos t� k cos 3t (3.39)

where

t ¼ o1t (3.40)

The harmonic balance method gives the first approximation as those in Eqs. 3.26

and 3.28, but it is known that to determine higher-order approximations, a set of

algebraic equations with third-order nonlinearity has to be solved. The corresponding
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numerical computation is rather complicated. In contrast, formulas (3.36), (3.38)

and (3.39) are simple and easy to be implemented.

In order to illustrate the applicability, accuracy and effectiveness of the proposed

approach, we compare the analytical approximate frequency and periodic solution

with the exact ones.

The exact frequency is given by [51]

oex ¼ p

2
R p=2
o 2 1þ aA2cos2yð Þ= 2þ bA2 1þ cos2yð Þð Þ½ �1=2dy

(3.41)

In Tables 3.1 and 3.2 are compared the exact frequency oe obtained by

integrating Eq. 3.41 with the first and second approximate frequencies o0 and o1

computed using Eqs. 3.28 and 3.36, respectively, in two cases: a ¼ b ¼ 0.1 and

a ¼ b ¼ 1.

Table 3.1 indicates that the formula (3.36) is more accurate than (3.28) and the

former provides excellent approximation to exact frequency for small as well as

large values of amplitude of oscillation. The comparison of the corresponding

approximate frequencies with exact ones for a ¼ 1 and b ¼ 1 is shown in Table 3.2,

where again, similar agreement is observed.

For a ¼ 0.1, b ¼ 0.1, the periodic solution achieved by numerical integration of

Eq. 3.24 using a Runge–Kutta scheme and the approximate periodic solution given

by Eq. 3.39 are plotted in Figs. 3.1–3.3. The corresponding three solutions are

shown in Figs. 3.4–3.6 for the case a ¼ 1, b ¼ 1. These figures represent, respec-

tively, three different amplitudes A ¼ 1, 5 and 10. They show that the approximate

periodic solution provides relatively good approximation comparing to the exact

periodic solution for small as well as for large amplitude of oscillation. These

figures also indicate that discrepancy of solutions widens as the modal constants a
and b become larger. The present analytical approximate frequencies and periodic

relations apply well to small as well as to large values of amplitude of oscillation.

The accuracy obtained is almost independent of the value of the parameter used for

solving these oscillations.

Table 3.1 Comparison of frequencies for Eq. 3.24 in the case a ¼ b ¼ 0.1

A oe from (3.41) o0 from (3.28) o1 from (3.36)

1 1.01202 1.011834731 1.012017273

5 1.16302 1.130388331 1.163583802

10 1.28468 1.190238071 1.276999402

Table 3.2 Comparison of frequencies for Eq. 3.24 in the case a ¼ b ¼ 1

A oe from (3.41) o0 from (3.28) O1 from (3.36)

1 1.09035 1.08012345 1.090699384

5 1.34288 1.209530059 1.322166505

10 1.38928 1.220735876 1.350839601
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As a conclusion, unlike the classical harmonic balance method, linearization is

performed prior to proceeding with harmonic balancing. As a result, we obtain a set

of linear algebraic equations instead of one of nonlinear algebraic equation, which

enables us to establish analytical approximate formulas for the frequency and

periodic solution. A good agreement of the analytical approximate frequency and

periodic solution with the exact solution has been demonstrated.

Fig. 3.1 Comparison between

analytical approximate solution

(3.39) and exact solution of

Eq. 3.24 for a ¼ b ¼ 0.1, A ¼ 1:

______ exact solution; _ _ _ _ _

approximate solution

Fig. 3.3 Comparison between

analytical approximate solution

(3.39) and exact solution of

Eq. 3.24 for a ¼ b ¼ 0.1, A ¼ 10:

______ exact solution; _ _ _ _ _

approximate solution

Fig. 3.2 Comparison between

analytical approximate solution

(3.39) and exact solution of

Eq. 3.24 for a ¼ b ¼ 0.1, A ¼ 5:

______ exact solution; _ _ _ _ _

approximate solution
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3.2 Rational Harmonic Balance Method

In what follows, the rational harmonic balance method is used to determine the

appropriate periodic solution of the system in the given initial conditions. We study

the stability of the solution of Duffing oscillators by Floquet-Hill method.

We consider a systemgoverned by a nondimensional differential equation [52], [53]

Fig. 3.4 Comparison between

analytical approximate solution

(3.39) and exact solution of

Eq. 3.24 for a ¼ b ¼ 1, A ¼ 1:

______ exact solution; _ _ _ _ _

approximate solution

Fig. 3.5 Comparison between

analytical approximate solution

(3.39) and exact solution of

Eq. 3.24 for a ¼ b ¼ 1, A ¼ 5:

______ exact solution; _ _ _ _ _

approximate solution

Fig. 3.6 Comparison between

analytical approximate solution

(3.39) and exact solution of

Eq. 3.24 for a ¼ b ¼ 1, A ¼ 10:

______ exact solution; _ _ _ _ _

approximate solution
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€uþ c _uþ auþ bu3 þ d ¼ e cos lt (3.42)

uð0Þ ¼ u0; _uð0Þ ¼ 0 (3.43)

where a, b, c, d and e are constant parameters.

After the transformation lt ¼ t, Eq. 3.42 becomes

l2u00 þ clu0 þ auþ bu3 þ d ¼ e cos t (3.44)

where u0 ¼ du
dt .

With the initial conditions (3.43), we propose, for Eq. 3.44, the solution in the

form of rational trigonometric function

u tð Þ ¼ u0 1þ Dð Þ � A� Cþ A cos tþ B sin 2t� 2 sin tð Þ þ C cos 2t
1þ D cos 3t

(3.45)

where the constants A, B, C and D will be determined in what follows. After the use

of trigonometric identities and application of the method of rational harmonic

balance to retain only constant terms involving cos t, cos 2t, cos 3t, sin t and

sin 2t, we obtain equations:

9

2
l2D 1þ 2Dð Þ 1þDð Þu0 � A� C½ � þ a 1þD2

2

� �
1þDð Þu0 � A� C½ �þ

þ b 1þ Dð Þu0 � A� C½ �f 3 þ 3

2
1þ Dð Þu0 � A� C½ � A2 þ B2 þ C2

� ��
� 3AB2 þ 3

4
A2Cþ 3B2C



þ d þ 3

2
dD2 ¼ 0 (3.46)

l2 �Aþ 7

2
CDþ 4AD2

� �
þ cl

7

2
BD� 2B� BD2

� �
þ

þ a Aþ 1

2
AD2 þ CD

� �
þ b

3

4
A3

�
þ 9

2
AD2 þ 3

2
AC2þ

þ 3A 1þ Dð Þu0 � A� C½ �2 � 6B2 þ 3AC
� �

1þ Dð Þuo � A� C½ �g�

� e 1þ 3

2
D2

� �
¼ 0 (3.47)

l2 2Bþ 1

2
BD� 14BD2

� �
þ cl

7

2
CD� A� 1

2
AD2

� �
þ

þ a �2B� BD� BD2
� �þ b �3B 1þDð Þu0 � A�C½ �2

n
� 9B3 � 3

2
A2B�

� 3BC2 þ 3ABþ 6BCð Þ 1þDð Þuo � A�C½ �g ¼ 0

(3.48)
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l2 �4Cþ 1

2
ADþ 23

2
CD2

� �
þ cl 2B� 5BDþ BD2

� �þ
þ a Cþ 1

2
CD2 þ AD

� �
þ b 3 1þ Dð Þu0 � A� C½ �2Cþ

n

þ 1þ Dð Þu0 � A� C½ � 3

2
A2 � 6B2

� �
þ

þ 3

4
C3 þ 3

2
A2Cþ 15

4
B2C



� e

D

2
3þ D2

4

� �
¼ 0 (3.49)

l2 �4Bþ BDþ 23

2
BD2

� �
þ cl

5

2
AD� 2C� CD2

� �
þ

þ a Bþ 2BDþ 1

2
BD2

� �
þ b

27

4
B3 þ 3

2
A2B� 9

4
BC2þ

�
þ 3B 1þ Dð Þu0 � A� C½ ��6AB 1þ Dð Þu0 � A� C½ �gg ¼ 0 (3.50)

9l2D 1þ Dð Þu0 � A� C½ � þ 2aD 1þ Dð Þu0 � A� C½ �þ

þ b
1

4
A3 � 15

4
AB2 þ 3

4
AC2 � 3B2Cþ

�
1þ Dð Þu0�½

� A� C� 6B2 þ 3AC
� ��þ 3dD 1þ 1

4
D2

� �
¼ 0 (3.51)

The Eqs. 3.46–3.51 are solved numerically using the Newton-Raphson’s itera-

tive procedure and Levenberg–Marquardt algorithm.

In what follows, we consider the Duffing system in the form

€uþ 1

10
_u� 1

2
uþ 1

2
u3 ¼ 2

5
cos lt (3.52)

with the period T ¼ 2p=l. Assuming that l ¼ 2.1, and using the value

D ¼ �0.00145312 obtained from the Eqs. 3.46–3.51, the approximate solution,

with the initial conditions uð0Þ ¼ �1, u0ð0Þ ¼ 0 can be written as

uðtÞ ¼ 0:900242� 0:108273 cos 2:1tþ 0:006155 sin 2:1t� 0:003077
� sin 4:2t (3.53)

In [53] is found the approximate solution

uðtÞ ¼ �0:90995� 0:11609 cos 2:1tþ 0:0071020 sin 2:1t (3.54)
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To ascertain the stability of the periodic solution found above, we examine the

time evolution after the application of an infinitesimal arbitrary disturbance y(t)
such that

�uðtÞ ¼ uðtÞ þ yðtÞ (3.55)

where u(t) is the solution (3.53) previously found. The stability of u(t) then depends
on whether y(t)grows or decays with t. Substituting Eq. 3.55 into Eq. 3.42 and

keeping linear terms in y(t), we obtain

€yðtÞ þ c _yðtÞ þ aþ 3bu2ðtÞ� �
yðtÞ ¼ 0 (3.56)

which is a linear ordinary differential equation with periodic coefficients. The

existence of nontrivial solutions can be shown via Floquet’s theorem, which calls

for solutions of the form

y tþ Tð Þ ¼ syðtÞ; T ¼ 2p
l

(3.57)

where s is an eigenvalue (also called a Floquet multipliers [22]) of the monordomy

matrix C whose elements are associated with Eq. 3.56 through the relations

y1 tþ Tð Þ ¼ C11y1ðtÞ þ C12y2ðtÞ (3.58)

y2 tþ Tð Þ ¼ C21y1ðtÞ þ C22y2ðtÞ (3.59)

where Cij are constants. The functions y1(t) and y2(t) are two linearly independent

solutions of Eq. 3.56. To generate y1 and y2, we use the initial conditions

y1ð0Þ ¼ 1; _y1ð0Þ ¼ 0 (3.60)

y2ð0Þ ¼ 0; _y2ð0Þ ¼ 1 (3.61)

The solution u(t) is a stable orbit provided that y(t) does not grow with t. This
requires that

sj j<1 (3.62)

That is why the eigenvalue of monodromy matrix C must remain inside the unit

circle in the complex plane. The monodromy matrix C can be obtained by means of

rational harmonic balance method subject to the initial conditions (3.60) and (3.61).

It follows from Eqs. 3.58, 3.59, 3.60 and 3.61 that
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C ¼ y1ðTÞ _y1ðTÞ
y2ðTÞ _y2ðTÞ


 �
(3.63)

Therefore,

s2 � y1ðTÞ þ _y2ðTÞ½ �sþ y1ðTÞ _y2ðTÞ � _y1ðTÞy2ðTÞ½ � ¼ 0 (3.64)

The values of s determine the stability of the approximate solution u(t) according
to Eq. 3.62. The manner in which the eigenvalue s leaves the unit circle

characterizes the local qualitative bifurcations occurring to the orbit. For the

dissipative one-degree-of-freedom system described by Eq. 3.42 there are two

ways in which s can leave the unit circle, each of which creates independent

patterns of instability in the periodic orbit. An eigenvalue can leave the unit circle

through the real axis at either �1 or +1. It follows from Eq. 3.45 that the period

of u(t) is T ¼ 2p=l. Consequently, when s leaves the unit circle through �1,

y(t + 2 T) ¼ y(t) according to Eq. 3.57 and hence solution with the period 2 T is

stable, indicating a period doubling of flip bifurcations. On the other hand, when

s leaves the unit circle through +1, Eq. 3.57 indicates that y(t + T) ¼ y(t), which
implies the coexistence of a stable and an unstable attractor with the period T. The
result is a saddle-node or tangent bifurcation, which results in a jump in the

response of the system.

With the solution given by Eqs. 3.53, 3.56 becomes

€yþ 0:1 _yþ 0:725386þ 0:292415 cos 2:1t� 0:016623 sin 2:1tþð
þ0:008763 cos 4:2tÞy ¼ 0 (3.65)

For Eq. 3.65, we propose the solution by means of the rational harmonic balance

method in the form

yiðtÞ ¼ Ai þ Bi cos 1:05tþ Ci sin 1:05tþ Di cos 2:1tþ Ei sin 2:1t

1þ 2Fi cos 3:15t

i ¼ 1; 2

(3.66)

Using of the F1 ¼ 0.0002713 and F2 ¼ �0.000156 determined in the same

manner as D from Eqs. 3.46–3.51, the solution y1 obtained for initial condition

(3.60) is found as

y1ðtÞ ¼ 0:243þ 0:758 cos 1:05tþ 0:102 sin 1:05t� 0:051 sin 2:1t (3.67)

and the solution y2 obtained for initial conditions (3.61) is found as

y2ðtÞ ¼ 0:411� 0:533 cos 1:05tþ 0:844 sin 1:05tþ
þ 0:122 cos 2:1t� 0:094 sin 2:1t (3.68)
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The monodromy matrix (3.63) becomes

C ¼ �0:5133 �0:2142
1:0661 �0:9996


 �
(3.69)

Equation 3.64 is of the form

s2 þ 1:5189sþ 0:741586 ¼ 0 (3.70)

with the complex conjugates solutions:

s1 ¼ �0:75645þ 0:4115 i; i ¼
ffiffiffiffiffiffiffi
�1

p
(3.71)

s2 ¼ �0:75645� 0:4115 i; (3.72)

Therefore |s1| ¼ |s2| ¼ 0.8611 < 1. It follows that the solution (3.53) of the

Eq. 3.52 is stable [54].

Remark. The free term in Eq. 3.64 can be obtained in the exact form as shown

below. Since y1(t) and y2(t) are solutions of Eq. 3.56, it follows that

€y1 þ c _y1 þ aþ 3ba2
� �

y1 ¼ 0

€y2 þ c _y2 þ aþ 3ba2
� �

y2 ¼ 0 (3.73)

Subtracting the first Eq. 3.73 multiplied with y2 from the second Eq. 3.73

multiplied with y1 yields

y1€y2 � y2€y1 ¼ c _y1y2 � _y2y1ð Þ (3.74)

which can be integrated to yield

y1 _y2 � _y1y2 ¼ exp �ctð Þ (3.75)

It follows from Eq. 3.75 that

y1ðTÞ _y2ðTÞ � _y1ðTÞy2ðTÞ ¼ exp �cTð Þ (3.76)

In case of Eq. 3.52 we have c ¼ 0.1, T ¼ T ¼ 2p=2:1 and therefore we obtain

exact value

y1ðTÞ _y2ðTÞ � _y1ðTÞy2ðTÞ ¼ exp � 2p
21

� �
¼ 0:7414 (3.77)

This value and the free term in Eq. 3.70 show the efficiency of the rational

harmonic balance method and the validity of the approach proposed.
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Chapter 4

The Method of Krylov and Bogolyubov

The method of Krylov and Bogolyubov [7, 8, 55, 56] and the analogous method

previously developed by Van der Pol in 1934 follows the basic idea of the method

of variation of constants of Lagrange.

For e ¼ 0, the general solution of the weakly nonlinear equation

€uþ o2uþ ef u; _uð Þ ¼ 0 (4.1)

may be written in the form

uðtÞ ¼ a cosotþ b sinot (4.2)

where a and b are constants to be determined by the initial conditions.

In the phase plane, instead of Eq. 4.1 for e 6¼ 0, we consider the system

_u ¼ v

_vþ o2uþ ef u; vð Þ ¼ 0
(4.3)

with the solution

uðtÞ ¼ AðtÞ cosotþ BðtÞ sinot
vðtÞ ¼ �AðtÞo sinotþ BðtÞo cosot

(4.4)

Therefore, instead of the constants a and b we consider the functions A(t) and
B(t) such that the variable u(t) from Eq. 4.41 verifies Eq. 4.1 or Eq. 4.3. By this

condition we obtain
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_A cosot� Ao sinotþ _B sinotþ Bo cosot ¼ �Ao sinotþ Bo cosot;

� _Ao sinot� Ao2 cosotþ _Bo cosot� Bo2 sinotþ o2A cosotþ
þ o2B sinotþ ef A cosotþ B sinot;�Ao sinotþ Bo cosotð Þ ¼ 0 (4.5)

The system (4.5) can be written in the form

_A cosotþ _B sinot ¼ 0

� _Ao sinotþ _Bo2 cosotþ
ef A cosotþ B sinot;�Ao sinotþ Bo cosotð Þ ¼ 0 (4.6)

Solving this system with respect to _A and _B yields

_A ¼ e
o
f A cosotþ B sinot;�Ao sinotþ Bo cosotð Þ � sinot

_B ¼ � e
o
f A cosotþ B sinot;�Ao sinotþ Bo cosotð Þ � cosot (4.7)

By integrating the system (4.7) we can obtain the exact solution, but this is not

easy.

In order to calculate an approximate solution of Eq. 4.1 for e 6¼ 0 but small, Van

der Pol proposed retaining the same form (4.2) of the solution, but considering the

quantities A and B as “slowly varying” functions of time to be determined.

Therefore on a period T ¼ 2p=o, the functions _AðtÞ and _BðtÞ can be

approximated with their mean values given by the method of averaging [22]:

_A ¼ e
2p

ð2p
o

0

f A cosotþ B sinot;�Ao sinotþ Bo cosotð Þ � sinotdt

_B ¼ � e
2p

ð2p
o

0

f A cosotþ B sinot;�Ao sinotþ Bo cosotð Þ � cosotdt (4.8)

By using this method, Van der Pol obtained a series of important results

concerning stationary solutions, the behaviour of the solutions as t increases, and
so on. However, this method was initially applied on purely intuitive grounds.

Many problems, such as the theoretical justification of the method, its field of

applicability, and the way to obtain approximations of higher order, have been

solved as late as 1937 by Krylov and Bogolyubov. These authors also modified the

form of the first approximation by taking instead of Eq. 4.2 the solution

u ¼ a cosðotþ ’Þ

with “slightly varying” amplitude and phase. We shall expand in what follows an

improved variant of Krylov and Bogolyubov, developed by Bogolyubov and

Mitropolsky [55]. For e ¼ 0, the general solution of Eq. 4.1 can be written in the form
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u ¼ a cosc; c ¼ otþ ’ (4.9)

and has constant amplitude and constant rate of the total phase, i.e.

_a ¼ 0; _c ¼ o (4.10)

For e 6¼ 0, the quantities _a and _c generally depend on a and e, and Eq. 4.101 must

be completed by terms depending on a, c and e. Consequently, we seek an

approximate solution of Eq. 4.1 of the form

u ¼ a coscþ eu1 a;cð Þ þ e2u2 a;cð Þ þ :::þ emum a;cð Þ (4.11)

which is called the approximation of the (m + 1)-th order if umða;cÞ 6¼ 0. ukða;cÞ,
k ¼ 1,2,. . .,m are supposed to be periodic functions of c with period 2p, and a, c
are functions of t, which have to satisfy the differential equations with separable

variables

_a ¼ eA1ðaÞ þ e2A2ðaÞ þ :::þ emAmðaÞ (4.12)

_c ¼ oþ eB1ðaÞ þ e2B2ðaÞ þ :::þ emBmðaÞ (4.13)

We first try to determine the functions ukða;cÞ, Ak(a) and Bk(a), k ¼ 1,2,. . .,m
so that Eq. 4.1 be satisfied to within an error of (m + 1)-th order in e. As in the

method of Lindstedt-Poincaré , the recursive determination of these functions does

not give rise to any qualitative difficulties. However, the calculation is usually

performed only for m ¼ 1 or m ¼ 2, because the results obtained for higher

approximations are very intricate.

The practical applicability of the method is determined in the first place not by

the convergence of the expansion (4.11) as m ! 1, but by asymptotic proprieties

of the approximate solution as e ! 0, for givenm. Therefore, the expansion leading
to secular terms may be cast out at each step, even if this procedure could

determine, as in the method Lindstedt-Poincaré, the divergence of the expansion

(4.11) as m ! 1.

After the determining of the functions uk, Ak, Bk, and assuming that the initial

conditions are given in the form

að0Þ ¼ a0; cð0Þ ¼ ’ (4.14)

we may determine the solution by means of two integrations. By integrating

Eq. 4.12 we deduce that

tðaÞ ¼
ða
ao

da

eA1ðaÞ þ e2A2ðaÞ þ :::þ emAmðaÞ (4.15)
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Solving this equation with respect to a yields

a ¼ aðtÞ (4.16)

Substituting Eq. 4.16 into Eq. 4.13 and integrating, it follows that

cðtÞ ¼ otþ
ðt
0

eB1ðaÞ þ e2B2ðaÞ þ :::þ emBmðaÞ
� �

dt (4.17)

Finally, by introducing Eqs. 4.16 and 4.17 into Eq. 4.11 we obtain the approxi-

mate solution u(t).
In what follows, we consider m ¼ 2 in Eqs. (4.11–4.13), i.e.

u ¼ a coscþ eu1 a;cð Þ þ e2u2 a;cð Þ (4.18)

_a ¼ eA1ðaÞ þ e2A2ðaÞ (4.19)

_c ¼ oþ eB1ðaÞ þ e2B2ðaÞ (4.20)

The terms of third or higher order in e will be systematically omitted in the

following formulas.

By differentiating Eq. 4.18 twice with respect to t, we obtain

_u ¼ �ao sincþ e A1 cosc� aB1 sincþ o
@u1
@c

� �

þ e2 A2 cosc� aB2 sincþ A1

@u1
@a

þ B1

@u1
@c

þ o
@u2
@c

� �
þ 0 e3

� � (4.21)

€u¼�ao2 coscþe �2oA1 sinc�2oaB1 coscþo2@
2u1

@c2

� �

þe2 A1

dA1

da
�aB2

1�2oaB2

� �
cosc� 2oA2þ2A1B1þA1a

dB1

da

� ��
sincþ

þ2oA1

@2u1
@a@c

þ2oB1

@2u1

@c2
þo2@

2u2

@c2

	
þ0 e3

� �
(4.22)

On the other hand, by taking into consideration Eqs. 4.21 and 4.18 it follows that

ef u; _uð Þ ¼ ef a cosc;�ao sincð Þ þ e2 u1
@f

@u
a cosc;�ao sincð Þ

�
þ

þ A1 cosc� aB1 sincþ o
@u1
@c

� �
@f

@ _u
a cosc;�ao sincð Þ

	
þ 0 e3

� �
(4.23)
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Finally, by substituting Eqs. 4.18, 4.22 and 4.23 into Eq. 4.1 and equating

coefficients of e and e2, we obtain the conditions that have to be satisfied if

Eq. 4.18 should give the solution of the differential Eq. 4.1 to within an error of

third order in e:

o2 @2u1

@c2
þ u1

� �
¼ �f a cosc;�ao sincð Þ þ 2oA1sin

2cþ 2oaB1 cosc (4.24)

o2 @2u2

@c2
þu2

� �
¼�u1

@f

@u
acosc;�aosincð Þ�

� A1 cosc�aB1 sincþo
@u1
@c

� �
@f

@ _u
acosc;�aosincð Þþ

þ aB2
1�A1

dA1

da

� �
coscþ 2A1B1þA1a

dB1

da

� �
sinc�

�2oA1

@2u1
@a@c

�2B1o
@2u1

@c2
þ2oA2 sincþ2oaB2 cosc (4.25)

By developing now the functions f ða cosc;�ao sincÞ and u1ða;cÞin a Fourier
series with the respect to c, we have

f a cosc;�ao sincð Þ ¼ C0ðaÞ þ
X1
k¼1

CkðaÞ cos kcþ DkðaÞ sin kc½ � (4.26)

u1 a;cð Þ ¼ v0ðaÞ þ
X1
k¼1

vkðaÞ cos kcþ wkðaÞ sin kc½ � (4.27)

where

C0ðaÞ ¼ 1

2p

ð2p
0

f a cosc;�ao sincð Þdc

CkðaÞ ¼ 1

p

ð2p
0

f a cosc;�ao sincð Þ cos kc dc

DkðaÞ ¼ 1

2p

ð2p
0

f a cosc;�ao sincð Þ sin kc dc (4.28)

The solution u1ða;cÞ of Eq. 4.24 is a periodic function of c only if the right-

hand side of the equation does not contain the fundamental harmonic of period 2p.
Introducing Eq. 4.26 into Eq. 4.24 and equating to zero the coefficients of sinc
and cosc, in the right hand it gives
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A1ðaÞ ¼ D1ðaÞ
2o

; B1ðaÞ ¼ C1ðaÞ
2oa

(4.29)

From Eqs. 4.27 and 4.24 we obtain

v0ðaÞ ¼ �C0ðaÞ
o2

; vkðaÞ ¼ CkðaÞ
o2 k2 � 1ð Þ ; wkðaÞ ¼ DkðaÞ

C2
0 k2 � 1ð Þ ;

k ¼ 2; 3; :::

(4.30)

The solution u1ða;cÞ given by Eq. 4.27 is

u1 a;cð Þ ¼ �C0ðaÞ
o2

þ 1

o2

X1
k¼2

CkðaÞ cos kcþ DkðaÞ sin kc
k2 � 1

(4.31)

By conveniently dividing the integration interval and using the substitutes

sin a ¼ x and cos a ¼ x, respectively, it may be shown that the relations

ð2p
0

F cos að Þ sin a da ¼ 0;

ð2p
0

F sin að Þ cos a da ¼ 0 (4.32)

hold for every function which are integrable on the interval [�1,1]. These relations

may be used in order to simplify the expression of A1(a) and B1(a) from Eqs. 4.24,

4.26, 4.28 and 4.29.

A1ðaÞ ¼ 1

2po

ð2p
0

f a cosc;�ao sincð Þ sinc dc

B1ðaÞ ¼ 1

2po

ð2p
0

f a cosc;�ao sincð Þ cosc dc (4.33)

The functions A2(a), B2(a) andu2ða;cÞmay be similarly obtained from Eq. 4.25.

However, u2ða;cÞdoes not contribute to the second approximation. Therefore, we

content ourselves with calculating A2ðaÞ and B2ðaÞ requiring that the terms

containing sinc and coscin Eq. 4.25 vanish. It follows that

A2ðaÞ ¼ � 1

2o
2A1B1 þ aA1

dB1

da

� �
þ 1

2po

ð2p
0

u1 a;cð Þ @f
@u

ða cosc;�
�

ao sincÞþ

þ A1 cosc� aB1 sincþ o
@u1
@c

� �
@f

@ _u
ða cosc;�ao sincÞ� sinc dc

(4.34)
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B2ðaÞ ¼ � 1

2o
B2
1 �

A1

a

dA1

da

� �
þ 1

2pao

ð2p
0

u1 a;cð Þ @f
@u

�
a cosc;�ao sincð Þ

þ A1 cosc� aB1 sincþ o
@u1
@c

� �
@f

@ _u
a cosc;�ao sincð Þ� cosc dc

(4.35)

We summarize the formulas which are necessary for the determination of the

first two approximations by the method of Krylov and Bogolyubov.

(a) First approximation

u ¼ a cosc

tðaÞ ¼ 1

e

ða
a0

da

A1ðaÞ

cðtÞ ¼ otþ e
ðt
0

B1ðaÞdt (4.36)

where a0, A1 and B1 are given by Eqs. 4.141 and 4.33, respectively.

(b) Second approximation

u ¼ a coscþ eu1 a;cð Þ
tðaÞ ¼ 1

e

ða
a0

da

A1ðaÞ þ eA2ðaÞ

cðtÞ ¼ otþ e
ðt
0

B1ðaÞ þ eB2ðaÞ½ �dt (4.37)

where u1, A2 and B2 are given by Eqs 4.31, 4.34 and 4.35 respectively.

4.1 Oscillator with Linear and Cubic Elastic Restoring Force

and Weak Asymmetric Quadratic Damping

The equation of motion of nonlinear nonconservative system with linear and cubic

elastic restoring force and weak asymmetric quadric damping is of the form

€uþ o2uþ d0 _uð Þ þ eu3 ¼ 0 (4.38)
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where

d0 _uð Þ ¼
c1 _u

2 if _u � 0

�c2 _u
2 if _u< 0

8><
>: ;

with c1 and c2 constants. By introducing the dimensionless small parameter

e ¼ a0c1 (4.39)

where a0 ¼ a(0) and a is the amplitude of the fundamental harmonic, with a > 0,

and comparing Eqs. 4.1 and 4.38, it follows that

f u; _uð Þ ¼ d _uð Þ þ u3 (4.40)

where

d _uð Þ ¼
1

a0
_u2 if _u � 0

� c2
a0c1

_u2 if _u < 0

8><
>: (4.41)

Therefore, from (4.40) yields

f a cosc;�ao sincð Þ ¼ a3

4
cos 3cþ 3 coscð Þ þ d �ao sincð Þ (4.42)

By expanding in a cosine Fourier series the even function dða coscÞ we have

d a coscð Þ ¼
X1
k¼0

dkðaÞ cos kc (4.43)

Now, by replacing c by cþ p=2 and a by oa in Eq. 4.43, we obtain

d �ao sincð Þ ¼
X1
k¼0

dk aoð Þ cos k cþ p
2


 �
(4.44)

It is interesting that we will determine the coefficients from Eq. 4.43:
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dk aoð Þ ¼ o2a2

pa0

ðp
2

0

�
cos2c cos kc dc� c2

c1

ð3p
2

p
2

cos2c cos kc dcþ

þ
ð2p
3p
2

cos2c cos kc dc

#
¼ o2a2

pa0
Fk

p
2


 �
� Fkð0Þ�

n

� c2
c1

Fk
3p
2

� �
� Fk

p
2


 �� 	
þ Fk 2pð Þ � Fk

3p
2

� ��
(4.45)

where

Fk cð Þ ¼
ð
cos2c cos kc dc ¼ sin kc

2k
þ sin k þ 2ð Þc

4 k þ 2ð Þ þ

þ sin k � 2ð Þc
4 k � 2ð Þ for k 6¼ 0, k 6¼ 2 (4.46)

and

F0 cð Þ ¼ c
2
þ sin 2c

4
; F2 cð Þ ¼ sin 2c

4
þ c

4
þ sin 2c

16
(4.47)

Substituting Eq. 4.46 into Eq. 4.45 for k 6¼ 2, yields

dk aoð Þ ¼ a2o2

pa0
1þ c2

c1

� �
sin kp

2
� sin 3kp

2

2k

�
þ sin

kþ2ð Þp
2

� sin
3 kþ2ð Þp

2

4 k þ 2ð Þ þ

þ sin
k�2ð Þp
2

� sin
3 k�2ð Þp

2

4 k � 2ð Þ

#
¼ a2o2

pa0
1þ c2

c1

� �
� 1

k

�
þ 1

2 k þ 2ð Þþ

þ 1

2 k � 2ð Þ
	
sin

kp
2

cos kp (4.48)

and

d0 aoð Þ ¼ a2o2

2a0
1� c2

c1

� �
; d2 aoð Þ ¼ a2o2

4a0
1� c2

c1

� �
(4.49)

From Eqs. 4.48 and 4.49 we deduce that

d1 aoð Þ ¼ 4a2o2

3pa0
1þ c2

c1

� �
(4.50)
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d0 aoð Þ ¼ a2o2

2a0
1� c2

c1

� �
; d2 aoð Þ ¼ a2o2

4a0
1� c2

c1

� �
d2p aoð Þ ¼ 0; p ¼ 2; 3::: (4.51)

d2pþ1 aoð Þ ¼ 4a2o2

pa0
1þ c2

c1

� � �1ð Þpþ1

2p� 1ð Þ 2pþ 1ð Þ 2pþ 3ð Þ ; p ¼ 1; 2; ::: (4.52)

On the other hand we can write that

cos 2pþ 1ð Þ cþ p
2


 �
¼ � sin ppþ 2pþ 1ð Þc½ � ¼ �1ð Þpþ1

sin 2pþ 1ð Þc

cos 2 cþ p
2


 �
¼ � cos 2c (4.53)

such that, substituting Eqs. 4.50–4.53 into Eq. 4.44 yields

d �ao sincð Þ ¼ a2o2

2a0
1� c2

c1

� �
þ a2o2

4a0

c2
c1

� 1

� �
coscþ

þ 4a2o2

pa0
1þ c2

c1

� �X1
p¼0

sin 2pþ 1ð Þc
2p� 1ð Þ 2pþ 1ð Þ 2pþ 3ð Þ (4.54)

and therefore, from Eqs. 4.42 and 4.54 we obtain

f a cosc;�ao sincð Þ ¼ a2o2

2a0
1� c2

c1

� �
þ 3a3

4
coscþ

þ a2o2

4a0

c2
c1

� 1

� �
coscþ a3

4
cos 3cþ

þ 4a2o2

pa0
1þ c2

c1

� �X1
p¼0

sin 2pþ 1ð Þc
2p� 1ð Þ 2pþ 1ð Þ 2pþ 3ð Þ (4.55)

From Eqs. 4.29 and 4.55 it follows that

A1ðaÞ ¼ � 2a2o
3pa0

1þ c2
c1

� �
(4.56)

B1ðaÞ ¼ 3a2

8o
(4.57)
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and from Eqs. 4.55 and 4.31 yields

u1 a;cð Þ ¼ a2

2a0
1� c2

c1

� �
þ a2o2

12a0

c2
c1

� 1

� �
cos 2c� a3

24
cos 3c�

� 4a2o2

pa0
1þ c2

c1

� �X1
p¼1

2pþ 3ð Þ ! sin 2pþ 1ð Þc
2p� 2ð Þ ! (4.58)

where p! ¼ 1,2,3,. . .,p, 0! ¼ 1

The first approximate solution of the oscillator with linear and cubic elastic

restoring force and weak asymptotic quadratic damping can be obtained from

Eqs. 4.36. For this, we have

tðaÞ ¼ � 1

a0c1

ða
a0

3pa0da
2a2oð1þ c1

c2
Þ ¼

3p
2oðc1 þ c2Þ

1

a
� 1

a0

� �

and by inversion

aðtÞ ¼ 3pa0
3pþ 2oa0 c1 þ c2ð Þt (4.59)

From Eq. 4.363 we obtain

cðtÞ ¼ otþ a0c1

ðt
0

3a2

8o
dt ¼ otþ 9pa40c1 c1 þ c2ð Þ t

12pþ 8oa0 c1 þ c2ð Þ t (4.60)

such that the first approximate solution becomes

uðtÞ ¼ 3pa0
3pþ 2oa0 c1 þ c2ð Þ t cos otþ 9pa40c1 c1 þ c2ð Þ t

12pþ 8oa0 c1 þ c2ð Þ t
� 	

(4.61)

From Eqs. 4.37, 4.39 and 4.58 we can determine the second approximate

solution in the form

u ¼ a coscþ a2

2
c1 � c2ð Þ þ a2o2

12
c1 � c2ð Þ cos 2c� a0a

3c1
24

cos 3c�

� 4a2o2 c1 þ c2ð Þ
p

X1
p¼1

2pþ 3ð Þ ! sin 2pþ 1ð Þc
2p� 2ð Þ ! (4.62)

In order to determine the values of the functions A2(a) and B2(a), from Eqs. 4.34

and 4.35 respectively, we first calculate the following integrals
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ð2p
0

u1 a;cð Þ @f
@u

a cosc;�ao sincð Þ sinc dc ¼

¼ 3a2

4

ð2p
0

u1 a;cð Þ sincþ sin 3cð Þ dc ¼ � 360a2o2

a0
1þ c2

c1

� �
(4.63)

ð2p
0

u1 a;cð Þ @f
@u

a cosc;�ao sincð Þ cosc dc ¼

¼ 3a2

4

ð2p
0

u1 a;cð Þ 3 coscþ cos 3cð Þ dc ¼ �pa5

32
(4.64)

ð2p
0

@f

@ _u
a cosc;�ao sincð Þ sinc cosc dc ¼

¼ � 2aoc2
a0c1

ðp
0

sin2c coscdcþ 2ao
a0

ð2p
p

sin2c coscdc ¼ 0 (4.65)

ð2p
0

@f

@ _u
a cosc;�ao sincð Þsin2c dc ¼ � 2aoc2

a0c1

ðp
0

sin3c dcþ

þ 2ao
a0

ð2p
p

sin3c dc ¼ � 8ao
3a0

1þ c2
c1

� �
(4.66)

ð2p
0

@f

@ _u
a cosc;�ao sincð Þcos2c dc ¼ � 2aoc2

a0c1

ðp
0

cos2c sinc dcþ

þ 2ao
a0

ð2p
p

cos2c sinc dc ¼ 4ao
3a0

1þ c2
c1

� �
(4.67)
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ð2p
0

@u1 a;cð Þ
@c

@f

@ _u
acosc;�aosincð Þsincdc¼�a4o2c2

4a0c1

ðp
0

sin3c sin2cdc

þa4o
4a0

ð2p
p

sin3c sin2cdc¼2a4o
45a0

1þc2
c1

� �
(4.68)

ð2p
0

@u1 a;cð Þ
@c

@f

@ _u
a cosc;�ao sincð Þ cosc dc ¼

� a2o2

6a0

c2
c1

� 1

� �
� 2aoc2

a0c1

� ðp
0

sin 2c sinc cosc dc�

þ 2ao
a0

ð2p
p

sin 2c sinc cosc dc

3
5� 4a2o2

pa0

�
1þ c2

c1

�X1
p¼1

2pþ 3ð Þ ! 2pþ 1ð Þ
2p� 2ð Þ !

2oac2
ac1

� ðp
0

cos 2pþ 1ð Þc sinc cosc dc�

� 2ao
a0

ð2p
p

cos 2pþ 1ð Þc sinc cosc dc
	
¼ a3o3

3a20

c2
c1

� 1

� �2

þ

þ 16a3o3

pa20
1þ c2

c1

� �2 X1
p¼1

2p 2pþ 1ð Þ2 2pþ 2ð Þ

(4.69)

From Eqs. 4.34, 4.35, and 4.60–4.66 we deduce A2(a) and B2(a) respectively

A2ðaÞ ¼ 45a4 � 45a3 � 16198a2o
90pa0

(4.70)

B2ðaÞ ¼ � 9a4

128o3
� a4

64o
þ a3

2poa0
1þ c2

c1

� �
þ a2o3

6pa30

c2
c1

� 1

� �2

þ

þ 8a2o3

p2a20
1þ c2

c1

� �2X1
p¼1

2p 2pþ 1ð Þ2 2pþ 2ð Þ (4.71)

The amplitude a and the total phase c have to be calculated from the system

tðaÞ ¼ 90pa0

ða
a0

da

a2 45e2a2 � 45e2a� 16198e2o� 60e 1þ c2
c1


 �h i (4.72)
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cðtÞ ¼ otþ
ðt
0

3ea2

8o
� 9e2a4

128o3
� e2a4

64o
þ e2a3

2poa0
1þ c2

c1

� �
þ

�

þ e2a2o3

6pa30

c2
c1

� 1

� �2

þ 8e2a2o3

p2a20
1þ c2

c1

� �2X1
p¼1

2p 2pþ 1ð Þ2 2pþ 2ð Þ
#
dt

(4.73)

Therefore, the second approximate solution is given by Eq. 4.62 where a(t) and
cðtÞ have to be replaced by Eqs. 4.72 and 4.73 respectively.

In Fig. 4.1 is given a comparison between the analytic solution (4.61) in the first

approximation and the numerical solution for C1 ¼ 0.02, C2 ¼ 0.01, e ¼ 0.003,

o ¼ 1 and a0 ¼ 0.1. An excellent agreement was found between the analytical and

numerical solutions.

One can conclude that the method of Krylov-Bogolyubov provides very accurate

results in the first approximation in the case of cubic elastic restoring force and

asymmetric quadratic damping.

4.2 Use of the Method of Krylov-Bogolyubov and Iteration

Method to Weakly Nonlinear Oscillators

Consider the following equation [56, 57].

€uþ o2u ¼ ef Ot; u; _uð Þ (4.74)

where o and O are positive constants, in general f is assumed to be a nonlinear

function of both u and _u, periodic of Ot with period 2p which may be expanded in a

Fourier series and the parameter e is assumed to be small.

According to Ref. [57], we can construct the following iteration formula (named

correction functional, see Chap. 8)

Fig. 4.1 Comparison

between the analytical

approximate solution (4.61)

and the exact solution of

Eq. 4.38 for c1 ¼ 0.02,

c2 ¼ 0.01, e ¼ 0.003, o ¼ 1,

a0 ¼ 0.1: _________

numerical results; _ _ _ _ _

analytical results
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unþ1ðtÞ ¼ unðtÞ þ 1

o

ðt
0

sino t� tð Þ un00 tð Þ½ þ o2un tð Þ � ef Ot; un tð Þ; u0 tð Þð Þ� dt
(4.75)

In this method, the problems are initially approximated with possible unknowns

and so far do not depend on small parameters, such that it can find wide application

in nonlinear problems without linearization or small perturbation. The method

reveals that the approximate solutions obtained by the proposed method rapidly

converge to the exact solution.

We distinguish between two cases, which will be separately treated: the “reso-

nance” case, when o ¼ p

q
O with p and q integers and relatively prime, and the

“nonresonance” case, for other values of O sufficiently far from “resonance”. In

what follows we study general and periodic solution of Eq. 4.74.

4.2.1 “Nonresonance” Case (o 6¼ p
qO)

We have seen earlier, that for e ¼ 0, Eq. 4.74 has the solution uðtÞ ¼ a cosc, where
_a¼0, _c ¼ o. For e 6¼ 0, we try a solution of the form

u0ðtÞ ¼ a coscþ eX1ðtÞ þ e2X2ðtÞ þ 0 e3
� �

(4.76)

which is called the approximation of the third order if X2 6¼ 0 (u0 ¼ 0(e3)) and of

the second order if X2 ¼ 0 (u0 ¼ 0(e2)), X1(t) and X2(t) are supposed to be periodic
functions of period 2p in both Ot and c. However, the amplitude and the total phase

of the first harmonic are supposed to satisfy the differential equations with separa-

ble variables (“slowly varying”)

_a ¼ eA1ðaÞ þ e2A2ðaÞ (4.77)

_c ¼ oþ eB1ðaÞ þ e2B2ðaÞ (4.78)

We first try to determine the functions X1(t), X2(t), A1(a), A2(a), B1(a), B2(a) so
that Eq. 4.74 be satisfied to within an error of third order in e.

The terms of third or higher order in e will be omitted in the following formulas.

We emphasize that X1 and X2 are functions depending of t instead of u1ða;cÞ and
u2ða;cÞ.

Like at the precedent section, by differentiating Eq. 4.76 twice with respect to t,
we obtain

_u0 ¼ _a coscþ a sinc _cþ e _X1 þ e2 _X2 (4.79)

4.2 Use of the Method of Krylov-Bogolyubov and Iteration 61



€u0 ¼ €a cosc� 2 _a _c sinc� a cosc _c2 � a sinc � €cþ e €X1 þ e2 €X2 (4.80)

From Eqs. 4.77 and 4.78 we deduce that

€a ¼ e
dA1

da
þ e2

dA2

da

� �
eA1 þ e2A2

� � ¼ e2A1

dA1

da

€c ¼ e
dB1

da
þ e2

dB2

da

� �
eA1 þ e2A2

� � ¼ e2A1

dB1

da

_a _c ¼ ðeA1 þ e2A2Þðoþ eB1 þ e2B2Þ ¼ eoA1 þ e2ðA1B1 þ oA2Þ
_c
2 ¼ ðoþ eB1 þ e2B2Þ2 ¼ o2 þ 2eoB1 þ e2ðB2

1 þ 2oB2Þ

Introducing these expressions, as well as Eqs.4.77 and 4.78 into Eqs. 4.79 and

4.80 yields

€u0 ¼ �ao2 coscþ e �2oA1 sinc� 2aoB1 coscþ €X1

� �þ e2 A1

dA1

da
�

��

� aB2
1 � 2oaB2Þ cosc� 2oA2 þ aA1

dB1

da
þ 2A1B1

� �
sincþ €X2

	
(4.81)

and

f Ot; u0; _u0ð Þ ¼ f Ot; a cosc;�ao sincð Þþ

þ e
@f

@u
ðOt; a cosc;

�
� ao sincÞX1þ

þ @f

@ _u
Ot; a cosc;�ao sincð Þ

	
A1 cosc� aB1 sincþ _X1

� �
(4.82)

where

@f

@u
ðOt; a cosc;�ao sincÞ ¼ @f ðOt; u; u0Þ

@u






ðu¼a cosc;u0¼�ao sincÞ

Finally, by substituting Eqs. 4.76, 4.81 and 4.82 into Eq. 4.75 for n ¼ 0, we

obtain
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u1ðtÞ ¼ u0ðtÞ þ e
o

ðt
0

sin ot� otð Þ X00
1 tð Þ þ o2X1 tð Þ � 2oA1 sin otþ yð Þ� �

� 2oaB1 cos otþ yð Þ � f Ot; a cos otþ yð Þ;�ao sin otþ yð Þð Þ�dtþ

þ e2

o

ðt
0

sin ot� otð Þ X00
2 tð Þ þ o2

�
X2 tð Þ þ A1

dA1

da
� aB2

1�
��

� 2aoB2Þ cos otþ yð Þ � 2oA2 þ aA1

dB1

da
þ 2A1B1

� �
sin otþ yð Þ�

� @f

@u
Ot; a cos otþ yð Þð ;�ao sin otþ yð ÞÞX1 tð Þ�

� @f

@ _u
Ot; a cos otþ yð Þ;�ð ao sin otþ yð ÞÞ� A1 cos½ otþ yð Þ�

� aB1sin otþ yð Þ þ X0
1 tð Þ� g dt

(4.83)

By developing the function f in a Fourier series with respect Ot and

c ¼ otþ y, we have

f Ot; a cos otþ yð Þ;�ao sin otþ yð Þð Þ ¼
X1
k¼0

X1
j¼0

fkj cos kOtþ jotþ jyð Þ

þ
X1
k¼0

X1
j¼0

gkj sin kOtþ jotþ jyð Þ (4.84)

where

f00ðaÞ ¼ 1

4p2

ð2p
0

ð2p
0

f a; a cos b;�ao sin bð Þda db

fkjðaÞ ¼ 1

2p2

ð2p
0

ð2p
0

f a; a cos b;�ao sin bð Þ cos kaþ jbð Þda db; k þ j � 1

gkjðaÞ ¼ 1

2p2

ð2p
0

ð2p
0

f a; a cos b;�ao sin bð Þ sin kaþ jbð Þda db; k; j � 0 (4.85)

In what follows, we should propose that u1(t) ¼ u0(t) in Eq. 4.83. In this case it is

clear that the sequence un(t) is a constant and therefore the solution of Eq. 4.74 can

be obtained by only one iteration step, due to the fact the Lagrange multipliers [57],

lðt; tÞ ¼ 1
o sinoðt; tÞ can be exactly identified.

The coefficient of e
o in Eq. 4.83 would have to vanish and can be written as

follows
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ðt
0

sin ot�otð Þ X00
1 tð Þþo2

�
X1 tð Þ�2oA1sin otþyð Þ�

�2aoB1cos otþyð Þ�f Ot;acos otþyð Þ;�aosin otþyð Þð Þ�dt¼

¼X0
1ð0ÞsinotþoX1ð0Þcosot�oX1ðtÞ� 2oA1þg01ð Þ 1

2
tcos otþyð Þ�

�

�sin otþyð Þþsin ot�yð Þ
4o

	
� 2aoB1þf01ð Þ cos ot�yð Þ�cos otþyð Þ

4o
�

�

�1

2
tsin otþyð Þ

	
�
X1
k¼0

X1
j¼0

fkj
ocos kOtþjotþjyð Þ

kOþjoð Þ2�o2
þ cos ot�jyð Þ
2kOþ2 jþ1ð Þo�

"

� cos otþjyð Þ
2kOþ2 j�1ð Þo

	
�
X1
k¼0

X1
j¼0

gkj
osin kOtþjotþjyð Þ

kOþjoð Þ2�o2
� sin ot�jyð Þ
2kOþ2 jþ1ð Þo�

"

� sin otþjyð Þ
2kOþ2 j�1ð Þo

	
¼0 k;jð Þ 6¼ 0;1ð Þ (4.86)

Avoiding the presence of secular term, needs

A1ðaÞ ¼ � 1

2o
g01; B1ðaÞ ¼ � 1

2ao
f01 (4.87)

Observe that for

X1ðtÞ ¼ �
X1
k¼0

X1
j¼0

fkj cos kOtþ jyð Þ
kOþ joð Þ2 � o2

�
X1
k¼0

X1
j¼0

gkj sin kOtþ jyð Þ
kOþ joð Þ2 � o2

; k; jð Þ 6¼ 0; 1ð Þ

(4.88)

the Eq. 4.86 is valid. The conditions (4.87) are equivalent with the condition that the

solution X1(t) of Eq. 4.86 may not contain terms in sinðotþ yÞ and cosðotþ yÞ.
We may, however to assure the vanishing of the coefficient of e2=o in Eq. 4.83. The

functions A2 and B2 may be similarly obtained by requiring that the terms

containing sinðotþ yÞ and cosðotþ yÞ vanish. Taking into account Eq. 4.87 it

follows that:

A2ðaÞ ¼ g01
8ao2

f01 � a
df01
da

� �
�

� f01g01
4ao3

� 1

4p2o

ð2p
0

ð2p
0

@f

@u

�
a; a cos b;�ao sin bð ÞX1þ

þ @f

@u
a; a cos b;�ao sin bð ÞX1 A1 cos b� aB1 sin bþ X0

1ð Þ
	
sin b da db (4.89)

64 4 The Method of Krylov and Bogolyubov



B2ðaÞ ¼ g01
8ao2

dg01
da

� f 201
8ao3

þ

þ 1

4p2ao

ð2p
0

ð2p
0

@f

@u

�
ða; a cos b;�ao sin bÞX1þ

þ @f

@u0
a; a cos b;�ao sin bð ÞðA1 cos b� aB1 sin bþ X0

1Þ� cos b da db (4.90)

The solution X2(t) does not contain terms in sinðotþ yÞ and cosðotþ yÞ, and
therefore its expansion is readily found to be

X2ðtÞ ¼ � 1

2p2
X1
k¼0

X1
j¼0

(
cos kOtþ jyð Þ
kOþ joð Þ2 � o2

ð2p
0

@f

@u
a; a cos b;�ao sin bð ÞX1þ

þ @f

@u0
a; a cos b;�ao sin bð Þ A1 cos b� aB1 sin bþ X0

1

� �	
cosðkaþ jbÞ da db�

�
X1
k¼0

X1
j¼0

sinðkOtþ jyÞ
ðkOþ joÞ2 � o2

ð2p
0

ð2p
0

@f

@u
a; a cos b;�ao sin bð ÞX1þ

�

þ @f

@ _u
a; a cos b;�ao sin bð ÞðA1 cos b� aB1 sin bþ X0

1Þ� sinðkaþ jbÞdadb;
k; jð Þ 6¼ 0; 1ð Þ

(4.91)

The amplitude a and the phase c has to be determined from the Eqs. 4.77 and

4.78 respectively. When studying periodic solutions only, we have to set

_a ¼ 0; _c ¼ 0 (4.92)

and then, by (4.77) it follows that the constant values of the amplitude, say a ¼ a0
may be found from the algebraic equation

eA1ðaÞ þ e2A2ðaÞ ¼ 0 (4.93)

Next, introducing a0 into (4.78), and integrating with respect to t, gives the total
phase

c ¼ c0 þ oþ eB1 a0ð Þ þ e2B2 a0ð Þ� �
t (4.94)

4.2 Use of the Method of Krylov-Bogolyubov and Iteration 65



4.2.2 “Resonance” Case o � p
qO

Let us first assume that o � p

q
O, with p and q integers, relatively prime, and let us

denote

o2 ¼ p

q
O

� �2

þ es (4.95)

where s is so-called detuning parameter. The equation of motion (4.74), may then

be written

€uþ p

q
O

� �2

u ¼ e f Ot; u; u0ð Þ � su½ � (4.96)

For Eq. 4.96, we try a solution of the form

u0ðtÞ ¼ a coscþ eX1ðtÞ þ e2X2ðtÞ (4.97)

where X1(t) and X2(t) are periodic functions with period 2p in both Ot andc, with
_c ¼ p

qO. In the “resonance” regions, the phase difference y between the solution

and the external force exerts a strong influence on the amplitude and frequency of

the forced vibration. Therefore, we write

c ¼ p

q
Otþ y (4.98)

and assume that the functions Ak and Bk, k ¼ 1,2 in Eqs. 4.77 and 4.78 depend on

both a and y.

_a ¼ eA1 a; yð Þ þ e2A2 a; yð Þ (4.99)

_c ¼ p

q
Oþ eB1 a; yð Þ þ e2B2 a; yð Þ (4.100)

Substituting Eq. 4.98 into Eq. 4.100 gives

_y ¼ eB1 a; yð Þ þ e2B2 a; yð Þ (4.101)

Equations 4.99 and 4.101 will be used for calculating the functions a(t) and y(t)
after the functions Ak(a,y) and Bk(a,y), k ¼ 1,2 have been found.

The Lagrange multiplier for Eq. 4.96 is given by the relation
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l t; tð Þ ¼ q

pO
sin

p

q
O t� tð Þ (4.102)

We obtain the following iteration formula, corresponding to Eq. 4.96:

unþ1ðtÞ ¼ unðtÞ þ q

pO

ðt
0

sin
p

q
O t� tð Þ u00n tð Þ þ pO

q

� �2
"

un tð Þ

� ef Ot; un tð Þ; u0n tð Þ þ esun tð Þð Þ
	
dt (4.103)

By introducing now Eq. 4.97 into Eq. 4.103, considering Eqs. 4.99 and 4.100, we

obtain the second order approximation

u1ðtÞ ¼ u0ðtÞ þ eq
pO

ðt
0

sin
p

q
O t� tð Þ X00

1 tð Þ þ p

q
O

� �2

X1

"
tð Þ�

� 2
p

q
OA1 sin

p

q
Otþ y

� �
� 2

p

q
OaB1 cos

p

q
Otþ y

� �
�

� f Ot; a cos
p

q
Otþ y

� �
;�

�
p

q
Oa sin

p

q
Otþ y

� ��	
dtþ

þ e2q
pO

ðt
0

sin
p

q
O t� tð Þ X00

2f tð Þ þ p

q
O

� �2

X2 tð Þ�

� 2
p

q
OA2 þ 2A1B1 þ aA1

@B1

@a
þ aB1

@B1

@y

� �
sin

p

q
Otþ y

� �
þ

þ A1

@A1

@a
� 2

p

q
OaB2 þ B1

@A1

@y
� aB2

1

� �
cos

p

q
Otþ y

� �
þ sX1�

� @f

@u
Ot; a cos

p

q
Otþ y

� �
;�a

p

q
O sin

p

q
Otþ y

� �� �
X1�

� @f

@u0
Ot; a cos

p

q
Otþ y

� �
;� p

q
Oa sin

p

q
Otþ

��
yÞÞ�

� A1 cos
p

q
Otþ y

� ��
� aB1 sin

p

q
Otþ y

� �
þ X0

1 tð Þ
	�

dt (4.104)

By developing the function f in a Fourier series, we obtain
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f Ot; a cos
p

q
Otþ y

� �
;� p

q
Oa sin

p

q
Otþ y

� �� �
¼

¼
X1
k¼0

X1
j¼0

fkjðaÞ cos kOtþ j
p

q
Otþ jy

� �
þ

þ
X1
k¼0

X1
j¼0

gkjðaÞ sin kOtþ j
p

q
Otþ jy

� �
(4.105)

where

f00ðaÞ ¼ 1

4p2

ð2p
0

ð2p
0

f a; a cos b;� p

q
Oa sin b

� �
da db

fkjðaÞ ¼ 1

2p2

ð2p
0

ð2p
0

f a; a cos b;� p

q
Oa sin b

� �
cos kaþ jbð Þ da db;

k þ j � 1

gkjðaÞ ¼ 1

2p2

ð2p
0

ð2p
0

f a; a cos b;� p

q
Oa sin b

� �
sin kaþ jbð Þ da db;

k; j � 0 (4.106)

Taking into account Eq. 4.105 and vanishing the coefficients of eq
pO and e2q

pO , we

obtain first, as in the preceding section, the coefficient of eq
pO for q 6¼ 1, in the form

ðt
0

sin
p

q
O t� tð Þ X00

1 tð Þ þ p

q
O

� ��
X1 tð Þ � 2

p

q
OA1 sin

p

q
Otþ y

� �
�

� 2
p

q
OaB1 cos

p

q
Otþ y

� �
þ as cos

p

q
Otþ y

� �
�

� f Ot; a cos
p

q
Otþ y

� ��
� p

q
aO sin

p

q
Otþ y

� ��	
dt ¼

¼ X0
1ð0Þ sin p

q
Otþ p

q
OX1ð0Þ cos p

q
Ot� p

q
OX1ðtÞ�

� 2
p

q
OA1 þ g01

� �
1

2
t cos

p

q
Otþ y

� �
�

�
q
sin p

qOtþ y

 �

þ sin p
qOt� y


 �
4pO

3
5þ
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þ 2
p

q
OaB1 � saþ f01

� �
q
cos p

qOt� y

 �

� cos p
qOtþ y


 �
4pO

2
4 �

� 1

2
t sin

p

q
Otþ y

� �	
�
X1
k¼0

X1
j¼0

fkj

p
qO cos kOtþ j pqOtþ jy


 �
kOþ j pqO


 �2

� p
qO


 �2
þ

2
64

þ
cos p

qOt� jy

 �

2kOþ 2 jþ 1ð Þ pqO
�

cos p
qOtþ jy


 �
2kOþ 2 j� 1ð Þ pqO

3
5�

�
X1
k¼0

X1
j¼0

fkj

p
qO sin kOtþ j pqOtþ jy


 �
kOþ j pqO


 �2 � p
qO


 �2

2
64 �

�
sin p

qOt� jy

 �

2kOþ 2 jþ 1ð Þ p
qO

�
sin p

qOtþ jy

 �

2kOþ 2 j� 1ð Þ pqO

3
5 ¼ 0; k; jð Þ 6¼ 0; 1ð Þ (4.107)

In order to ensure that no secular terms appear in Eq. 4.107, resonance must be

avoided, and thus, for q 6¼ 1 we obtain

A1ðaÞ ¼ � qg01
2pO

B1ðaÞ ¼ q sa� f01ð Þ
2paO

(4.108)

So, from Eq. 4.107, we have the following expression for X1:

X1ðtÞ ¼ �
X1
k¼0

X1
j¼0

fkj cos kOtþ jyð Þ
kOþ j pqO


 �2 � p
qO


 �2
�

�
X1
k¼0

X1
j¼0

gkj sin kOtþ jyð Þ
kOþ j pqO


 �2

� p
qO


 �2
k; jð Þ 6¼ 0; 1ð Þ (4.109)

The coefficient of e for q ¼ 1, by the same manipulation as before is
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ðt
0

sin pO t� tð Þ X00
1½ tð Þ þ pOð Þ2X1 tð Þ � 2pOA1 sin pOtþ yð Þ�

� 2paOB1 cos pOsþ yð Þ þ sa cos pOtþ yð Þ�
� f Ot; a cos pOtþ yð Þ;�paO sin pOtþ yð Þð Þ� dt ¼
¼ X0ð0Þ sin pOtþ pO1X1ð0Þ cos pOt� pOX1ðtÞ�
� 1

2
t cos pOt 2pOA1 þ g01ð Þ½ cos yþ sa� f01 � 2pOaB1ð Þsin yþ g10�þ

þ 1

2
t sin pOt 2pOA1 þ g01ð Þ½ sin yþ f01 � saþ 2paOB1ð Þcos yþ f10��

�
X1
k¼0

X1
j¼0

fkj
pO cos kOtþ jpOtþ jyð Þ

kOþ jpOð Þ2 � pOð Þ2
"

þ cos pOt� jyð Þ
2kOþ 2 jþ 1ð ÞpO�

� cos pOtþ jyð Þ
2kOþ 2 j� 1ð ÞpO

	
�
X1
k¼0

X1
j¼0

gkj
pO sin kOtþ jpOtþ jyð Þ
kOþ jpOð Þ2 � pOð Þ2

"
�

� sin pOt� jyð Þ
2kOþ 2 jþ 1ð ÞpO� sin pOtþ jyð Þ

2kOþ 2 j� 1ð ÞpO
	
¼ 0; k; jð Þ 6¼ 0; 1ð Þ; k; jð Þ 6¼ 1; 0ð Þ

(4.110)

No secular terms in Eq. 4.110, require that

A1 a; yð Þ ¼ � f10 sin yþ g10 cos yþ g01
2pO

;

B1 a; yð Þ ¼ sa� f01 � f10 cos yþ g10 sin y
2paO

(4.111)

The expansion of X1 in this case is

X1ðtÞ ¼ �
X1
k¼0

X1
j¼0

fkj cos kOtþ jyð Þ
kOþ jpOð Þ2 � pOð Þ2 �

X1
k¼0

X1
j¼0

gkj sin kOtþ jyð Þ
kOþ jpOð Þ2 � pOð Þ2;

k; jð Þ 6¼ 0; 1ð Þ
k; jð Þ 6¼ 1; 0ð Þ

(4.112)

Next, let us examine the coefficient of e2 in Eq. 4.104. The functions A2 and B2

will be determined by requiring the vanishing of coefficients of t sinðpqOtþ yÞ
and t cosðpqOtþ yÞ forq 6¼ 1, by taking into account that X1ðtÞ and _X1ðtÞ may

contribute to such terms. However, by Eqs. 4.109 and 4.112, it follows that X1

and _X1 do not involve the terms t sinðp
q
Otþ yÞ and t cosðp

q
Otþ yÞ and for q ¼ 1

neither the terms t sin pOt and t sin pOt. Hence we may write for q 6¼ 1:
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A2 a; yð Þ ¼ � q

2pO
2A1B1 þ aA1

@B1

@a
þ aB1

@B1

@y
þ G01

� �

B2 a; yð Þ ¼ q

2pO
A1

@A1

@a
þ B1

@A1

@y
� aB2

1 � F01

� �
(4.113)

where

Fkj ¼ 1

2p2

ð2p
0

ð2p
0

@f

@u

�
a; a cos b;� p

q
aO sin b

� �
X1þ

þ @f

@ _u
a; a cos b;� p

q
aO sin b

� �
A1 cos b� aB1 sin bþ X0

1½ ��

� sX1g cos kaþ jbð Þ da db k þ j � 1

F00 ¼ 1

4p2

ð2p
0

ð2p
0

@f

@u

�
a; a cos b;� p

q
aO sin b

� �
X1þ

þ @f

@ _u
a; a cos b;� p

q
aO sin b

� �
A1 cos b� aB1 sin bþ X0

1½ ��

� sX1g da db

Gkj ¼ 1

2p2

ð2p
0

ð2p
0

@f

@u

�
a; a cos b;� p

q
aO sin b

� �
X1þ

þ @f

@ _u
a; a cos b;� p

q
aO sin b

� �
A1 cos b� aB1 sin bþ X0

1½ ��

� sX1g sin kaþ jbð Þ da db k; j � 0 (4.114)

For q ¼ 1, A2 and B2 become

A2 a;yð Þ ¼� 1

2pO
2A1B1þaA1

@B1

@a
þaB1

@B1

@y
þG01þ

�
þG10 cosy�F10 sinyÞ

B2 a;yð Þ ¼ 1

2paO
A1

@A1

@a
þB1

@A1

@y
�aB2

1�F01þG10 sinyþF10 cosy
� �

(4.115)

For q 6¼ 1, the expression of X2 is
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X2ðtÞ ¼ � q

pO

X1
k¼0

X1
j¼0

Fkj cos kOtþ jyð Þ
kOþ j pqO


 �2 � p
qO


 �2
�

� q

pO

X1
k¼0

X1
j¼0

Gkj sin kOtþ jyð Þ
kOþ j pqO


 �2

� p
qO


 �2
(4.116)

and for q ¼ 1, similar with Eq. 4.116 but moreover (kj) 6¼ (1,0)

Summarizing the above results, we see that the third approximation for the

solution of Eq. 4.74 is given by Eq. 4.76 with the functions X1 and X2 are given

by Eqs. 4.109 or 4.112and respectively by Eq. 4.116. The amplitude a and the phase
c have to be obtained from Eqs. 4.77 and 4.78 or by the averaging method [34]:

_a ¼ e
2p

ð2p
0

A1 a; yð Þ dyþ e2

2p

ð2p
0

B1 a; yð Þ dy (4.117)

_y ¼ e
2p

ð2p
0

A2 a; yð Þ dyþ e2

2p

ð2p
0

B2 a; yð Þ dy (4.118)

where A1, A2, B1, and B2 are given by Eqs. 4.108, 4.111, 4.113, 4.115 respectively,

according to q 6¼ 1 or q ¼ 1.

To study periodic vibrations we require that _a ¼ _y ¼ 0:
For real systems, the expansion of the function f ðOt; a cosc;�ao sincÞ usually

contains only a small number of harmonics, and hence the number of the values m,
n for which “resonance” can actually occur is also small; it generally suffices to take

as values of m and n a few natural numbers close to 1.

In what follows, the responses of single-degree-of-freedom, linear and nonlinear

systems are investigated.

4.2.3 Numerical Examples

Example 1. To better understanding how this method really works, let us apply it to

a linear oscillator with weak viscous damping, where equation of motion is

€uþ u ¼ �2em _uþ ek cosOt; 0<e<<1; m; k;O>0 (4.119)

As it is well-known, the general exact solution of this equation for em < 1 is
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uðtÞ ¼ a0 exp �emtð Þ cos y0 þ t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2m2

p
 �
þ

þ ek 1� O2
� �

1� O2
� �2 þ 4e2m2O2

cosOtþ 2e2mkO

1� O2
� �2 þ 4e2m2O2

sinOt (4.120)

where a0 and y0 are constants to be determined from the initial conditions.

The only periodic solution of the equation is

uperðtÞ ¼
ek 1� O2
� �

1� O2
� �2 þ 4e2m2O2

cosOtþ 2e2mkO

1� O2
� �2 þ 4e2m2O2

sinOt (4.121)

Case 1a (nonresonance case). By assuming O 6¼ 1, let us apply the above

method for Eq. 4.119 and we propose an initial approximate solution in the form

u0ðtÞ ¼ a cos tþ yð Þ þ eX1ðtÞ þ e2X2ðtÞ (4.122)

with

_a ¼ eA1ðaÞ þ e2A2ðaÞ
_y ¼ eB1ðaÞ þ e2B2ðaÞ (4.123)

Eq. 4.83 becomes

X1ðtÞ ¼ u0ðtÞ þ e
ð t
0

sin t� tð Þ X00
1 þ X1 þ 2 A1 þ mað Þ sin tþ yð Þ½ �

� 2aB1 cos tþ yð Þ � kcosOt� dtþ e2
ðt
0

sin t� tð Þ X00
2 þ X2�½

� 2A2oþ 2A1B1 þ aA1

dB1

da
þ 2maB1

� �
sin tþ yð Þþ

þ A1

dA1

da
� 2aB2 � aB2

1 þ 2mA1

� �
cos tþ yð Þ þ 2mX0� dt (4.124)

and by integrating, the coefficient of e becomes

X0
1ð0Þsin tþX1ð0Þcos t�X1ðtÞ� A1þmað Þ

�
tcos tþyð Þ�

� sin tþyð Þþ sin t�yð Þ
2

	
þaB1

�
tsin tþyð Þ:þ cos tþyð Þ� cos t�yð Þ

2

	
�

� k

O2�1
cosOt� cos tð Þ ¼ 0 (4.125)
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Avoiding the presence of a secular term in Eq. 4.125 needs:

A1 ¼ �ma; B1 ¼ 0 (4.126)

With this requirement, the solution of Eq. 4.125 is

X1ðtÞ ¼ X1 Otð Þ ¼ k

1� O2
cosOt (4.127)

By integrating and by replacing Eq. 4.127 into Eq. 4.124, the coefficient of e2 in
Eq. 4.124 must be vanished:

X0
2ð0Þ sin tþ X2ð0Þ cos t� X2ðtÞ � A2 þ A1B1 þ 1

2
aA1

dB1

da
þ

�

þ maB1Þ
�
t cos tþ yð Þ � sin tþ yð Þ þ sin t� yð Þ

2

	
�

� 1

2
A1

dA1

da
� aB2 � 1

2
aB2

1 þ mA1

� ��
t sin tþ yð Þþ

þ cos tþ yð Þ � cos t� yð Þ
2

	
þ 2mkO

ðO2 � 1Þ2
sinOt� O sin tð Þ ¼ 0 (4.128)

Again, elimination of secular terms requires

A2 ¼ 0; B2 ¼ � 1

2
m2 (4.129)

We, hence, obtain a solution of Eq. 4.128, which reads

X2ðtÞ ¼ emkO

O2 � 1
� �2 sinOt (4.130)

From Eqs. 4.19, 4.20, 4.126 and 4.129 it follows that

_a ¼ �ema

_y ¼ � 1

2
e2m2 (4.131)

The amplitude a, respectively the phase y are given in the form

a ¼ a0 exp �emtð Þ
y ¼ y0 � 1

2
e2m2t (4.132)
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where a0 and y0 are constants. Hence, we may write that

uðtÞ ¼ a0 exp �emtð Þ cos y0 þ t 1� 1

2
e2m2

� �� 	
�

� ek

O2 � 1
cosOtþ 2e2mkO

O2 � 1
� �2 sinOt (4.133)

This result is very similar to Eq. 4.120. We obtain the frequency of the damped part

of exact solution (4.120) up to terms of second order in e. This can be easily verified
by developing the exact expression of the frequency namely

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2m2

p
in a power

series of e and retaining only the first term of the expression.

On the other hand, the periodic solution of Eq. 4.119 may be found from the

algebraic equation (4.93). We obtain a ¼ 0 and therefore, for O 6¼ 1, the periodic

solution of Eq. 4.119 is given by

uperðtÞ ¼ � ek

O2 � 1
cosOtþ 2e2mkO

O2 � 1
� �2 sinOt (4.134)

Case 1b (resonance case) Suppose now that O is close to 1 and denote

1 ¼ O2 þ ed, p ¼ q ¼ 1. We obtain the equation

uðtÞ ¼ a cos Otþ yð Þ þ eX1ðtÞ þ e2X2ðtÞ (4.135)

Equation 4.110 becomes

X0
1ð0ÞsinOtþOX1ð0Þcos t�OX1ðtÞ� tcosOt

�
OA1þmaOð Þcosyþ

þ 1

2
sa�OaB1

� �
siny

	
þ tsinOt

�
OA1þmaOð Þsinyþ

þ aOB1�1

2
as

� �
cosyþ1

2
k

	
þ1

2
A1þmað Þ sin Otþyð Þ½ þ sin Ot�yð Þ�þ

þa s�2OB1ð Þ
4O

cos Ot�yð Þ� cos Otþyð Þ½ � ¼ 0 (4.136)

The coefficients of t cosOt and t sinOt in Eq. 4.136 must be zero, i.e.

A1 ¼ �ma� k

2O
sin y

B1 ¼ s
2O

� k

2aO
cos y (4.137)
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So, from Eq. 4.136 we have X1(t) ¼ 0. The coefficient of e2 in Eq. 4.104 must be

0 i.e.

A2 ¼ � mk
2O

cos y� k2

2aO2
sin 2y

B2 ¼ � m2

2O
� s2

8O3
þ sk

8aO3
cos y� mk

4aO2
sin y;

X2ðtÞ ¼ 0 (4.138)

The amplitude a and the phase y of the first harmonic of the Eq. 4.122 have to be

calculated from the system of differential equations, by considering only A1 and B1:

_a ¼ �ema� ek
2O

sin y

_y ¼ es
2O

� ek
2aO cos y

(4.139)

The integration of system (4.139) is rather difficult. That is way we assume

X1 ¼ X2 ¼ 0 and we suppose the solution in the condensed form:

xðtÞ ¼ a cos Otþ yð Þ (4.140)

which implies a tedious calculation. In exchange, the periodic vibration can be

determined by a straightforward algebraic calculation by putting _a ¼ _y ¼ 0 into

Eq. 4.139 and solving the equations obtained for a and y. It then follows that:

a ¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2O2 þ s2

p ; sin y ¼ � 2maO
k

; cos y ¼ as
k

uperðtÞ ¼ ks

4m2O2 þ s2
cosOtþ 2mkO

4m2O2 þ s2
sinOt (4.141)

Taking into account that d ¼ 1� O2

e
, the periodic solution becomes

uperðtÞ ¼
ek 1� O2
� �

1� O2
� �2 þ 4e2m2O2

cosOtþ 2e2mkO

1� O2
� �2 þ 4e2m2O2

sinOt (4.142)

i.e. one recovers the exact expression (4.121) of the steady-state vibration and

therefore, the convergence of the method is more rapid in the “resonance” case

than in the “nonresonance” case.

From the above solution process, we can see clearly that the approximate

solution converge to the exact solution relatively rapid.
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Example 2
We consider the forced vibration of an oscillator with linear viscous damping

and cubic elastic restoring force, governed by the differential equation:

€uþ o2uþ 2em _uþ eau3 ¼ P cosOt (4.143)

where

0< e<< 1; m; k;O;P> 0; o 6¼ O (4.144)

which is also called generalized Duffing’s equation with damping.

Case 2a (“nonresonance” case)

By assuming that o 6¼ 1

3
O and o 6¼ 3O and applying the transformation

u ¼ xþ P

o2 � O2
cosOt (4.145)

Eq. 4.143 becomes

€xþ o2xþ 2em _x� OP

o2 � O2
sinOt

� �
þ ea xþ P

o2 � O2
cosOt

� �3

¼ 0 (4.146)

For Eq. 4.146 we propose an initial approximate solution in the form

x0ðtÞ ¼ a cos otþ yð Þ þ eXðtÞ (4.147)

with

_a ¼ eA1ðaÞ
_y ¼ eB1ðaÞ (4.148)

Equation 4.83 becomes

x1ðtÞ ¼ x0ðtÞ þ e
o

ðt
0

sino s� tð Þ X00f tð Þ þ o2X tð Þ � 2oðA1þ

þ maÞ sin otþ yð Þ þ 3

4
aa3 þ 3aaP2

2 o2 � O2
� �2 � 2oaB1

" #
cos otþ yð Þ�

� 2mOP

o2 � O2
sinOtþ 3aa2P

2 o2 � O2
� � cosOtþ 3aa2P

2 o2 � O2
� � cosð2otþ

þ 2yÞ cosOtþ 3aaP2

2 o2 � O2
� �2 cos otþ 2yð Þ cos 2Otþ

þ aP3

4 o2 � O2
� �3 cos 3Otþ 3 cosOtð Þg dt (4.149)
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Integrating the last equation and avoiding the presence of secular term, we

obtain

A1 ¼ �ma

B1 ¼ 3aa2

8o
þ 3aP2

4o o2 � O2
� �2 (4.150)

The parameters a(t) and y(t) are to be calculated by solving the equations

_a ¼ �ema; _y ¼ e
3aa2

8o
þ 3aP2

4o o2 � O2
� �2

" #
(4.151)

for which, by integration, it follows that

aðtÞ ¼ a0 exp �emtð Þ

y ¼ y0 � 3eaP2

4o o2 � O2
� �2 t� 3aa2o

16mo
exp �2emtð Þ (4.152)

where a0 and y0 are constants.
Taking into account Eq. 4.150, and imposing that x1(t) ¼ x0(t) into Eq. 4.149,

we obtain

xðtÞ ¼ 2mOP

o2 � O2
� �2 sinOt� 3aa2P

2 o2 � O2
� �2 þ 3aP3

4 o2 � O2
� �4

" #
cosOt�

� aP3

4 o2 � O2
� �3

o2 � 9O2
� � cosOt� 3aaP2

8 o2 � O2
� �3 cos otþ yð Þ cos 2Ot�

� 3aaoP2

8O o2 � O2
� �3 sin otþ yð Þ sin 2Otþ

þ 3aa2P 3o2 þ O2
� �

o2 � O2
� �2

9o2 � O2
� � cos 2 otþ yð Þ cosOtþ

þ 12aoOa2P

o2 � O2
� �2

9o2 � O2
� � sin 2 otþ yð Þ sinOt

(4.153)

where a and y are given by Eq. 4.152. Finally by substituting the relations (4.153)

and (4.147) into (4.145) we obtain the solution
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uðtÞ ¼ a cos otþ yð Þ þ P

o2 � O2
cosOtþ exðtÞ þ 0 e2

� �
(4.154)

In the case of periodic vibration ð _a ¼ 0Þwe obtain a ¼ 0 and follows that

uperðtÞ ¼ P

o2 � O2
cosOtþ

þ e
2mOP

o2 � O2
� �2 sinOt� 3aP3

4 o2 � O2
� �3 cosOt

" #
(4.155)

In order to compare our results with the numerical solution, we select o ¼ a ¼
m ¼ 1, O ¼ 2, P ¼ 0.2, e ¼ 0.01. The comparison of the corresponding analytical

approximate solution (4.154) and approximate periodic solution (4.155) is shown in

Figs. 4.2 and 4.3 respectively. They show that this procedure provide excellent

approximations comparing to numerical solutions obtained by a fourth-order

Runge-Kutta method for small oscillations in different initial conditions.

There are several studies that treated forced oscillations of systems with cubic

nonlinearities, under the influence of slight viscous damping [7, 8, 34, 35, 55, 56]

and so on. The results obtained here can be compared with those given by the

method of successive approximations, the method of harmonic balance, etc. The

solution (4.145) in the second approximation, coincides with the first approxima-

tion (x ¼ 0 into Eq. 4.154) given by the method of multiple scales [34] and Chap. 5.

Case 2b (“resonance” case)

By assuming o � 3O, we denote o2 ¼ 9O2 þ ed. The governing equation

becomes

€uþ 9O2uþ 2em _uþ eau3 þ esu ¼ P cosOt (4.156)

By transformation

u ¼ xþ P

8O2
cosOt (4.157)

we obtain from Eq. 4.156

€xþ 9O2xþ 2em _x� P

8O
sinOt

� �
þ ea xþ P

8O2
cosOt

� �3

þ

þ es xþ P

8O2
cosOt

� �
¼ 0 (4.158)

Initial approximate solution of Eq. 4.158 is in form:

x0ðtÞ ¼ a cosð3Otþ yÞ þ eXðtÞ (4.159)
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By the same manipulation as before, we have the following solution, neglecting

terms of second order in e:

uðtÞ ¼ a cos 3Otþ yð Þ þ P

8O2
cosOtþ e

mP

64O3
sinOt

�
þ

þ 3aa2

128O4
þ 3aP2

1638O8
� sP

64O4

� �
cosOt� 3aP2

2048O4
cos Otþ yð Þþ

þ 3aP2

4096O4
cos 5Otþ yð Þ � 3aa2

32O2
cos 5Otþ 2yð Þ�

� 3aa2

32O2
cos 7Otþ 2yð Þ þ aa3

4
cos 9Otþ 3yð Þ

	
(4.160)

where a(t) and y(t)are given by the equations

_a ¼ �emaþ eaP3

12288O7
sin y

_y ¼ e
aa2

8O
þ aP2

256aO3
þ s
6O

� aP3

12288aO7
cos y

� �
(4.161)

Fig. 4.2 Comparison

between approximate solution

(4.154) and numerical

solution of Eq. 4.143 for

o ¼ a ¼ m ¼ a0 ¼ 1,

O ¼ 2, P ¼ 0.2, e ¼ 0.01,

u(0) ¼ 0.916, _u(0) ¼ 0.177:

_____ numerical results; _ _ _ _

approximate results

Fig. 4.3 Comparison

between approximate solution

(4.155) and numerical

solution of Eq. 4.143 for

o ¼ a ¼ m ¼ a0 ¼ 1,

O ¼ 2, P ¼ 0.2, e ¼ 0.01,

u(0) ¼ �0.066,

_u(0) ¼ 0.0008: _____

numerical results; _ _ _ _

approximate results
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with the approximate solution given by averaging method

aðtÞ ¼ a0 exp �emtð Þ

yðtÞ ¼ y0 � aa20
16mO

exp �2emtð Þ þ aP2

256ma0O3
exp emtð Þ þ es

6O
t (4.162)

The periodic solution of Eq. 4.156 is obtain for _a ¼ _y ¼ 0 and therefore we

deduce that a and y are given by equations

256a2O8 589824m2O6 þ 96aa2O2 þ 3ap2

a
þ 128sO2

� �2
" #

� a2P6 ¼ 0 (4.163)

sin y ¼ 12288maO7

aP3

cos y ¼ 1536a3O6

P3
þ 48O4

P
þ 2048asO6

aP3
(4.164)

The curve described by Eq. 4.163 is named, “resonance curve”. The system

(4.164) has solutions in the conditions

12888maO7

aP3
� 1

1536a3O6

P3
þ 48O4

P
þ 2048asO6

aP3
� 1 (4.165)

The first order approximate solution in the case of “resonance” for Eq. 4.156 is

obtained from Eq. 4.159 with a(t) and y(t) given by Eqs. 4.162.

Fig.4.4 illustrates the resonance curves obtained for O ¼ 1/3, a0 ¼ 1,

y0 ¼ 0.18328125, e ¼ 0.01, m ¼ a ¼ 1, P ¼ 0.2, s ¼ 1.0025, u(0) ¼ 1.23185466,

_u(0) ¼ 0.00028125. These curves are plotted using numerical integration results and

results from Eq. 4.160. One can observe that the results are nearly identical.

Fig. 4.4 Comparison

between the approximate

solution (4.160) and

numerical solution of

Eq. 4.156 for O ¼ 1/3,

a0 ¼ 1, y0 ¼ 0.18328125,

e ¼ 0.01, m ¼ a ¼ 1,

P ¼ 0.2, s ¼ 1.0025,

u(0) ¼ 1.23185466,

_u(0) ¼ 0.00028125: _____

numerical results; _ _ _ _

analytical results
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This combination of iteration method and method of Krylov-Bogolyubov is a

kind of powerful tool for treating weakly nonlinear problems. Due to the very high

accuracy of the first order (initial) approximate solution, we always stop at the

second iteration step. We can obtain higher order approximation if in the initial

approximation we seek terms in em (m � 1). However, the calculation is usually

performed only for m ¼ 1 or m ¼ 2, because the contribution of higher order terms

is generally unimportant and because the formulas obtained for higher

approximations are very intricate.

It is interesting to note that by a certain transformation, the original equation of

motion can be rewritten in the form (4.74). Nonlinear systems of type (4.74) have

been known to arise in many problems related to dynamical systems. It is hoped

therefore that the obtained results demonstrate the applicability of this method but

also underline the importance of the periodic solutions in gaining a better under-

standing of these physically relevant models.
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Chapter 5

The Method of Multiple Scales

The origins of the method of multiple scales go back to Krylov and Bogolyubov in

1932. The general principle behind the method is that the dependent variable is

uniformly expanded in terms of two or more independent variables, nominally

referred to as scales.

This obviously requires that the time derivatives of the dependent variable are

similarly expressed, with the general consequence that uniformity is relatively well

preserved even for nonconservative problems incorporating excitations and

dissipations. The multiple independent variables Tk are generated with respect to

real time t such that Tk ¼ ekt, k ¼ 0, 1, 2, . . . . Clearly, then, the time derivatives

will be expanded, in their own right, in terms of partial derivatives, each with

respect to the Tk as follows:

d

dt
¼ D0 þ eD1 þ e2D2 þ ::::: (5.1)

d2

dt2
¼ D2

0 þ 2eD0D1 þ e2 D2
1 þ 2D0D2

� �þ ::::: (5.2)

whereDk ¼ @
@Tk

, and the assumption is made that the parameter e is small (e << 1).

If we consider the equation

€uþ a1uþ a2u2 þ a3u3 ¼ 0 (5.3)

then, one assumes that the solution of Eq. 5.3 can be represented by an expansion

having the form

u t; eð Þ ¼ eu1 T0; T1; :::; Tmð Þ þ e2u2 T0; T1; :::; Tmð Þ
þ:::þ em�1um�1 T0; T1; :::; Tmð Þ (5.4)
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Substitution of Eq. 5.4 and the time derivative expansion into the governing

Eq. 5.3 results in a set of perturbation equations, hierarchically ordered to e, which
can then be solved successively. The solution can be determined only avoiding

secular terms [22, 34, 58]. Uniformity is assured if ekuk ¼ 0(ek�1uk�1) for all k and
T0, T1, T2. . ., Tm. Secular terms are routinely identified, by means of recognizable

resonance conditions, removed and then equated to zero. This process is invariably

used to determine the amplitude of zero-th order perturbation solution (sometimes

called the generating solution) corresponding to k ¼ 0 and expressed in complex

form (sometimes real form). We obtain for m ¼ 2:

D2
0u1 þ a1u1 ¼ 0 (5.5)

D2
0u2 þ a1u2 ¼ �2D0D1u1 � a2u21 (5.6)

D2
0u3 þ a1u3 ¼ �2D0D1u2 � D2

1u1 � 2D0D2u1 � 2a2u1u2 � a3u31 (5.7)

With this approach it turns out to be convenient to write the solution of Eq. 5.5 in

the forms

u1 ¼ A T1; T2ð Þ exp i
ffiffiffiffiffi
a1

p
T0ð Þ þ �A T1; T2ð Þ exp �i

ffiffiffiffiffi
a1

p
T0ð Þ (5.8)

or

u1 ¼ B T1; T2ð Þ cos ffiffiffiffiffi
a1

p
T0 þ ’ T1; T2ð Þ½ � (5.9)

where A(T1,T2) is an unknown complex function, �A(T1,T2) is the complex conjugate

of A(T1,T2), B(T1,T2) and ’ðT1; T2Þare unknown real functions. The governing

equations for A (respectively B) are obtained by requiring u2 and u3 be periodic

in T0.
Substituting for example Eq. 5.8 into Eq. 5.6 leads to

D2
0u2 þ a1u2 ¼ �2i

ffiffiffiffiffi
a1

p
D1A exp io0T0ð Þ�

� a2 A2 exp 2i
ffiffiffiffiffi
a1

p
T0ð Þ þ A �A

� �þ c:c:
(5.10)

where c.c. denotes the complex conjugate of the preceding terms. One can ignore

the initial conditions and the homogeneous solutions in all uk for k � 2, until the

last step [34].

Any particular solution of Eq. 5.10 has a secular term containing the factor

T0 expði
ffiffiffi
a

p
; T0Þ unless

D1A T1; T2ð Þ ¼ 0 (5.11)

84 5 The Method of Multiple Scales



Therefore A must be independent of T1: A ¼ A(T2). In this case, the solution of

Eq. 5.10 is

u2 ¼ a2A T2ð Þ2
3a1

exp 2i
ffiffiffiffiffi
a1

p
T0ð Þ � a2

a1
A �Aþ c:c: (5.12)

where the solution of the homogeneous equation is not needed.

Now, substituting Eq. 5.9 into Eq. 5.6, it follows that

D2
0u2 þ a1u2 ¼ � ffiffiffiffiffi

a1
p

D1B T1; T2ð Þ sin ffiffiffiffiffi
a1

p
T0 þ ’ T1; T2ð Þ½ �þ

þ BD1’ T1; T2ð Þ cos ffiffiffiffiffi
a1

p
T0 þ ’ T1; T2ð Þ½ ��

� 1

2
a2B2 T1; T2ð Þ 1þ cos 2

ffiffiffiffiffi
a1

p
T0 þ 2’ T1; T2ð Þð Þð Þ (5.13)

To eliminate secular terms from Eq. 5.13, the following conditions must hold

D1B T1; T2ð Þ ¼ 0 (5.14)

D1’ T1; T2ð Þ ¼ 0 (5.15)

which imply that B ¼ B(T2) and ’ ¼ ’ðT2Þ.
Having satisfied the conditions (5.14) and (5.15) (called the solvability

conditions), from Eq. 5.13, we obtain

u2 ¼ � 1

2

a2
a1

B2 T2ð Þ þ a2
6a1

B2 T2ð Þ cos 2 ffiffiffiffiffi
a1

p
T0 þ 2’ T2ð Þ½ � (5.16)

Substituting u1 and u2 from Eqs. 5.8 and 5.12 into Eq. 5.7 and recalling that

D1A ¼ 0, we obtain

D2
0u3 þ a1u3 ¼� 2i

ffiffiffiffiffi
a1

p
D2Aþ 9a1a3 � 10a22

3a1
A �A

� �
exp i

ffiffiffiffiffi
a1

p
T0ð Þ�

� 3a1a3 þ 2a22
3a1

A3 exp 3i
ffiffiffiffiffi
a1

p
T0ð Þ þ c:c: (5.17)

In order to eliminate secular terms from Eq. 5.17, we must put

2i
ffiffiffiffi
ai

p
D2Aþ 9a1a3 � 10a22

3a1
A2 �A ¼ 0 (5.18)

In solving equations having the form of Eq. 5.18, we find it convenient to write A
in the polar form:
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A ¼ 1

2
a exp ibð Þ (5.19)

where a and b are real functions of T2. Substituting Eq. 5.19 into Eq. 5.18 and

separating the result into real and imaginary parts, we obtain

ffiffiffiffiffi
a1

p
a0 ¼ 0 (5.20)

ffiffiffiffiffi
a1

p
ab0 þ 10a22 � 9a1a3

24a1
a3 ¼ 0 (5.21)

where the prime denotes the derivate with respect to T2. It follows that a ¼ constant

and hence that

b ¼ 9a1a3 � 10a22
24a1

ffiffiffiffiffi
a1

p a2T2 þ b0 (5.22)

where b0 is a constant. Returning to Eq. 5.19, we find that

A ¼ 1

2
a exp i

9a1a3 � 10a22
24a1

ffiffiffiffiffi
a1

p e2a2tþ ib0

	 

(5.23)

where we used the fact that T2 ¼ e2t.
Substituting u1 and u2 from Eqs. 5.8 and 5.12 into Eq. 5.4 and using Eq. 5.23, we

obtain

u ¼ ea cos otþ b0ð Þ � e2a2a2
6a1

3� cos 2otþ 2b0ð Þ½ � þ 0 e3
� �

(5.24)

where

o ¼ ffiffiffiffiffi
a1

p
1þ 9a1a3 � 10a22

24a21
e2a2

� �
þ 0 e3

� �
(5.25)

The constants a and b0 can be determined from the initial conditions.

Using real form of the functions u1 and u2 given by Eqs. 5.9, 5.16 and

substituting into Eq. 5.7 we obtain
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D2
0u3 þ a1u3 ¼ 2

ffiffiffiffiffi
a1

p
D2B T2ð Þ sin ffiffiffiffiffi

a1
p

T0 þ ’ T2ð Þ½ �þ

þ 2
ffiffiffiffiffi
a1

p
B T2ð ÞD2’ T2ð Þ þ 5a22

6a1
b3 T2ð Þ � 3

4
a3B3 T2ð Þ

� �
�

� a22
6a1

þ a3
4

	 

B3 T2ð Þ cos 3 ffiffiffiffiffi

a1
p

T0ð Þ þ ’ T2ð Þ½ �

(5.26)

The secular terms from Eq. 5.26 can be eliminated if

D2B T2ð Þ ¼ 0 (5.27)

2
ffiffiffiffiffi
a1

p
B T2ð ÞD2’ T2ð Þ þ 5a22

6a1
B3 T2ð Þ � 3

4
a3B3 T2ð Þ ¼ 0 (5.28)

which imply that

B T2ð Þ ¼ B0 (5.29)

’ T2ð Þ ¼ 9a1a3 � 10a22
24a1

ffiffiffiffiffi
a1

p B2
0T2 þ ’0 (5.30)

where b0 and ’0 are real constants.

Substituting Eqs. 5.9, 5.16, 5.29 and 5.30, into Eq. 5.4 we obtain an expression

equivalent with Eq. 5.24:

u ¼ eB0 cos Otþ ’0ð Þ � e2B2
0a2

6a1
3� cos 2Otþ 2’0ð Þ½ � þ 0 e3

� �
(5.31)

where

O ¼ ffiffiffiffiffi
a1

p
1þ 9a1a3 � 10a22

24a21
e2a2

� �
þ 0 e3

� � ¼ oð Þ (5.32)

Several variants of basic method of multiple scales have emerged in recent

times. Such method of multiple scales has been computerized with parallelization

strategies introduced for reasons of optimization [59]. The major texts [22] and [58]

are the most authoritative on multiple scales in the area of vibration research. An

alternative to the standard method [22, 34] is offered in [60] where time scales are

rewritten as T0 ¼ Ot and in general Tn ¼ enOt. Also O2 and O are independently so

that O2 ¼ 1þ ed11 þ e2d12 and O ¼ 1þ ed21. For other appreciations, see [61, 62]
and [63].

The structure of the power series for the dependent variable, the systematic use

of timescales and the perturbation parameter e are very significant. We consider, in

what follows the motion of a pendulum with viscous damping having the equation
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€yþ 2�m _yþ o2
0f yð Þ ¼ 0 (5.33)

where f ðyÞ ¼ sin y � y� 1
6
y3 and the very light damping in the form m ¼ e2m.

In [58] are present three alternative cases. In the first alternative, it is suppose

that

y t; eð Þ ¼ ey1 T0; T1; T2ð Þ þ e2y2 T0; T1; T2ð Þ þ e3y3 T0; T1;T2ð Þ þ ::: (5.34)

The perturbation equations are

D2
0y1 þ o2

0y1 ¼ 0

D2
0y2 þ o2

0y2 ¼ �2D0D1y1

D2
0y3 þ o2

0y3 ¼ �2D0D1y2 � 2D0D1y1 � D2
1y1 � 2mD0y1 þ o2

0

6
y31

(5.35)

In the second alternative, a standard power series has the form

y t; eð Þ ¼ y0 T0; T1; T2ð Þ þ ey1 T0; T1; T2ð Þ þ e2y2 T0; T1; T2ð Þ þ ::: (5.36)

For the nonlinear term f ðyÞ ¼ y� egy3 with eg replacing the 1/6 used previ-

ously, the perturbation equations become.

D2
0y0 þ o2

0y0 ¼ 0

D2
0y1 þ o2

0y1 ¼ �2D0D1y0 þ go2
0y

2
0

D2
0y2 þ o2

0y2 ¼ �2D0D1y1 � 2D0D2y0 � D2
1y0 � 2mD0y0 þ 3go2

0y
2
0y1

(5.37)

In the last alternative, when f ðyÞ ¼ y� e2gy3 we find the following equations

D2
0y0 þ o2

0y0 ¼ 0

D2
0y1 þ o2

0y1 ¼ �2D0D1y0

D2
0y2 þ o2

0y2 ¼ �2D0D1y1 � 2D0D2y0 � D2
1y0 � 2mD0y0 þ go2

0y
3
0

(5.38)

By comparing the three sets of perturbation equation, taking Eqs. 5.35 as the

base-line set, it can be seen that the standard power series together with f ðyÞ ¼
y� egy3 yields an identical lowest order perturbation equation except for the

subscripting which in this context is irrelevant. However, at the intermediate

perturbation level we find that the standard power series method together with the

first-order, nonlinearity egy3 expansion leads to explicit presence of the cubic term

at this order, as shown in Eq. 5.372 but also noting that this is not present in

Eq. 5.352. At the highest perturbation level, it can be seen that both right-hand

sides are structurally identical, with subscripts representing the same functionality
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within both sets of equations, except for the modified cubic term o0
2y1

3/6 in

Eq. 5.353 and 3go2
0y

2
0y1 in Eq. 5.373.

Apparently, Eqs. 5.38 are structurally identical to Eqs. 5.35 except for the

subscripting of the yi (i ¼ 1,2,3 and 0,1,2 respectively) and also the coefficient of

the cubic terms o2
0y

3/6 in Eq. 5.353and go2
0y

3
0in Eq. 5.383.

For Eqs. 5.35 the solution can be written in the form

y ¼ ea0e��mt cos o0t� e2a20
32o0�m

e�2�mt þ b0

� �
þ H:O:T (5.39)

where a0 and b0 are constants of integration and H.O.T stands for higher order

terms. The same solution procedure can be adopted for Eq. 5.38 and thus the first

approximate solution is as follows:

y ¼ a0e
��mt cos o0t� 3a20e

2g
16o0�m

e�2�mt þ b0

� �
þ H:O:T (5.40)

We assumed that 1=6 � e2g and the second term in the brackets of Eq. 5.40

resembles that of Eq. 5.39 noting that the initial displacement is defined as ea0 in
Eq. 5.39 and a0 in Eq. 5.40.

The previous, comparative, example shows that the form of the adopted power

series and the ordering of terms can have a major bearing on the structure of the

solution, with clear connotations for accuracy and physical relevance.

One way to deal with ordering is to have it on some sort of physical appreciation of

the problem, leading to notions of “hard” (FðtÞ ¼ F0 cosOt and FðtÞ ¼ eF0 cos Ot
as respective examples of this in the case of a single frequency harmonic oscillation)

and “strong” or “weak” damping where damping ratio might be expressed to zero-th

order e for strong damping, or first or second order e in the case of weaker damping.

5.1 Duffing Oscillator with Softening Nonlinearity

The Duffing oscillator with softening nonlinearity has been extensively studied in

the context of a large variety of physical systems [22, 64–70] such as the

oscillations of a pendulum, the rolling motion of a ship, or charge oscillations in

super ionic conductors. In spite of its simplicity this system has been shown to

exhibit complex behaviours in the presence of harmonic forcing and damping,

including, among other features, bistability, period-doubling sequences, chaos

and sometimes unbounded motions.

This above behaviours, apart from being interesting, must be considered because

they can forecast catastrophic consequences for the physical system being

modelled.
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In what follows we study the response of one-degree-of-freedom systems with

cubic nonlinearity to a fundamental parametric excitation (O ¼ 1), governed by a

non-dimensional differential equation of the form

€uþ em _uþ u� eau3 ¼ ef cosOt (5.41)

where m, a, f and O are positive constant parameters and e << 1 (see also Sect.

4.2.3, Example 2).

We consider second-order expansion of the type

u t; eð Þ ¼ u0 T0; T1; T2ð Þ þ eu1 T0; T1; T2ð Þ þ e2u2 T0; T1; T2ð Þ (5.42)

for the proximity of O to unity:

O2 ¼ 1þ es (5.43)

where s is a detuning parameter. The natural frequency, equal to unity, of the

oscillators defined in Eq. 5.41 can be rewritten in terms of O by using Eq. 5.43. The

result is the following

€uþ O2uþ e m _u� su� au3 � f cosOt
� � ¼ 0 (5.44)

Substituting Eqs. 5.42, 5.1 and 5.2 into Eq. 5.44, and equating coefficients of like

powers of e, we obtain

D2
0u0 þ O2u0 ¼ 0 (5.45)

D2
0u1 þ o2u1 ¼ �2D0D1u0 þ su0 � 2mD0u0 þ au30 þ f cosOt (5.46)

D2
0u2 þ o2u2 ¼ �2D0D2u0 � 2D0D1u1�

� D2
1u0 � 2mD0u1 � 2mD1u0 þ su1 þ 3au20u1

(5.47)

In this first case we express the solution of Eq. 5.45 in the complex form

u0 T0; T1; T2ð Þ ¼ A T1; T2ð Þ exp iOT0ð Þ þ c:c (5.48)

where A is an unknown complex function of T1 and T2 at this level of approxima-

tion. It is determined by imposing solvability conditions at the next levels of

approximation. Substituting Eq. 5.48 into Eq. 5.46 yields

D2
0u1 þ o2u1 ¼ sA� 2iD1A� 2imOAð Þ exp iOT0ð Þ þ aA3 exp 3iOT0ð Þþ

þ 3aA2 �A exp iOT0ð Þ þ 1

2
f exp iOT0ð Þ þ c:c

(5.49)

90 5 The Method of Multiple Scales



By imposing the solvability condition at the next levels of approximation, from

Eq. 5.49 we obtain

2iOD1Aþ �sþ 2imOð ÞA� 3aA2 �A� 1

2
f ¼ 0 (5.50)

If we propose to obtain only first-order approximate solution, then A can be

considered to be a function of T1 only. Therefore, a first-order approximation is

obtained by expressing A in the polar form

A ¼ 1

2
a T1ð Þ exp ib T1ð Þ½ � (5.51)

where a(T1) and b(T1) are unknown amplitude and phase of the fundamental

frequency, respectively.

Substituting Eq. 5.51 into Eq. 5.50 and separating real and imaginary parts, we

find that

_a ¼ �ma� f

2O
sin b (5.52)

_b ¼ � s
2O

� 3a
8O

a2 � f

2aO
cos b (5.53)

The first-order solution then becomes

uðtÞ ¼ a etð Þ cos Otþ b etð Þ½ � (5.54)

where a(et) and b(et) are determined from Eqs. 5.52 and 5.53. An analytic approxi-

mate solution of Eqs. 5.52 and 5.53 can be obtained by averaging method. We

obtain in this way:

_a ¼ �ma (5.55)

_b ¼ � s
2O

� 3a
8O

a2 (5.56)

The solution of Eqs. 5.55 and 5.56 are, respectively:

aðtÞ ¼ ao exp �emtð Þ (5.57)

bðtÞ ¼ bo �
3s
2O

t� 3aa2o
16mO

e�2emt (5.58)

where a0 and b0 are constants.
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The first-order analytic approximate solution by means of Eqs. 5.51 and 5.58

becomes

uðtÞ ¼ a0e
�emt cos O� es

2O

� �
tþ 3aa20

16mO
e�2emt þ b0

� �
(5.59)

The steady-state periodic motion corresponds to the solution of the system of

equations, obtained from Eqs. 5.52 and 5.53 by conditions _a ¼ 0 and _b ¼ 0. We

obtain

maþ f

2O
sin b ¼ 0 (5.60)

s
2O

þ 3a
9O

a2 þ f

2aO
cos b ¼ 0 (5.61)

Eliminating b from Eqs. 5.59 and 5.60 leads to the frequency-response equation

(resonance curve)

4m2a2O2 þ saþ 3aa3

4

	 
2

� f 2 ¼ 0 (5.62)

The detuning parameter s is obtained from Eq. 5.61 in the form

s ¼ � 3aa2

4
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2

a2
� 4m2O2

r
(5.63)

The second-order approximation requires elimination of the secular terms in

Eqs. 5.46 and 5.47 simultaneously, but now A is considered to be in Eq. 5.51 a

function of T1 and T2. With Eq. 5.50, the solution of Eq. 5.46 can be expressed as

u1 ¼ � aA3

8O2
exp 3iOT0ð Þ þ c:c (5.64)

Substituting Eqs. 5.48 and 5.64 into Eq. 5.47 yields

D2
0u2 þ O2u2 ¼ � D2

1Aþ 2iOD2Aþ 2mD1A
� �

exp iOT0ð Þ�

� 3a2

8O2
A3 �A

2
exp iOT0ð Þ þ H:O:T:þ c:c

(5.65)

Eliminating secular terms from Eq. 5.65, we obtain
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D2
1Aþ 2iOD2Aþ 2mD1Aþ 3a2

8O2
A3 �A2 ¼ 0 (5.66)

In order to solve Eqs. 5.50 and 5.66, we find it convenient to combine them into a

single first-order ordinary-differential equation. For this, from Eq. 5.50 we obtain:

D2
1A ¼ D1 D1Að Þ ¼ mþ is

2O

	 

D1A� 3ia

2O
D1 A2 �A

� �
(5.67)

But:

D1 A2 �A
� � ¼ 2A �AD1Aþ A2D1

�A ¼

¼ � 3mþ is
2O

	 

A2 �A� 3ia

2O
A3 �Aþ A2 � 2A �A

� � if

4O

(5.68)

and, therefore from Eqs. 5.68 and 5.67 we have

D2
1A ¼ � 3ia

2O2
þ 6iam

O

	 

A2 �A� 9a2

4O2
A3 �A

2 þ mþ is
2O

	 
2

Aþ

þ imþ 3iA2

2O
� 3aA �A

O
� s

2O

	 
� �
f

4O

(5.69)

Substituting Eqs. 5.69 and 5.50 into Eq. 5.66 yields

2iD2Aþ 3iam
O

� 3sa

2O2

	 

A2 �A� 15a2

8O2
A3 �A

2 � m2 þ s2

4O2

	 

Aþ

þ 3aA2

8O2
� 3aA �A

4O2
� s

8O2
� im
4O

	 

f ¼ 0

(5.70)

From Eqs. 5.50 and 5.70 and taking account that eD1Aþ e2D2A ¼ dA
dt , we obtain

2iO
dA

dt
þ e 2imO� sð ÞA� 3aA2 �A� 1

2
f

� �
þ

þ e2
3af

8O2
A2 þ 3iam

O
� 3as

2O2

	 

A2 �A�

�
m2 þ s2

4O2

	 

A�

� 3af

4O2
A �A� 15a2

8O2
A3 �A

2 � imf
4O

� sf

8O2

�
¼ 0

(5.71)

In this case, A is a function of t and is expressed in the polar form
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AðtÞ ¼ 1

2
aðtÞ exp ibðtÞ½ � (5.72)

Substituting Eq. 5.72 into Eq. 5.71 and separating real and imaginary parts, we

obtain

_a ¼ �ema� e2
3am

8O2
a3 þ e2

mf

4O2
cos b� ef

2O
þ e2sf

8O3
þ 9e2af

32O3
a2

	 

sin b (5.73)

_b ¼ � es
2O

� e2m2

2O
� e2s2

8O3
� 3ea

8O
þ 3e2as

16O3

	 

a2 � 15e2a2a4

256O3
�

� ef
2aO

þ e2sf

8aO3
þ 3e2afa

32O3

	 

cos b� e2mf

4aO2
sin b

(5.74)

Substituting Eqs. 5.48, 5.64 and 5.72 into Eq. 5.42, we find that the second-order

approximation to the solution of Eq. 5.44 for the fundamental parametric excitation

case (O � 1) is

uðtÞ ¼ a cos Otþ bð Þ � eaa3

32O2
cos 3Otþ 3bð Þ þ ::: (5.75)

where a and b are given by Eqs. 5.73 and 5.74.

By means of averaging method, from Eqs. 5.73 and 5.74 we obtain an analytic

approximate solution in the form

_a ¼ �ema 1þ 3eaa2

8O2

	 

(5.76)

_b ¼ � 3s
2O

� e2m2

2O
� e2s2

8O3
� 3ea

8O
þ 3e2as

16O3

	 

a2 � 15e2a2a4

256O3
(5.77)

The solution Eqs. 5.76 and 5.77 are obtained in the form

aðtÞ ¼ a0 exp �emtð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3eaa2

0

8O2 1� exp �2emtð Þ½ �
q (5.78)
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bðtÞ ¼ b0 ¼ � 3s
2O

þ e2m2

2O
þ e2s2

8O3

	 

tþ

þ 4O3

3e2ma
þ 2sO

3ea
� O
2em

� s
4mO

	 

ln 1þ 3eaa20

8O2
1� exp �2emtð Þ½ �


 �
þ

þ 4O3

3e2ma
þ

	
2sO
3ea



8O2 þ 3eaa20
� �½1� expð�2emtÞ� 8O2þ�

þ 3eaa20 1� exp �2emtð Þ½ ���1

(5.79)

where a0 and b0 are constants of integrations.
For the steady-state periodic responses _a ¼ 0 and _b ¼ 0so that from Eqs. 5.73

and 5.74 we obtain

cos b ¼ M

8N

sin b ¼ OP
N

(5.80)

where

M ¼ 1024em2aO4 þ 768e2am2a3O2�
� 16O2 þ 2esþ 9eaa2
� �

15ea2a5 þ 48esa3 þ 96aa3O2 þ 32es2aþ�
þ128e2m2aO2 þ 128saO2

�
N ¼ 256O4 þ 64e2m2O4 þ 128esO2 þ 192eaa2O2 þ 16e2s2þ

þ 16e2asa2 þ 27e2a2a4

P ¼ 32maO2 þ 12emaa3
� �

16O2 þ 4esþ 3eaf a2
�� þ 128emsaO2þ

þ 128e2m3aO2 þ 32e2s2maþ 96emaa3O2 þ 48e2msa3 þ 15ea2a5

(5.81)

with conditions:

� 1 � M

8N
� 1;�1 � OP

N
� 1 (5.82)

The frequency-response curve of a system governed by Eq. 5.44 is obtained from

Eq. 5.80, eliminating b and has the form

M2 þ 64O2P2 � 64N2 ¼ 0 (5.83)

where M, N and P are given by Eqs. 5.81.

Figure 5.1 shows the first-order approximation u(t) given by Eq. 5.59, which is

compared with the numerical results obtained from Eq. 5.44 for e ¼ 0.01, s ¼ 0.1,
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O ¼ 1.0005, m ¼ a ¼ 1, f ¼ 0.1. Figure 5.2 shows the comparison between the

first-order approximate periodic solution and numerical solution in the conditions

e ¼ 0.01, s ¼ 0.00088, a ¼ 1/2, O ¼ 0.099, m ¼ 1, a ¼ 1.5, f ¼ 1. One can

observe that the first-order approximate solutions are in very good agreement

with the numerical ones.

5.2 A Parametric System with Cubic Nonlinearity Coupled

with a Lanchester Damper

In what follows, the two equations governing a parametric system with a single-

degree-of-freedom coupled with a Lanchester damper are studied using the method

of multiple scales for the case of fundamental parametric resonance.

Parametrically excited systems are quite frequently encountered in various

applications. These are systems which, in contrast to those externally excited,

have the excitation appearing as a time-dependent coefficient in the governing

differential equation. These systems may exhibit large responses even when the

excitation is small and not close to the natural frequency of the system.

The oscillatory-bare pendulum is a classical example of such systems and has

been treated extensively [22]. Ships also experience this type of behaviour. Systems

with one and two-degree-of-freedom including the effect of quadratic and cubic

Fig. 5.1 Comparison

between the approximate

solution (5.59) and numerical

solution of Eq. 5.44 for

e ¼ 0.01, s ¼ 0.1,

O ¼ 1.0005, m ¼ a ¼ 1,

f ¼ 0.1: _____ numerical

results, _ _ _ _ analytical

results

Fig. 5.2 Comparison

between the approximate

periodic solution and

numerical solution of Eq. 5.44

for e ¼ 0.01, s ¼ 0.00088,

a ¼ 1/2, O ¼ 0.099, m ¼ 1,

a ¼ 1.5, f ¼ 1: _____

numerical results, _ _ _ _

analytical results
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nonlinearities have been investigated in [71] and [72]. Non-stationary parametric

oscillators with a single-degree-of-freedom near the principal parameter resonance

is treated in [73] and the response of single-degree-of-freedom parametric system

with cubic nonlinearity is studied near the principal parametric resonance in [74]. In

[75] is investigated a non-linear oscillator having quadratic and cubic nonlinearities

coupled with a Lanchester damper.

The governing equations of a parametric system with a cubic nonlinearity

coupled with a Lanchester damper are [73, 74, 75]:

€u1 þ u1 þ 2em _u1 � _u2ð Þ þ eau31 þ 2eFu1 cosOt ¼ 0 (5.84)

€u2 þ 2g _u2 � _u1ð Þ ¼ 0 (5.85)

where m, a, F and g are known parameters depending of the system and e << 1.

Using the method of multiple scales for the case of the fundamental parametric

resonance (O � 1), one seeks an approximate solution in the form

u1 t; eð Þ ¼ u10 T0; T1; T2ð Þ þ eu11 T0; T1; T2ð Þ þ e2u12 T0; T1; T2ð Þ þ ::: (5.86)

u2 t; eð Þ ¼ u20 T0; T1; T2ð Þ þ eu21 T0; T1; T2ð Þ þ e2u22 T0; T1; T2ð Þ þ ::: (5.87)

We define the detuning parameter s according to

O2 ¼ 1þ es (5.88)

Using Eqs. 5.88, 5.84 and 5.85 become

€u1 þ O2u1 þ e �su1 þ 2m _u1 � _u2ð Þ þ au31 þ Fu1 cosOt
� � ¼ 0 (5.89)

€u2 þ 2g _u2 � _u1ð Þ ¼ 0 (5.90)

Using Eqs. 5.1, 5.2, 5.86 and 5.87 in Eqs. 5.89 and 5.90 yields the following sets

of equations:

D2
0u10 þ O2u10 ¼ 0 (5.91)

D2
0u20 þ 2gD0u20 ¼ 2gD0u10 (5.92)

D2
0u11 þ O2u11 ¼� 2D0D1u10 þ su10 � 2m D0u10 � D0u20ð Þ�

� au310 � 2Fu10 cosOT0 (5.93)

D2
0u21 þ 2gD0u21 ¼ 2g D0u11 � D1u20 þ D1u10ð Þ � 2D0D1u20 (5.94)
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D2
0u12 þ O2u12 ¼ �2D0D1u11 � D2

1 þ 2D0D2

� �
u10 þ su11�

�2m D1u11 � D1u21ð Þ � 3au210u11 � 2Fu11 cosOt
(5.95)

D2
0u22 þ 2gD0u22 ¼ �2D0D1u21 � D2

1 þ 2D0D2

� �
u20þ

þ2g D0u12 � D1u21 þ D1u11 þ D2u10 � D2u20ð Þ (5.96)

In this the second case we express the solutions of Eqs. 5.91 and 5.92 in the real

form

u10 ¼ A T1; T2ð Þ cos OT0 þ ’ T1; T2ð Þ½ � (5.97)

u20 ¼ 4g2

O2 þ 4g2
A T1; T2ð Þ cos OT0 þ ’ T1; T2ð Þ½ �þ

þ 2gO

O2 þ 4g2
A T1; T2ð Þ sin OT0 þ ’ T1; T2ð Þ½ �

(5.98)

Substituting Eqs. 5.97 and 5.98 into Eq. 5.93, expanding and arranging yields

D2
0u11 þ O2u11 ¼

¼ 2OA T1; T2ð Þ @’ T1; T2ð Þ
@T1

þ sA T1; T2ð Þ þ 4mgO2

O2 þ 4g2
A T1; T2ð Þ

�
�

� 3a
4
A3 T1; T2ð Þ

�
cos OT0 þ ’ T1;T2ð Þ½ � þ 2O

@A T1; T2ð Þ
@T1

þ 2mOA T1; T2ð Þ�
�

� 8mg2O

O2 þ 4g2
A T1; T2ð Þ

�
sin OT0 þ ’ T1; T2ð Þ½ � � a

4
A3 T1;T2

� �
cos 3OT0þ½

þ 3’ T1; T2ð Þ� � FA T1; T2ð Þ cos 2OT0 þ ’ T1; T2ð Þ½ � � FA T1; T2ð Þ cos ’ T1; T2ð Þ½ �
(5.99)

For a uniformly valid expansion, the secular producing terms in Eq. 5.99 must be

eliminated. Hence, the solvability conditions are

@’ T1; T2ð Þ
@T1

þ s
2O

þ 2mgO

O2 þ 4g2
� 3a
8O

A2 T1;T2ð Þ ¼ 0 (5.100)

@A T1; T2ð Þ
@T1

þ mO2

O2 þ 4g2
A T1; T2ð Þ ¼ 0 (5.101)

The solution of Eq. 5.101 can be written in the form
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A T1; T2ð Þ ¼ A T2ð Þ exp � mO2

O2 þ 4g2
T1

	 

(5.102)

From Eqs. 5.100 and 5.102 we obtain

’ T1; T2ð Þ ¼ ’ T2ð Þ � 3a O2 þ 4g2
� �
16mO3

A2 T2ð Þ exp � 2mO3

O2 þ 4g2
T1

	 

�

� s
2O

þ 2mgO

O2 þ 4g2

	 

T1

(5.103)

The solutions (5.97) and (5.98) by means of Eq. 5.102, become

u10 ¼ A T2ð Þ exp � mO2

O2 þ 4g2
T1

	 

cos OT0 þ ’ T1; T2ð Þ½ � (5.104)

u20 ¼ 4g2

O2 þ 4g2
A T2ð Þ exp � mO2

O2 þ 4g2
T1

	 

cos OT0 þ ’ T1; T2ð Þ½ �þ

þ 2gO

O2 þ 4g2
A T2ð Þ exp � mO2

O2 þ 4g2
T1

	 

sin OT0 þ ’ T1; T2ð Þ½ �

(5.105)

Substituting Eq. 5.102 into Eq. 5.99, we obtain the equation for u11:

D2
0u11 þ O2u11 ¼ � aA3 T2ð Þ

4
exp � 3mO2

O2 þ 4g2
T1

	 

cos 3OT0 þ 3’ T1; T2ð Þ½ ��

� FA T2ð Þ exp � mO2

O2 þ 4g2
T1

	 

cos’ T1; T2ð Þ þ cos 2OT0 þ ’ T1; T2ð Þ½ �f g

(5.106)

The solution of Eq. 5.106 can be written in the form

u11 ¼ aA3 T2ð Þ
32O2

exp � 3mO2

O2 þ 4g2
T1

	 

cos 3OT0 þ 3’ T1; T2ð Þ½ �þ

þ FA T2ð Þ
3O2

exp � mO2

O2 þ 4g2
T1

	 

cos 2OT0 þ ’ T1; T2ð Þ½ � � 3 cos ’ T1; T2ð Þ½ �f g

(5.107)

where the function fðT1; T2Þ is given by Eq. 5.103.

Now, substituting Eqs. 5.97, 5.98 and 5.107 into Eq. 5.94 yields
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D2
0u21 þ 2gD0u21 ¼ � 3agA3 T2ð Þ

16O
exp � 3mO2

O2 þ 4g2
T1

	 

sin 3OT0 þ 3’ T1; T2ð Þ½ ��

� 4gFA T2ð Þ
3O

exp � mO2

O2 þ 4g2
T1

	 

sin 2OT0 þ ’ T1; T2ð Þ½ �þ

þ 4Og2AðT2Þ
O2 þ 4g2
� �2

(
exp � mO2

O2 þ 4g2
T1

	 

3aA2 T2ð Þ

8O

�
exp � 3mO2

O2 þ 4g2
T1

	 

� s
2O

�

� 3mgO

O2 þ 4g2

�
� 2mgO4A T2ð Þ

O2 þ 4g2
� �2 exp � mO2

O2 þ 4g2
T1

	 
�
cos OT0 þ ’ T1; T2ð Þ½ ��

� 2gO2A T2ð Þ
O2 þ 4g2



exp � mO2

O2 þ 4g2
T1

	 

3aA2 T2ð Þ

8O

�
exp � 3mO2

O2 þ 4g2
T1

	 

� s
2O

�

� 2mgO

O2 þ 4g2
� þ 4mg2O3A T2ð Þ

O2 þ 4g2
� �2 exp � mO2

O2 þ 4g2
T1

	 
�
sin OT0 þ ’ T1; T2ð Þ½ �

(5.108)

From Eq. 5.108 the solution has the form

u21 T0; T1; T2ð Þ ¼ � 3agA3 T2ð Þ
16Oð9O2 þ 4g2Þ exp � 3mO2

O2 þ 4g2
T1

	 

sin½3OT0þ

þ 3’ T1; T2ð Þ� � ag2A3 T2ð Þ
8O2ð9O2 þ 4g2Þ exp � 3mO2

O2 þ 4g2
T1

	 

cos 3OT0½ þ

þ 3’ T1; T2ð Þ� þ gFA T2ð Þ
3OðO2 þ g2Þ exp � mO2

O2 þ 4g2
T1

	 

sin½2OT0þ

þ ’ T1; T2ð Þ� þ g2FA T2ð Þ
3O2

exp � mO2

O2 þ 4g2
T1

	 

cos½2OT0þ

þ ’ T1; T2ð Þ� þ 2mgO3A T2ð Þ
O2 þ 4g2

exp � mO2

O2 þ 4g2
T1

	 

cos½OT0 þ ’ T1; T2ð Þ�þ

þ 2gOA T2ð Þ exp � mO2

O2 þ 4g2
T1

	 

3aA2 T2ð Þ

8O

�
exp � 3mO2

O2 þ 4g2
T1

	 

�

� s
2O

� 2mgO

O2 þ 4g2

�
sin½OT0 þ ’ T1; T2ð Þ�

(5.109)

We remark that the terms of the form KðT2ÞT0 sin½OT0 þ ’ðT1; T2Þ�and
K2ðT2ÞT0 cos½OT0 þ ’ðT1; T2Þ�not are resonant terms. Also, in Eqs. 5.95 and 5.96

do not exist resonant terms, such as we can write a second-order approximation to

the solutions of Eqs. 5.84 and 5.85. In this case, we can consider A(T2) ¼ A0 and

’ðT2Þ ¼ ’0, where A0 and ’0 are constants, because the terms in e2 are negligible.
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In this way, we obtain the following expression for the second-order approximate

solution for Eqs. 5.84 and 5.85, respectively.

u1ðtÞ ¼ A0 exp � emO2

O2 þ 4g2
t

	 

cos Otþ ’ðtÞ½ �þ

þ eaA3
0

32O2
exp � 3emO2

O2 þ 4g2
t

	 

cos 3Otþ 3’ðtÞ½ �þ

þ eFA0

32O2
exp � emO2

O2 þ 4g2
t

	 

cos’ðtÞ þ cos 2Otþ ’ðtÞ½ �f g

(5.110)

u2ðtÞ ¼ 4g2A0

O2 þ 4g2
exp � emO2

O2 þ 4g2
t

	 

cos Otþ ’ðtÞ½ �þ

þ 2gOA0

O2 þ 4g2
exp � emO2

O2 þ 4g2
t

	 

sin Otþ ’ðtÞ½ ��

� 3agA3
0

16Oð9O2 þ 4g2Þ exp � 3emO2

O2 þ 4g2
t

	 

sin½3Otþ 3’ðtÞ��

� ag2A3
0

8O2ð9O2 þ 4g2Þ exp � 3emO2

O2 þ 4g2
t

	 

cos 3Otþ 3’ðtÞ½ �þ

þ gFA0

3OðO2 þ g2Þ exp � emO2

O2 þ 4g2
t

	 

sin½2Otþ ’ðtÞ�þ

þ g2FA0

3O2
exp � emO2

O2 þ 4g2
t

	 

cos½2Otþ ’ðtÞ�þ

2mgO3A0

O2 þ 4g2
exp � emO2

O2 þ 4g2
t

	 

cos Otþ ’ðtÞ½ �þ

þ 2gOA0 exp
�emO2

O2 þ 4g2
t

	 

3aA2

0

8O

�
exp

�3emO2

O2 þ 4g2
t

	 

� s
2O

� 2mgO

O2 þ 4g2

�
(5.111)

where

’ðtÞ ¼ ’0 �
3a O2 þ 4g2

� �
16mO3

A2
0 exp � 2emO2

O2 þ 4g2
t

	 

�

� es
2O

þ 2emgO

O2 þ 4g2

	 

t

(5.112)

The constants A0 and ’0 can be determined from the initial conditions for the

first variable u1 because in practical cases we are interested on the main mass

(having the displacement u1).
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If we are interested on the behaviour of the small mass, then from Eq. 5.92

it must be taken into account the initial conditions which refer to the variable u2
[74, 75].

For Eq. 5.89, in the particular case when A0 ¼ 1, g ¼ 0.1, m ¼ 1, a ¼ 0.1,

O ¼ 1.002, s ¼ 0.2, e ¼ 0.01, F ¼ 0.2, the comparison between the numerical

results and approximate analytical results given by (5.110) is shown in Fig. 5.3.

From Fig. 5.3 one can observe that the analytical results perfectly match the

numerical ones.

Fig. 5.3 Comparison

between numerical solution

and analytical solution

(5.110) of Eq. 5.89 in the case

A0 ¼ m ¼ 1, g ¼ a ¼ 0.1,

O ¼ 1.002, s ¼ 0.2,

e ¼ 0.01: _______ numerical

results, _ _ _ _ analytical

results
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Chapter 6

The Optimal Homotopy Asymptotic Method

The homotopy continuation method was known as early as in the 1930s. This

method was used by kinematicians in the 1960s in the US for solving mechanism

synthesis problems [76]. The latest development was done by A.P. Morgan at

General Motors [77]. We also have two important literature studies by Garcia

[78] and Allgowar [79]. The continuation method gives a set of certain answers

and some iteration processes to obtain our solutions more exactly.

Consider the following nonlinear algebraic equation

f ðxÞ ¼ 0 (6.1)

for a given set of equations in n variables x1, x2,. . .,xn. We modify the Eq. 6.1 by

omitting some of the terms and adding new ones until we have a new system of

equations, the solutions to which may be easily guessed (known). We then deform

the coefficients of the new system into the coefficients of the original system by a

series of small increments to obtain our solutions. This is called homotopy contin-

uation technique.

If we wish to find the solution in Eq. 6.1, we choose a new starting system or the

auxiliary homotopy function

gðxÞ ¼ 0 (6.2)

The auxiliary homotopy function g(x) must be known or controllable and easy to

solve. Then, we define the homotopy continuation function as

Hðx; tÞ ¼ tf ðxÞ þ ð1� tÞgðxÞ ¼ 0 (6.3)

where t is an arbitrary parameter which varies from 0 to 1, i.e. t 2 [0,1]. Therefore

we have the following two boundary conditions

Hðx; 0Þ ¼ gðxÞ (6.4)
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Hðx; 1Þ ¼ f ðxÞ (6.5)

This is the famous homotopy continuation method. It is also called the Bootstrap

method or parameter-perturbation method, but these names did not become

popular.

The perturbation procedure requires the existence of a small parameter which is

not always the case. To eliminate these disadvantages, S.J. Liao [80–82], adopted

the homotopy technique which is widely applied in differential topology for

obtaining the approximate analytic solution of the second-order strong nonlinear

differential equation. The embedded artificial parameter p 2 [0,1] is introduced and

the homotopy transformation of the differential equation is done.

For a given nonlinear differential equation

NðuðxÞÞ ¼ 0; x 2 D (6.6)

where N is a nonlinear operator and u(x) is a unknown function, Liao constructed a

one parameter family of equations in the embedding parameter p, called the zeroth-
order deformation equation

ð1� pÞL½Uðx; pÞ � u0ðxÞ� þ pN½Uðx; pÞ� ¼ 0; x 2 D; p 2 ½0; 1� (6.7)

where L is an auxiliary linear operator and u0(x) is an initial guess. The homotopy

provides us with larger freedom than the traditional non-perturbation method to

choose both the auxiliary linear operator L and the initial guess. At p ¼ 0 and

p ¼ 1, we have Uðx; 0Þ ¼ u0ðxÞand Uðx; 1Þ ¼ uðxÞ, respectively. So, if the Taylor
series

Uðx; pÞ ¼
X1
k¼0

ukðxÞpk (6.8)

converge at p ¼ 1, then we obtain the so-called homotopy-series solution

uðxÞ ¼
X1
k¼0

ukðxÞ (6.9)

which must satisfy the original Eq. 6.6. Here uk(x) is governed by a linear differen-
tial equation related to the auxiliary linear operator L and therefore is easy to solve.

But this early homotopy-analysis method cannot always guarantee the convergence

approximation series. To overcome this restriction, Liao introduced a non-zero

auxiliary parameter �h to construct a two-parameter family of equations, i.e. zeroth-

order deformation equation

ð1� pÞ½Uðx; pÞ � u0ðxÞ� ¼ �hpN½Uðx; pÞ� x 2 D; p 2 ½0; 1� (6.10)
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In this way, the homotopy-series solution Eq. 6.9 is dependent upon x and the

auxiliary parameter �h. This auxiliary parameter �h can adjust and control the

convergence region and rate of homotopy-series solutions. Later, Liao introduced

the zeroth-order deformation equation in a more general form

½1� BðpÞÞ�L½Uðx; pÞ � u0ðxÞ� ¼ �hAðpÞHðxÞN½Uðx; pÞ�; x 2 D; p 2 ½0; 1�
(6.11)

where A(p) and B(p) are called deformation functions satisfying

Að0Þ ¼ Bð0Þ ¼ 0; Að1Þ ¼ Bð1Þ ¼ 1 (6.12)

and H(x) is an auxiliary function.

The so-called rule of solution expression, rule of coefficient-ergodicity and rule

of solution existence play important roles and greatly simplify the application of the

homotopy analysis method. The convergence of the series Eq. 6.8 depends upon

the auxiliary parameter �h, the auxiliary function H, the initial guess u0(x) and the

auxiliary linear operator L. The combination of the convergence theorem and

the freedom of the choice of the auxiliary parameter �h, the auxiliary function

H(x), the initial guess u0(x) and the auxiliary operator L establishes the cornerstone

of the validity and flexibility of the homotopy analysis method.

For the zeroth-order deformation Eq. 6.11, Liao suggested to choose a proper

value of �h by plotting the so-called �h-curves, but the homotopy analysis method is a

method for the time of computers: without high-performance computers and sym-

bolic computation software such as Mathematica, Maple and so on, it is impossible

to solve high-order deformation equations quickly so as to get approximations at

high enough order. Without computer and symbolic computation software, it is also

impossible to choose a proper value of the parameter �h. It is true that expressions

given by the homotopy analysis method are often lengthy and thus can be hardly

expressed on only one page. Note that one needs much more time to calculate a

traditional “analytic” expression in a length of half page by means of a traditional

computational tool such as slide rule [82]. This is an original concept of “analytic

solution” unlike the traditional concept of analytic solution, which has been formed

100 years ago.

In a whole different manner, we proposed in [83–89] another similar technique

called the optimal homotopy asymptotic method (OHAM). Instead of an infinite

series, we need only a few terms, mostly two or three terms. Our method is applied

successfully to obtain the solutions of currently important problems in dynamical

systems and we have also shown its effectiveness, generalization and reliability.

The OHAM is not only useful for nonlinear differential equations but also it is

useful for linear and nonlinear partial differential equations [90–100]. It is a

powerful method for solving nonlinear problems without depending on small

parameters, which shows its validity and potential for the solution of nonlinear

problems in science and engineering applications.
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6.1 Basic Idea of OHAM

We apply OHAM to the following differential equation

LðuðxÞÞ þ gðxÞ þ NðuðxÞÞ ¼ 0; B u;
du

dx

� �
¼ 0; x 2 D (6.13)

where L is a linear operator, x denotes independent variable, u(x) is an unknown

function, g(x) is a known function, N(u(x)) is a nonlinear operator and B is a

boundary operator.

By means of OHAM one first constructs a family of equation:

ð1� pÞ½Lðfðx; pÞÞ þ gðxÞ� ¼ Hðx; pÞ½Lðfðx; pÞÞ þ gðxÞ þ Nðfðx; pÞÞ�

B fðx; pÞ; @fðx; pÞ
@x

� �
¼ 0

(6.14)

where p 2 [0,1] is an embedding parameter, H(x,p) is a nonzero auxiliary function

for p 6¼ 0 andHðx; 0Þ ¼ 0, fðx; pÞ is an unknown function, respectively. Obviously,
when p ¼ 0 and p ¼ 1 it holds

fðx; 0Þ ¼ u0ðxÞ; fðx; 1Þ ¼ uðxÞ (6.15)

respectively. Thus, as p increases from 0 to 1, the solution fðx; pÞ varies from u0(x)
to the solution u(x), where u0(x) is obtained from Eq. 6.14 for p ¼ 0:

Lðu0ðxÞÞ þ gðxÞÞ ¼ 0; B u0;
du0
dx

� �
¼ 0 (6.16)

We choose the auxiliary function H(x,p) in the form

Hðx; pÞ ¼ ph1ðx;CiÞ þ p2h2ðx;CjÞ þ ::: (6.17)

where hkðx;CnÞ, k ¼ 1,2,. . . are the auxiliary functions depending on x and on the

constants Cn, n ¼ 1,2,. . ., which will be defined later.

Let us consider the solution of Eq. 6.14 in the form

fðx; p;CkÞ ¼ u0ðxÞ þ
X
i�1

uiðx;CkÞpi k ¼ 1; 2; ::: (6.18)

Now, substituting Eq. 6.18 into Eq. 6.14 and equating the coefficients of like

powers of p, we obtain the governing equation of u0(x) given by Eq. 6.16, and the

governing equation of uk(x), i.e.
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Lðu1ðxÞÞ ¼ h1ðx;CiÞN0ðu0ðxÞÞ; B u1;
du1
dx

� �
¼ 0 (6.19)

LðukðxÞ � uk�1ðxÞÞ ¼ hkN0ðu0ðxÞÞ þ
Xk�1

i¼1

hi½Lðuk�iðxÞÞþ

þ Nk�iðu0ðxÞ; u1ðxÞ; :::; uk�iðxÞÞ�; k ¼ 2; 3; ::: B uk;
duk
dt

� �
¼ 0 (6.20)

where Nmðu0ðxÞ; u1ðxÞ; :::; umðxÞÞis the coefficient of pm, obtained expanding

Nðfðx; p;CiÞÞin series with respect to the embedding parameter p:

Nðfðx; p;CiÞÞ ¼ N0ðu0ðxÞÞ þ
X
m�1

Nmðu0; u1; :::; umÞpm; i ¼ 1; 2; ::: (6.21)

where fðx; p;CiÞis given by Eq. 6.18.

It should be emphasized that uk for k � 0 are governed by the linear Eqs. 6.16,

6.19 and 6.20 with the linear boundary conditions that come from the original

problem, which can be easily solved. The convergence of the series Eq. 6.18

depends upon the auxiliary functions hiðx;CnÞ. There are many possibilities to

choose the functions hiðx;CnÞ. The convergence of the solutions uk and conse-

quently the convergence of the solution u(x) depend on the auxiliary function

hiðx;CnÞ. Basically, the shape of hiðx;CnÞmust follow the terms appearing in

Eq. 6.20. Therefore, we try to choose hiðx;CnÞso that in Eq. 6.20, the product

hi½Lðuk�iðxÞÞ þ Nk�iðu0ðxÞ; u1ðxÞ; :::; uk�iðxÞÞ�

be of the same shape with other terms which appear into Eq. 6.20. For example

hiðx;CnÞcould be chosen as exponential function, trigonometric function, polyno-

mial function and so on, depending on the shape of the terms already present in the

iteration given by Eq. 6.20.

If the series Eq. 6.18 is convergent at p ¼ 1, one has

uðx;CiÞ ¼ u0ðxÞ þ
X
k�1

ukðx;CiÞ; i ¼ 1; 2; :::; s (6.22)

Generally speaking, the solution of Eq. 6.13 can be determined approximately in

the form

�uðx;CiÞ ¼ u0ðxÞ þ
Xm
k¼1

ukðx;CiÞ; i ¼ 1; 2; :::s (6.23)

The Eq. 6.23 is named approximate solution of order m.
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Now, substituting Eq. 6.23 into Eq. 6.13 it results the following residual

Rðx;CiÞ ¼ Lð�uðx;CiÞÞ þ gðxÞ þ Nð�uðx;CiÞÞ; i ¼ 1; 2; :::s (6.24)

If Rðx;CiÞ ¼ 0 then �uðx;CiÞ happens to be the exact solution. Generally such

case will not arise for nonlinear problems. At this moment, the m th-order approxi-

mation given by Eq. 6.23 depends on the constants Ci, i ¼ 1,2,. . .,s and these

constants can be optimally identified via various methods, such as the least square

method, the Galerkin method, the collocation method and so on. The first option

always should be minimizing the square residual error:

JðC1;C2; :::;CsÞ ¼
ðb
a

R2ðx;C1;C2; :::;CsÞdx (6.25)

where a and b are two values depending on the given problem. The unknown

constants C1, C2,. . .,Cs can be identified from the conditions

@J

@C1

¼ @J

@C2

¼ ::: ¼ @J

@Cs
¼ 0 (6.26)

With these constants known (namely convergence-control constants), the

approximate solution of order m (Eq. 6.23) is well-determined. Another convenient

possibility to determine the optimal values of the constants Ci is to solve the system:

Rðx1;CiÞ ¼ Rðx2;CiÞ ¼ ::: ¼ Rðxs;CiÞ ¼ 0; i ¼ 1; 2; :::; s (6.27)

where the residual R is given by Eq. 6.24.

Our procedure contains the auxiliary functions hiðx;CnÞ, which provides us with
a simple way to adjust and control convergence of the solution. It is very important

to properly choose the functions hiðx;CnÞwhich appear in the m th-order approxi-

mation Eq. 6.23.

In particular, we consider a nonlinear differential equation of the form

€uðtÞ þ o2uðtÞ ¼ f ðuðtÞ; _uðtÞ; €uðtÞÞ (6.28)

where the dot denotes derivative with respect to time, o is a constant and f is in
general a nonlinear term. The initial conditions are

uð0Þ ¼ A; _uð0Þ ¼ 0 (6.29)

where A is the amplitude of the oscillations. Note that it is unnecessary to assume

the existence of any small or large parameter in Eq. 6.13 or Eq. 6.28.
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Equation 6.28 describes a system oscillating with an unknown period T.

We switch to a scalar time t ¼ 2pt
T ¼ Ot. Under the transformations

t ¼ Ot; uðtÞ ¼ AxðtÞ (6.30)

the original Eq. 6.28 becomes

O2x00ðtÞ þ o2xðtÞ ¼ 1

A
f ðAxðtÞ;AOx0ðtÞ;AO2x00ðtÞÞ (6.31)

and the initial conditions become

xð0Þ ¼ 1; x0ð0Þ ¼ 0 (6.32)

where the prime denotes the derivative with respect to t.
The family of Eqs. 6.14 can be written as

ð1� pÞLðfðt; pÞÞ ¼ Hðt; pÞ½Nðfðt; pÞ;Oðl; pÞÞ� (6.33)

where L is a linear operator

Lðfðt; pÞÞ ¼ O2
0

@2fðt; pÞ
@t2

þ fðt; pÞ
� �

(6.34)

while N is a nonlinear operator

Nðfðt; pÞ;Oðl; pÞÞ ¼ O2ðl; pÞ @
2fðt; pÞ
@t2

þ ðo2 þ lÞfðt; pÞ

� 1

A
f ðAfðt; pÞ;AOðl; pÞ @fðt; pÞ

@t
;AO2ðl; pÞ @

2fðt; pÞ
@t2

Þ � plfðt; pÞ (6.35)

where l is an arbitrary unknown parameter and O0 will be given later. From

Eqs. 6.29 and 6.30 we obtain the initial conditions

fð0; pÞ ¼ 1;
@fðt; pÞ

@t

����
t¼0

¼ 0 (6.36)

In this case, when p ¼ 0 and p ¼ 1 it holds

fðt; 0Þ ¼ x0ðtÞ; fðt; 1Þ ¼ xðtÞ; Oð0Þ ¼ O0;Oð1Þ ¼ O (6.37)

where x0(t) is an initial approximation of x(t). Therefore, as the embedding

parameter p increases from 0 to 1, fðt; pÞ varies from the initial approximation

x0(t) to the solution x(t), so doesO(p) from the initial approximationO0 to the exact

frequency O.
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Expanding fðt; pÞand OðpÞin series with respect to the parameter p, one has

respectively

fðt; pÞ ¼ x0ðtÞ þ px1ðtÞ þ p2x2ðtÞ þ :::: (6.38)

Oðp; lÞ ¼ O0 þ pO1 þ p2O2 þ ::: (6.39)

If the initial approximation x0ðtÞ and the auxiliary function Hðt; pÞare properly
chosen so that the above series converges at p ¼ 1, one has

xðtÞ ¼ x0ðtÞ þ x1ðtÞ þ x2ðtÞ þ ::: (6.40)

O ¼ O0 þ O1 þ O2 þ :::: (6.41)

The series Eqs. 6.40 and 6.41 contain the auxiliary function Hðt; pÞ. The results
of the m th-order approximations are given by

�xðtÞ � x0ðtÞ þ x1ðtÞ þ :::þ xmðtÞ (6.42)

�O ¼ O0 þ O1 þ :::þ Om�1 (6.43)

If we substitute Eqs. 6.42 and 6.43 into Eq. 6.33 and if we equate to zero the

coefficients of various powers of p we obtain the following linear equations

Lðx0Þ ¼ 0; x0ð0Þ ¼ 1; x00ð0Þ ¼ 0 (6.44)

LðxiÞ � Lðxi�1Þ ¼
Xi
j¼1

hjNi�jðx0; x1; :::; xi�j;O0;O1; :::Oi�j; a; lÞ;

xið0Þ ¼ x0ið0Þ ¼ 0; i ¼ 1; 2; :::m� 1

(6.45)

LðxmÞ � Lðxm�1Þ ¼
Xm�1

j¼1

hjNm�1�j þ hmN0; xmð0Þ ¼ x0mð0Þ ¼ 0 (6.46)

where Nk are obtained from the equation

Nðf;OÞ ¼ N0ðx0;O0;A; lÞ þ pN1ðx0; x1;O0;O1;A; lÞ
þ p2N2ðx0; x1; x2;O0;O1;O2;A; lÞ þ :::

(6.47)

Note that Ok can be determined avoiding the presence of secular terms in

Eqs. 6.45 and 6.46.
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The frequency O depends upon the arbitrary parameter l and we apply the so-

called “principle of minimal sensitivity” [101] in order to fix the value of l. We do

this imposing that

dO
dl

¼ 0 (6.48)

This principle of the minimal sensitivity appears for the first time in the quantum

field theory, lf4 theory or quantum chromodynamics [101]. In its original formu-

lation a Lagrangian density L which is not exactly solvable is interpolated with a

solvable Lagrangian L0(l) depending upon one or more parameters l:Ld ¼
L0(l) + d(L-L0(l)), d being a parameter. We notice that the interpolation of the

full Lagrangian with the solvable one, L0(l), brings an artificial dependence upon

the arbitrary parameter l. Such dependence, which would vanish if all perturbative

orders were calculated, can be made weaker to a finite perturbative order, by

requiring some physical observable P to be locally insensitive to l, i.e. @P=@l ¼ 0.

In the above application this physical observable P is in fact the frequency O.
This condition is known as the principle of minimal sensitivity and is normally seen

to improve the convergence to the exact solution.

Unlike homotopy analysis method, in the proposed procedure (OHAM) the

construction of the homotopy is quite different. In the frame of OHAM the linear

operator L is well defined by Eqs. 6.16 or 6.34 and the initial approximation is

rigorously determined from Eq. 6.44, while in the homotopy analysis method these

ones are arbitrarily chosen. Instead of an infinite series (as is the case of the

homotopy analysis method) the OHAM searches for only a few terms (mostly

two or three terms). The way to ensure the convergence in OHAM is quite different

and more rigorous. Unlike other homotopy procedures, OHAM ensure a very rapid

convergence since it needs only two or three iterations for achieving a very accurate

solution. This is in fact the true power of the method. OHAM does not need a

recurrence formula as other homotopy procedures (such as homotopy analysis

method) do. OHAM is an iterative procedure which often converges to the exact

solution after only two or three iterations. Iterations are performed in a very simple

manner by identifying some coefficients. OHAM does not need high-order

approximations. OHAM does not use the rules established in the frame of

homotopy analysis method, it is a self-sustained method which has no “open

questions” as is the case of other homotopy procedures. OHAM does not need the

restrictive conditions A(1) ¼ 1, B(1) ¼ 1 as the homotopy analysis does. The

homotopy analysis method is a special case of OHAM when H(t,p) ¼ p�h where

the parameter �his chosen from the so-called “�h-curves”. An important feature of the

OHAM is that using Eqs. 6.26, 6.27 or 6.48 a minimization of errors is obtained.

Finally, OHAM provides an analytic solution for complicated nonlinear problems

expressed on only two rows, unlike other homotopy procedures which need few

pages to express an analytic solution.

In the following, several examples are given to demonstrate the general validity

and the great potential of the OHAM
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6.2 Duffing Oscillator

We consider the well-known Duffing oscillator

€uþ o2u ¼ f ðuÞ (6.49)

where f ðuÞ ¼ �au3(from Eq. 6.28) and o and a are real parameters. The initial

conditions are

uð0Þ ¼ A; _uð0Þ ¼ 0 (6.50)

Under the transformations Eq. 6.30

t ¼ Ot; uðtÞ ¼ AxðtÞ (6.51)

the original Eq. 6.49 becomes

O2x00ðtÞ þ o2xðtÞ þ aA2x3ðtÞ ¼ 0 (6.52)

where prime denotes the derivative with respect to t.
We construct Eq. 6.33 in the form

ð1� pÞLðfðt; pÞÞ ¼ Hðp; tÞ O2f00ðt; pÞ þ o2fðt; pÞ þ aA2f3ðt; pÞ� �
0; 1½ � (6.53)

where

fðt; pÞ ¼ x0ðtÞ þ px1ðtÞ þ p2x2ðtÞ þ ::: (6.54)

O2ðpÞ ¼ o2
0 þ o1pþ o2p

2 þ :::::: (6.55)

while L is the following linear operator:

Lfðt; pÞ ¼ o2
0

@2fðt; pÞ
@t2

þ fðt; pÞ
� �

(6.56)

The Eq. 6.44 becomes:

o2
0ðx000 þ x0Þ ¼ 0; x0ð0Þ ¼ 1, x’ð0Þ ¼ 0 (6.57)

Equation 6.57 has the solution

x0ðtÞ ¼ cos t (6.58)

112 6 The Optimal Homotopy Asymptotic Method



From Eqs. 6.54, 6.55 and 6.53 and expanding the nonlinear operator Eq. 6.35 for

l ¼ 0, because we consider only one iteration, we obtain:

N f;Oð Þ ¼ N0ðx0;O0;AÞ þ pN1ðx0; x1;O0;o1;AÞ þ ::: (6.59)

where

N0ðx0;O0;AÞ ¼ o2
0x

00
0 þ o2x0 þ aA2x30 (6.60)

N1ðx0; x1;O0;o1;AÞ ¼ o1x
00
0 þ o2

0x
00
1 þ o2x1 þ 3aA2x0x1 (6.61)

If we choose

h1ðt; pÞ ¼ C1 þ 2C2 cos 2tþ 2C3 cos 4t (6.62)

and substituting Eqs. 6.58, 6.50 and 6.62 into Eq. 6.45, for i ¼ 1, we obtain:

o2
0ðx001 þ x1Þ ¼ C1 þ 2C2 cos 2tþð

þ 2C3 cos 4tÞ ðo2 � o2
0 þ

3

4
aA2Þ cos tþ aA2

4
cos 3t

� �
(6.63)

We note that in the right-side of Eq. 6.63 only odd-order harmonics appear in the

square brackets. By using simple manipulations, Eq. 6.63 becomes

o2
0ðx001 þ x1Þ ¼ ðC1 þ C2Þðo2 � o2

0 þ
3

4
aA2Þ þ aA2ðC2 þ C3Þ

4

� �
cos tþ

þ ðC2 þ C3Þðo2 � o2
0 þ

3

4
aA2Þ þ C1aA

2

4

� �
cos 3tþ

þ C3ðo2 � o2
0 þ

3

4
aA2Þ þ C2aA

2

4

� �
cos 5tþ

þ C3aA
2

4
cos 7t; x1ð0Þ ¼ x01ð0Þ ¼ 0 (6.64)

Avoiding the presence of a secular term needs:

o2
0 ¼ o2 þ 3C1 þ 4C2 þ C3

4ðC1 þ C2Þ aA2 (6.65)

With this requirement, the solution of Eq. 6.64 yields

x1ðtÞ¼aA2ðC2
1þC1C2�C2

2�2C2C3�C2
3Þ

32o2
0ðC1þC2Þ ðcost�cos3tÞþ

þaA2ðC1C2þC2
2�C2C3�C2

3Þ
96o2

0ðC1þC2Þ ðcost�cos5tÞþaA2C3

192o2
0

ðcost�cos7tÞ

(6.66)
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For m ¼ 1 into Eq. 6.42, we obtain the first-order approximate solution:

�xðtÞ ¼ x0ðtÞ þ x1ðtÞ (6.67)

where x0 and x1 are given by Eqs. 6.58 and 6.66 respectively. Using the transfor-

mation Eqs. 6.51 and 6.67, the first-order approximate solution of Eq. 6.49

becomes:

�uðtÞ ¼ a cosOtþ b cos 3Otþ g cos 5Otþ d cos 7Ot (6.68)

where O is obtained from Eq. 6.55 and 6.65

O2 ¼ o2
0 ¼ o2 þ ð3C1 þ 4C2 þ C3Þ

4ðC1 þ C2Þ aA2 (6.69)

and

a ¼ Aþ aA3ðC2
1 þ 4C1C2 þ 6C1C3 � 11C2C3 � 4C2

3 þ 2C2
2

32O2ðC1 þ C2Þ

b ¼ aA3ðC2
2 þ 2C2C3 þ C2

3 � C2
1 � C1C2Þ

32O2ðC1 þ C2Þ

g ¼ aA3ðC2C3 þ C2
3 � C1C2 � C2

2Þ
96O2ðC1 þ C2Þ

; d ¼ � aA3C3

192O2
(6.70)

The substitution of Eq. 6.68 into Eq. 6.49 leads to the residual of the form

Rðt;C1;C2;C3Þ ¼ €�uþ o2�uþ a�u3 (6.71)

The constants C1, C2, C3 can be determined by means of Eqs. 6.26.

6.2.1 Numerical Examples

In order to illustrate the remarkable accuracy of this method, we compare the

approximate frequency given by Eq. 6.69 with the exact frequency known in [40]

Oex ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aA2

p

2

ðp2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2sin2y

p

0
B@

1
CA

�1

; m ¼ aA2

2ð1þ aA2Þ (6.72)

114 6 The Optimal Homotopy Asymptotic Method



For A ¼ 1 and o ¼ 1, and different values of a, we consider the following three
cases:

Case 6.2.1. (a) a ¼ 1. In this case from Eqs. 6.26 we obtain: C1 ¼ �1:08262;
C2 ¼ �0:417895;C3 ¼ 0:498748

Case 6.2.1. (b) a ¼ 2. The constants are: C1 ¼ �1:05329; C2 ¼ 0:127917;
C3 ¼ �0:0450043

Case 6.2.1. (c) a ¼ 10. It is obtained: C1 ¼ �0:865779;C2 ¼ 0:167738;
C3 ¼ �0:0794433

For comparison, the exact frequency obtained by integrating Eq. 6.72 and the

approximate frequency computed by Eq. 6.69 are listed in Table 6.1

Table 6.1 indicates that the formula Eq. 6.69 can give excellent approximate

frequencies for different values of the parameter a, when A ¼ o ¼ 1.

Figures 6.1–6.3 show the comparison between the present solutions obtained

using our procedure and the numerical integration results obtained by using a

fourth-order Runge–Kutta method.

Table 6.1 Comparison of

approximate frequencies with

the corresponding exact

frequency of the Duffing

oscillator

a Oex Eq. 6.72 O Eq. 6.69

1 1.31778 1.317774307

2 1.56911 1.56907907

10 2.86664 2.866430119

Fig. 6.1 Comparison

between the solutions of

Eq. 6.49 for o ¼ A ¼ a ¼ 1:

_____ numerical solution; _ _

_ approximate solution given

by Eq. 6.68

Fig. 6.2 Comparison

between the solutions of

Eq. 6.49 for o ¼ A ¼ 1,

a ¼ 2: _____ numerical

solution; _ _ _ approximate

solution given by Eq. 6.68
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In summary, it can be seen that the solutions obtained by OHAM are nearly

identical with that given by the numerical method. We find that the parameter a
does not need to be small.

6.3 Thin Film Flow of a Fourth Grade Fluid Down a Vertical

Cylinder

Consider a fourth grade fluid falling on the outside of an infinitely long vertical

cylinder of a radius R. The flow is considered in thin, uniform, axisymmetric film

with thickness d, in contact with stationary air. In cylindrical coordinates, we have

[83, 102–104]

@p

@r
¼ ð2a1 þ a2Þ 1

r

d

dr
r

du

dr

� �2
" #

þ 4

r
g3 þ g4 þ g5 þ

g6
2


 � d

dr
r

du

dr

� �4
" #

(6.73)

@p

@z
¼ m

r

d

dr
r
du

dr

� �
þ 2

r
b2 þ b3ð Þ d

dr
r

du

dr

� �3
" #

þ rg (6.74)

where p 6¼ pðzÞis pressure, a1, a2, b2, b3, g3, g4, g5 and g6 are known parameters and

Eq. 6.74 further gives

r
d2u

dr2
þ du

dr
þ 2ðb2 þ b3Þ

m
3r

du

dr

� �2
d2u

dr2
þ du

dr

� �3
" #

þ rg
m
r ¼ 0 (6.75)

The boundary conditions are:

uðRÞ ¼ 0;
du

dr
¼ 0 at r ¼ Rþ d (6.76)

Fig. 6.3 Comparison

between the solutions of

Eq. 6.49 for o ¼ A ¼ 1,

a ¼ 10: _____ numerical

solution; _ _ _ approximate

solution given by Eq. 6.68
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Defining

� ¼ r

R
; f ¼ R

n
u; k ¼ rgR3

m2
; b ¼ mðb2 þ b3Þ

R4
; d ¼ 1þ d

R
; (6.77)

Equations 6.75 and 6.76 reduces to

�
d2f

d�2
þ df

d�
þ k� þ 2b

df

d�

� �3

þ 3�
df

d�

� �2 d2f

d�2

" #
¼ 0 (6.78)

f ð1Þ ¼ 0; f 0ðdÞ ¼ 0 (6.79)

In accordance with Eqs. 6.78 and 6.79, the linear operator is chosen as:

Lðfð�; pÞÞ ¼ �
@2fð�; pÞ

@�2
þ @fð�; pÞ

@�
(6.80)

and we define a nonlinear operator as

Nðfð�; pÞÞ ¼ 2b
@fð�; pÞ

@�

� �3

þ 3�
@fð�; pÞ

@�

� �2 @2fð�; pÞ
@�2

" #
(6.81)

and the function gð�Þas

gð�Þ ¼ k� (6.82)

The initial conditions are

fð0; pÞ ¼ 1;
@fðd; pÞ

@�
¼ 0 (6.83)

Equation 6.16 can be written as

�f 000 þ f 00 þ k� ¼ 0 (6.84)

f
0
0ðdÞ ¼ 0 (6.85)

It is obtained

f
0
0ð�Þ ¼

k

2

d2

�
� �

� �
(6.86)
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Equation 6.19 becomes

�f 001 þ f 01 ¼ 2h1bðf 003 þ 3�f 00
2
f 000 Þ (6.87)

f
0
1ðdÞ ¼ 0 (6.88)

If we choose h1ð�;CiÞ ¼ C1, where C1 is a unknown constant, then the deriva-

tive of solution of Eq. 6.87 subject to condition Eq. 6.88 is given by

f
0
1ð�Þ ¼

1

4
C1bk

3 d2

�
� �

� �3

(6.89)

Equation 6.20 for k ¼ 2, reduces to

�f 002 þ f 02 ¼ �f 001 þ f 01 þ C1f�f 001 þ f 01 þ 6b½f 002f 01þ
þ �ðf 00 2f 001 þ 2f 00 f 01 f

00
0 Þ�g þ 2bh2ðf 003 þ 3�f 00

2
f 000 Þ

(6.90)

f
0
2ðdÞ ¼ 0 (6.91)

Choosing h2ðt;CiÞ ¼ C2, with C2 constant and substituting Eqs. 6.86 and 6.89

into 6.90 and then integrating Eq. 6.90 with condition Eq. 6.91, we obtain the

derivative of second-order solution:

f
0
2ð�Þ ¼

1

4
ðC2

1 þ C1 þ C2Þbk2 d2

�
� �

� �3

þ 3

8
C1b

2k5
d2

�
� �

� �5

(6.92)

Thus the derivative of solution up to second order is given by

�f 0ð�Þ ¼ f
0
o þ f

0
1 þ f

0
2 ¼ a

d2

�
� �

� �
þ b

d2

�
� �

� �3

þ g
d2

�
� �

� �5

(6.93)

where

a ¼ k

2
; b ¼ 1

4
ðC2

1 þ 2C1 þ C2Þbk3; g ¼ 3

8
C1b

2k5 (6.94)

Substituting the derivative of the solution up to second order Eq. 6.93 into

Eq. 6.78, results in the residual:
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Rð�;C1;C2Þ¼�2ðbþ2ba3Þ d2

�
��

� �2
d2

�
þ2�

� �
�

�2 gþ6ba2A3

� 
 d2

�
��

� �4

2
d2

�
þ3�

� �
�

�12ba b2þag
� 
 d2

�
��

� �6

3
d2

�
þ4�

� �
�4bb3

d2

�
��

� �8

4
d2

�
þ5�

� �
�

�12bgðb2þagÞ d2

�
��

� �10

5
d2

�
þ6�

� �
�

�8bbg
d2

�
��

� �12

7
d2

�
þ8�

� �
�4babg

d2

�
��

� �8

23
d2

�
þ28�

� �
(6.95)

For � 2 d
3
; d

� �
, the functional Eq. 6.25 becomes:

JðC1;C2Þ ¼
ðd
d=3

R2ð�;C1;C2Þd� (6.96)

The constants C1 and C2 result from the conditions:

@J

@C1

¼ 2

ðd
d=3

R
@R

@C1

d� ¼ 0;
@J

@C2

¼ 2

ðd
d=3

R
@R

@C2

d� ¼ 0 (6.97)

In a particular case when k ¼ b ¼ 1, d ¼ 1.02 (in Ref.[102], b � 0.3 is consid-

ered a parameter corresponding to strong nonlinearity), from Eqs. 6.97 are

obtained:

C1 ¼ �0:0010842826666

C2 ¼ �0:0225161113357

From Eq. 6.93 the derivative of solution is obtained up to second order in the

form:

�f 0ð�Þ ¼ 0:5
1:0404

�
� �

� �
� 0:024683501

1:0404

�
� �

� �3

�

� 0:000406606
1:0404

�
� �

� �5
(6.98)
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By integrating Eq. 6.98 in the initial condition Eq. 6.79, we obtain the solution of

second order for Eq. 6.78 in the form:

�f ð�Þ ¼ 0:000123912

�4
þ 0:012707805

�2
� 0:286320453�2 þ 0:005642083�4þ

þ 0:000067767�6 þ 0:595775602 ln � þ 0:2677778886; � 2 1:02

3
; 1:02

� �
(6.99)

Figure 6.4 shows the comparison between the present solution obtained from

formula Eq. 6.99 and the numerical integration results obtained from Eq. 6.78 by

using the fourth-order Runge–Kutta method.

It can be seen from Fig. 6.4 that the solution obtained by the present method is

quasi-identical with that given by the numerical method, demonstrating very good

accuracy.

6.4 Damped Oscillator with Fractional-Order Restoring Force

In this section we consider the nonlinear oscillator with damping and fractional-

order restoring force

d2x

dt2
þ 2k

dx

dt
þ axþ bx xj jn�1 ¼ 0 (6.100)

Fig. 6.4 Comparison between the results obtained using the proposed method and numerical

method for Eq. 6.78: ____ numerical simulation; -+-+-+- approximate solution Eq. 6.99
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where k, a and b are constants and n > 0.

The initial conditions are given by

xð0Þ ¼ A; _xð0Þ ¼ 0

where the dot denotes derivatives with respect to time t.
Under the transformations

x ¼ Ae�kty; t ¼ kt (6.101)

the original Eq. 6.100 becomes

y00 þ ða� 1Þyþ beð1�nÞty yj jn�1 ¼ 0 (6.102)

The initial conditions transform to

yð0Þ ¼ 1; y0ð0Þ ¼ k; (6.103)

where prime denotes the derivative with respect to t and

a ¼ a

k2
; b ¼ b

k2
An�1 (6.104)

We apply OHAM for Eqs. 6.102 and 6.103. The linear operator is

Lðfðt; pÞÞ ¼ @2fðt; pÞ
@t2

þ g2fðt; pÞ (6.105)

where g is an arbitrary constant unknown at this moment.

We modify the family of Eqs. 6.14 in the following form

1� pð Þ ½Lðfðt; pÞÞ þ gðtÞ� ¼ H(t; pÞNðfðt; pÞÞ (6.106)

where the nonlinear operator is

Nðfðt; pÞÞ ¼ @2fðt; pÞ
@t2

þ ða� 1Þfðt; pÞ þ beð1�nÞtfðt; pÞ fðt; pÞj jn�1
(6.107)

The initial conditions become

fð0; pÞ ¼ 1;
@fðt; pÞ

@t

����
t¼0

¼ k (6.108)
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According to Eqs. 6.105 and 6.16, we choose

y0ðtÞ ¼ e�lt cos gt; gðtÞ ¼ e�ltðl2 cos gtþ 2lg sin gtÞ (6.109)

where l and g are arbitrary unknown constants.

In order to obtain the first-order approximate solution of Eq. 6.102, the case

m ¼ 1 in Eq. 6.23 is considered. Therefore, from Eq. 6.19 the first-order problem is

obtained:

Lðy1ðtÞÞ ¼ h1ðt;CiÞðN0ðy0 tÞð Þ (6.110)

The operator N0(y0) is

N0ðy0ðtÞÞ ¼ y000 þ ða� 1Þy0 þ beð1�nÞty0 y0j jn�1
(6.111)

The last term of Eq. 6.111 can be written as

y0 y0j jn�1 ¼ y0j jnsignðy0Þ

where signðy0Þ ¼ 1 if y0> 0 and signðy0Þ ¼ �1 if y0 � 0.

Substituting Eq. 6.1091 into this expression, the following Fourier series expan-

sion is obtained

y0j jnsgnðy0Þ ¼ e�nltða1n cos gtþ a3n cos 3gtþ a5n cos 5gtþ ::::Þ (6.112)

where

a2jþ1;n ¼ 4

p

ðp2
0

ðcos uÞn cosð2jþ 1Þudu; , j ¼ 0; 1; 2; . . . (6.113)

In this way, from Eqs. 6.109, 6.112 and 6.111 one has

N0ðy0Þ ¼ e�lt½ðl2 þ a� 1Þ cos gtþ ð2l� gÞg sin gt�þ
þ be�ðlnþn�1Þtða1n cos gtþ a3n cos 3gtþ :::Þ

(6.114)

It is assumed that

h1ðt;CiÞ ¼ C1 þ 2C2 cos 2gt

where C1 and C2 are unknown constants.

Substituting this equation and Eqs. 6.114 into 6.110, the equation in y1(t) is
derived:
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y001þ g2y1 ¼ e�lt½ðC1þC2Þðl2þa�1Þcosgtþ
þðC1�C2Þð2gl� g2ÞsingtþþC2ðl2þa�1Þcos3gtþ
þC2ð2lg� g2Þsin3gt�þbe�ðlnþn�1Þtf½a1nC1þða1nþa3nÞC2�cosgtþ
þ½a3nC1þða1nþa5nÞC2�cos3gtþða5nC1þa3nC2Þcos5gtþ ::::g

(6.115)

which has the solution

y1ðtÞ ¼ B cos gtþ D sin gtþ e�ltðM1 cos gtþM3 cos 3gtþ
þ N1 sin gtþ N3 sin 3gtÞ þ e�ðlnþn�1ÞtðP1 cos gtþ P3 cos 3gtþ
þ P5 cos 5gtþ Q1 sin gtþ Q3 sin 3gtþ Q5 sin 5gtþ ::::Þ

(6.116)

where B and D are integration constants and

M1 ¼ C1½ða� 1Þlþ l3 þ 4lg2 � 2g3� þ C2½lða� 1Þ þ l3 � 4g2lþ 2g3�
lðl2 þ 4g2Þ

M3 ¼ C2½ða� 1Þðl2 þ g2 � 9lgÞ þ l4 þ 4l2g2 � 3l3g� 3lg3�
ðl2 þ g2 � 9lgÞ2 þ 9ðlgþ l2Þ2

N1 ¼ C1½2gð1� aÞ � g2l� þ C2½2gð1� aÞ � 4l2gþ g2l�
lðl2 þ 4g2Þ2

N3 ¼ C2½3ð1� aÞðl2 þ lgÞ � 3l4 � l3g� 19l2g2 þ 11lg3 � g4�
ðl2 þ g2 � 9lgÞ2 þ 9ðlgþ l2Þ2

P1 ¼ b½ðlnþ n� 1Þ2 þ g2 � l2�½a1nC1 þ ða1n þ a3nÞC2�
½ðlnþ n� 1Þ2 þ g2 � l2�2 þ 4l2ðlnþ n� 1Þ2

P3 ¼ b½ðlnþ n� 1Þ2 þ g2 � 9l2�½a3nC1 þ ða1n þ a5nÞC2�
½ðlnþ n� 1Þ2 þ g2 � 9l2�2 þ 36l2ðlnþ n� 1Þ2

P5 ¼ b½ðlnþ n� 1Þ2 þ g2 � 25l2�ða5nC1 þ a3nC2Þ
ðlnþ n� 1Þ2 þ g2 � 25l2�2 þ 100l2ðlnþ n� 1Þ2

Q1 ¼ �2blðlnþ n� 1Þ½a1nC1 þ ða1n þ a3nÞC2�
½ðlnþ n� 1Þ2 þ g2 � l2�2 þ 4l2ðlnþ n� 1Þ2
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Q3 ¼ �6blðlnþ n� 1Þ½a3nC1 þ ða1n þ a5nÞC2�
½ðlnþ n� 1Þ2 þ g2 � 9l2�2 þ 36l2ðlnþ n� 1Þ2

Q5 ¼ �10blðlnþ n� 1Þða5nC1 þ a3nC2Þ
½ðlnþ n� 1Þ2 þ g2 � 25l2�2 þ 100l2ðlnþ n� 1Þ2

(6.117)

The first-order approximate solution is obtained from Eqs. 6.23, 6.109 and 6.116

and therefore

�yðtÞ ¼ y0ðtÞ þ y1ðtÞ (6.118)

The constants B and D which appear in Eq. 6.116 can be determined from the

initial conditions Eq. 6.103. The first-order approximate solution of Eq. 6.100 is

obtained from Eqs. 6.118, 6.102 and 6.101 and can be written in the form

�xðtÞ ¼ Ae�ktf�ðM1 þM3 þ P1 þ P3 þ P5Þ cos gktþ
þ ½1þ l

g
þ l

g
ðM1 þM3Þ þ lnþ n� 1

g
ðP1 þ P3 þ P5Þ � ðN1 þ 3N3 þ Q1þ

þ 3Q3 þ 5Q5Þ� sin gktg þ Ae�ðlþ1Þkt½ð1þM1Þ cos gktþM3 cos 3gktþ
þ N1 sin gktþ N3 sin 3gkt� þ Ae�ðlþ1ÞnktðP1 cos gktþ P3 cos 3gktþ
þ P5 cos 5gktþ Q1 sin gktþ Q3 sin 3gktþ Q5 sin 5gktÞ

(6.119)

where the coefficients Mi, Ni, Pj, Qj, i ¼ 1,3; j ¼ 1,3,5 are given by Eqs. 6.117

The convergence of the solution x(t) and, consequently, the convergence of the
approximate solution �xðtÞ depend on the auxiliary function h1ðt;CiÞ. Basically, the
shape of h1ðt;CiÞ (or h2ðt;CiÞ,. . ., hmðt;CiÞ in other nonlinear problems) must

follow the terms appearing in Eq. 6.114 which are cos gt, sin gt, cos 3gt,. . .
Therefore, h1ðt;CiÞ should be chosen so that in Eq. 6.110 the product

h1ðt;CiÞN0ðtÞ be of the same shape with the other terms from N0(t) (a combination

of functions cos gt, cos 3gt, sin gt). For example, one can choose

h1ðt;C0
iÞ ¼ C0

1 þ 2C0
2 cos 2gtþ 2C0

3 cos 4gt

or

h1ðt;C00
i Þ ¼ C00

1 þ 2C00
2 cos 4gtþ 2C00

3 sin 6gt

where C0
1;C

0
2;C

0
3;C

00
1;C

00
2;C

00
3 are unknown constants.

In other applications, such as those presented in [84–89], the functions h1ðt;CiÞ,
h2ðt;CjÞ or hmðt;CkÞ, can be chosen as exponential functions or polynomial

functions, depending on the shape of the terms already existing in the specific

iteration.
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6.4.1 Numerical Examples

We illustrate the accuracy of this approach by comparing previously obtained

approximate solutions with numerical integration results calculated by means of

the fourth-order Runge–Kutta method.

Case 6.4.1.a

In the first case considered, it is assumed that a ¼ 1, b ¼ 1, k ¼ 0.1, n ¼ 3,

A ¼ 0.5. This corresponds to the oscillator with a linear-plus-cubic restoring force.

It should be noted that the value of the parameter of nonlinearity b is not small.

From Eq. 6.113, one finds

a1;3 ¼ 0:75; a3;3 ¼ 0:25; a5;3 ¼ 0

By means of the collocation method, one obtains

C1 ¼ �1:133641; C2 ¼ 0:227603; l ¼ 13:0497722; g ¼ 10:244569

The first-order approximate solution becomes

�x ¼ 1

2
e�0:1tð1:01717 cos 1:02446t� 0:063556 sin 1:02446tÞþ

þ 1

2
e�1:40498tð�0:00176381 cos 1:02446t� 0:00857627 cos 3:07337tþ

þ 0:274502 sin 1:02446t� 0:0532868 sin 3:07337tÞþ
þ 1

2
e�4:21498tð�0:00666211 cos 1:02446t� 0:0000715917 cos 3:07337t�

� 0:000100285 cos 5:12228tþ 0:00439515 sin 1:02446tþ
þ 0:000868631 sin 3:07337t� 0:000218981 sin 5:12228tÞ

(6.120)

This solution is plotted in Fig. 6.5 together with the numerical results and good

agreement between them is found. These time solutions represent an oscillation

Fig. 6.5 Comparison

between the approximate

result of Eq. 6.100 (solid line)
given by Eq. 6.120 and

numerical results (dashed
line) for a ¼ b ¼ 1, A ¼ 0.5,

k ¼ 0.1, n ¼ 3
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with decreasing amplitude, approaching the zero equilibrium point, which

corresponds to stable focus in the phase plane.

Case 6.4.1.b

For the second case we consider a ¼ 0, b ¼ 1, k ¼ 0.1, n ¼ 3, A ¼ 0.5 and we

obtain

C1 ¼ �0:405949;C2 ¼ 0:391642; l ¼ �0:227844; g ¼ 0:645668

and the first-order approximate solution is

�xðtÞ ¼ 1

2
e�0:1tð�0:479616 cos 0:0645668t� 1:12506 sin 0:0645668tÞþ

þ 1

2
e�0:0772156tð�0:861615 cos 0:0645668tþ 0:374566 sin 0:0645668t�

� 0:165853 cos 0:1937t� 0:183676 sin 0:1937tÞþ
þ 1

2
e�0:231647tð0:960311 cos 0:0645668tþ 0:274582 sin 0:0645668tþ

þ 1:33225 cos 0:1937tþ 0:214526 cos 0:322834t�
� 1:42483 sin 0:1937tþ 0:755112 sin 0:322834tÞ

(6.121)

This analytical solution is plotted in Fig. 6.6 and agrees well with the numerical

solution. This solution indicates that there is no oscillation in this case.

Case 6.4.1.c

In this case, if we consider a ¼ b ¼ 1, k ¼ 0.1, n ¼ 3/2, A ¼ 0.5, then

a1;32 ¼ 0:915311716; a3;32 ¼ 0:101701301; a5;32 ¼ �0:009663924

and

C1 ¼ 0:302498;C2 ¼ �0:257482; l ¼ 2:16821; g ¼ 12:3432

Fig. 6.6 Comparison

between the approximate

result of Eq. 6.100 (solid line)
given by Eq. 6.121 and

numerical results (dashed
line) for a ¼ 0, b ¼ 1,

A ¼ 0.5, k ¼ 0.1, n ¼ 3
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The approximate solution is

�xðtÞ ¼ 1

2
e�0:1tð1:013284 cos 1:23432t� 0:0524102 sin 1:23432tÞþ

þ 1

2
e�0:316821tð�0:018425 cos 1:23432t� 0:176664 sin 1:23432tþ

þ 0:109537 cos 3:70295tþ 0:0243331 sin 3:70295tÞþ
þ 1

2
e�0:4752315tð0:00649996 cos 1:23432t��0:000653951 sin 1:23432t�

� 0:098116 cos 3:70295t� 0:01277 cos 6:17159tþ 0:02125 sin 6:17159tÞ
(6.122)

The comparison between the approximate and numerical solutions shown in

Fig. 6.7 indicates that they agree well for the first two cycles, for t 2 [0,12.6] and

then the accuracy of the analytical solution deteriorates. In this case one can

consider the motion interval by interval, for t 2 [12.6–21.8] and so on.

Figures 6.5–6.7 show a comparison between the first-order approximate analyti-

cal solutions of Eq. 6.100 and the numerical results. One can observe that the first-

order approximate analytical results obtained through OHAM are near the

numerical simulation results for various values of the parameters.

6.5 Nonlinear Equations Arising in Heat Transfer

6.5.1 Cooling of a Lumped System with Variable Specific Heat

Consider the cooling of a lumped system [84, 105–107]. Let the system have

volume V, surface area A, density r, specific heat c and initial temperature Ti. At
time t ¼ 0, the system is exposed to a convective environment at temperature Ta
with convective heat transfer coefficient h. Assume that the specific heat c is a linear
function of temperature of the form

Fig. 6.7 Comparison

between the approximate

result of Eq. 6.100 (solid line)
given by Eq. 6.122 and

numerical results (dashed
line) for a ¼ b ¼ 1, A ¼ 0.5,

k ¼ 0.1, n ¼ 3/2
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c ¼ ca 1þ bðT � TaÞ½ � (6.123)

where ca is the specific heat, at temperature Ta and b is a constant. The cooling

equation and the initial conditions are as follows:

rVc
dT

dt
þ hAðT � TaÞ ¼ 0; T0 ¼ Ti (6.124)

where by using

u ¼ T � Ta
Ti � Ta

; x ¼ tðhAÞ
rVca

; e ¼ bðT � TaÞ

we have

ð1þ euÞ du
dx

þ u ¼ 0; uð0Þ ¼ 1; x 2 ½0;1Þ (6.125)

According to Eq. 6.13 we have:

LðuðxÞÞ ¼ u0ðxÞ þ uðxÞ; gðxÞ ¼ 0; NðuðxÞÞ ¼ euðxÞu0ðxÞ; uð0Þ ¼ 1 (6.126)

where 0 ¼ d
dx .

Equation 6.16 becomes

u
0
0ðxÞ þ u0ðxÞ ¼ 0; u0ð0Þ ¼ 1 (6.127)

from which we obtain

u0ðxÞ ¼ e�x (6.128)

Substituting Eq. 6.128 into Eq. 6.19 we get

u01ðxÞ þ u1ðxÞ ¼ �eh1ðx;CiÞe�2x; u1ð0Þ ¼ 0 (6.129)

where h1ðx;CiÞ ¼ C1(constant) and therefore

u1ðxÞ ¼ eC1ðe�2x � e�xÞ (6.130)

For k ¼ 2 and k ¼ 3 into Eq. 6.20 we have respectively:

u02ðxÞ þ u2ðxÞ ¼ ½ð2e2 � eÞC2
1 � eC1 � eh2ðx;CjÞ� e�2x � 3e2C2

1e
�3x;

u2ð0Þ ¼ 0
(6.131)
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with the solution for h2ðx;CjÞ ¼ C2(constant):

u2ðxÞ ¼ e2

2
� e

� �
C2
1 � eC1 � eC2

� �
e�xþ

þ e� 2e2
� 


C2
1 þ eC1 þ eC2

� �
e�2x þ 3

2
e2C2

1e
�3x

(6.132)

and

u
0
3ðxÞþ u3ðxÞ ¼ �2e3þ 4e2� e

� 

C3
1þð4e2� 2eÞC2

1þ
�
þð4e2� 2eÞC1C2� eC1� eC2� eh3ðx;CiÞ�e�2xþ
þ 9e3� 6e2
� 


C3
1� 6e2C2

1� 6e2C1C2

� �
e�3x� 8e3C3

1e
�4x;u3ð0Þ ¼ 0

(6.133)

which have the solution, if we consider h3ðx;CiÞ ¼ C3(constant):

u3ðxÞ ¼ � 8e3 þ 8e2 þ e
� 


C3
1 þ ð8e2 þ 2eÞC2

1þ
� ð8e2 þ 2eÞC1C2þ

þ eC1 þ eC2 þ eC3�e�x þ ð2e3 � 4e2 þ eÞC3
1 þ ð2e� 4e2ÞC2

1

�
þ ð2e� 4e2ÞC1C2 þ eC1 þ eC2 þ eC3� e�2xþ
þ ð12e2 � 18e3ÞC3

1 þ 12e2C2
1 þ 12e2C1C2

� �
e�3x þ 24e3C3

1e
�4x (6.134)

The approximate solution of this third order is obtained from Eqs. 6.128, 6.129,

6.132, 6.134 and 6.23 for m ¼ 3:

�uðxÞ ¼ u0ðxÞ þ u1ðxÞ þ u2ðxÞ þ u3ðxÞ

and we obtain:

�uðxÞ ¼ A1e
�x þ A2e

�2x þ A3e
�3x þ A4e

�4x (6.135)

where

A1 ¼ 1� 3eC1 � 2eC2 � eC3 � 3eþ 15

2
e2

� �
C2
1 � 2eþ 8e2

� 

C1C2�

� eþ 8e2 þ 8e3
� 


C3
1

A2 ¼ 3eC1 þ 2eC2 þ eC3 þ ð3e� 6e2ÞC2
1 þ ð2e� 4e2ÞC1C2þ

þ ðe� 4e2 þ 2e3ÞC3
1

A3 ¼ 27

2
e2C2

1 þ 12e2C1C2 þ ð12e2 � 18e3ÞC3
1

A4 ¼ 24e3C3
1 (6.136)
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The residual Eq. 6.24 for m ¼ 3 is obtained in the form:

Rðx;C1;C2;C3Þ ¼ ðA2 þ eA2
1Þe�2x þ ð2A3 þ 3eA1A2Þe�3xþ

þ ð3A4 þ 2eA2
2 þ 4eA1A3Þe�4x þ 5eðA1A4 þ A2A3Þe�5xþ

þ 3eðA2
3 þ 2A2A4Þe�6x þ 7eA3A4e

�7x þ 4eA2
4e

�8x

(6.137)

For x1 ¼ 1, x2 ¼ 2, x3 ¼ 3 into Eq. 6.137 we obtain the approximate solution of

the third order for e¼1 and e¼2 respectively (see Eq. 6.27).

�uðxÞ ¼ 2:666666 e�x � 4e�2x þ 3e�3x � 0:6666666 e�4x (6.138)

�uðxÞ ¼ 4:460824085e�x � 11:54898853e�2xþ
þ14:65491942e�3x � 6:566754975e�4x

(6.139)

Figures 6.8 and 6.9 show the comparison between the present solution and the

numerical integration results obtained by a fourth-order Runge–Kutta method, for

cases e¼1 and e¼2, respectively.

It can be seen from these figures that the solution obtained by OHAM is nearly

identical with that given by numerical simulation.

Fig. 6.8 Comparison between the results obtained by the present method Eq. 6.138 and the

numerical results of Eq. 6.125 for e ¼ 1; -+-+-+-+- present solution ________ numerical solution
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6.5.2 The Temperature Distribution Equation in a Thick
Rectangular Fin Radiation to Free Space

Now we will consider a nonlinear equation, the temperature distribution equation in

a uniformly thick rectangular fin radiation to free space with non-linearity of high

order [84, 105–107]:

u00ðxÞ � eu4ðxÞ ¼ 0; uð1Þ ¼ 1; u0ð0Þ ¼ 0; x 2 ½0; 1� (6.140)

According to Eq. 6.13, we define the operators:

LðuðxÞÞ ¼ u00ðxÞ; NðuðxÞÞ ¼ �eu4ðxÞ; gðxÞ ¼ 0; (6.141)

In this case Eq. 6.16 becomes

u000ðxÞ ¼ 0; uð1Þ ¼ 1; u0ð0Þ ¼ 0 (6.142)

It is obtained:

u0ðxÞ ¼ 1 (6.143)

Equation 6.19 can be written as

u001ðxÞ ¼ �eh1u000ðxÞ; u1ð1Þ ¼ 0; u01ð0Þ ¼ 0 (6.144)

Fig. 6.9 Comparison between the results obtained by the present method Eq. 6.139 and the

numerical results of Eq. 6.125 for e ¼ 2; -+-+-+-+- present solution; ________ numerical solution
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with h1 ¼ C1 (constant) and therefore the solution is

u1ðxÞ ¼ � 1

2
eC1ðx2 � 1Þ (6.145)

Equation 6.20 for k ¼ 2 and h2 ¼ C2 (constant), becomes

u002ðxÞ � u001ðxÞ ¼ C1½u001ðxÞ � 4eu30ðxÞu1ðxÞ� þ C2½�eu40�;
u2ð1Þ ¼ 0; u02ð0Þ ¼ 0

(6.146)

and we obtain the following solution:

u2ðxÞ ¼ 1

6
½ð5e2 þ 3eÞC2

1 þ 3eC1 þ 3eC2��

� 1

2
½ð2e2 þ eÞC2

1 þ eC1 þ eC2�x2 þ 1

6
e2C2

1x
4

(6.147)

Equation 6.20 for k ¼ 3 and h3 ¼ C3 (constant) is

u003ðxÞ�u002ðxÞ¼C1 u002ðxÞ�eð6u20ðxÞ �u21ðxÞþ4u30ðxÞ �u2ðxÞÞ
� �þ

þC2 u001ðxÞ�4eu30ðxÞu1ðxÞ
� �þC3 �eu40ðxÞ

� �
; u3ð1Þ¼0; u03ð0Þ¼0

(6.148)

The solution of Eq. 6.148 becomes:

u3ðxÞ ¼ 1

180
432e2C3

1 þ 89e2C2
1 þ 300e2C1C2

� �þ
þ 1

24
½7eC3

1 þ 14eC2
1 � 5eC1C2 þ 7eC1 þ 7eC2 � 12eC3��

� 1

12
ð36e2 þ 3eÞC3

1 þ ð7e2 þ 6eÞC2
1 þ ð24e2 � 3eÞC1C2þ

�
þ 3eC1 þ 3eC2 � 6eC3�x2 þ 1

24
ð16e2 � eÞC3

1 þ ð2e2 � 2eÞC2
1þ

�
þ ð8e2 � eÞC1C2 � eC1 � eC2�x4 þ 1

180
e2C2

1 � 12e3C3
1

� �
x6

(6.149)

Finally, the approximate solution of the third-order of Eq. 6.140 is given by

�uðxÞ ¼ B0 þ B2x
2 þ B4x

4 þ B6x
6 (6.150)
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Where

B0 ¼ 1

180
432e2C3

1 þ 89e2C2
1 þ 300e2C1C2

� �þ
þ 1

24
½7eC3

1 þ 26eC2
1 � 5eC1C2 þ 31eC1 þ 31eC2 � 12eC3 þ 24�

B2 ¼ � 1

12
ð36e2 þ 3eÞC3

1 þ ð19e2 þ 12eÞC2
1

�
þ ð24e2 � 3eÞC1C2 þ 15eC1 þ 15eC2 � 6eC3�

B4 ¼ 1

24
ð16e2 � eÞC3

1 þ ð6e2 � 2eÞC2
1 þ ð8e2 � eÞC1C2 � eC1 � eC2

� �

B6 ¼ 1

180
e2C2

1 � 12e3C3
1

� �
(6.151)

From Eq. 6.24 for x1 ¼ 1
3
; x2 ¼ 1

2
; x3 ¼ 3

4
we obtain the following approximate

solution of the third order for different values of e:

e ¼ 1 : uðxÞ ¼ 0:775052997þ 0:204645365x2þ
þ0:020278343x4 þ 0:000023293x6

(6.152)

e ¼ 2 : uðxÞ ¼ 0:698299431þ 0:282644054x2þ
þ 0:019027065x4 þ 0:000029291x6

(6.153)

e ¼ 3 : uðxÞ ¼ 0:654819681þ 0:325418252x2þ
þ 0:019710533x4 þ 0:000051532x6

(6.154)

Figures 6.10–6.12 show the comparison between the results obtained by the

present procedure and the numerical integration results. It can be seen that the

obtained results are nearly identical with the results obtained numerically using a

fourth-order Runge–Kutta method, for the cases e ¼ 1, e ¼ 2 and e ¼ 3.

6.6 Blasius’ Problem

Blasius equation is one of the basic equations of fluid dynamics. Blasius’ equation

describes the velocity profile of the fluid in the boundary layer theory on a half-

infinite interval. A broad class of analytical solutions method and numerical

solutions methods were used to handle this problem. The Blasius equation is the
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mother of all boundary layer equations in fluid mechanics. Two forms of Blasius’

equation appear in the fluid mechanics theory, where each is subject to specific

physical conditions. For instance, consider the two-dimensional laminar viscous

flow governed by a nonlinear ordinary differential equation [81, 108–112]

u000ð�Þ þ 1

2
uð�Þu00ð�Þ ¼ 0; � 2 ½0;1Þ (6.155)

subject to the boundary conditions

Fig. 6.10 Comparison between the results obtained by the present method Eq. 6.152 and the

numerical results of Eq. 6.140 for e ¼ 1; +-+-+-+- OHAM; _______ numerical solution

Fig. 6.11 Comparison between the results obtained by the present method Eq. 6.153 and the

numerical results of Eq. 6.140 for e ¼ 2; +-+-+-+- OHAM; _______ numerical method
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uð0Þ ¼ 0; u0ð0Þ ¼ 0; u0ð1Þ ¼ 1 (6.156a)

or

uð0Þ ¼ 0; u0ð0Þ ¼ 1; u0ð1Þ ¼ 0 (6.156b)

It is obvious that the differential equations are the same, but differ in boundary

conditions. For small � [81] and by using perturbation method, a solution of

Blasius’ equation was obtained in the form

uð�Þ ¼
X1
k¼0

� 1

2

� �k Akskþ1

ð3k þ 2Þ! �
3kþ2 (6.157)

where

A0 ¼ A1 ¼ 1; Ak ¼
Xk�1

i¼0

3k � 1

3i

� �
AiAk�i�1 ðk � 2Þ (6.158)

Note that the expression Eq. 6.157 is not closed, because s ¼ u00ð0Þ is unknown.
By means of matching two different approximations at a proper point, Blasius

obtained the numerical result s ¼ 0.332. In 1938, Howarth [113] gained a more

accurate value s ¼ 0.33206 by means of a numerical technique. However, by

means of s ¼ 0.33206, u(�) given by Eq. 6.157 is valid in a small region

0 � � � 5.69.

Fig. 6.12 Comparison between the results obtained by the present method Eq. 6.154 and the

numerical results of Eq. 6.140 for e ¼ 3; +-+-+-+- OHAM; _______ numerical method
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By the homotopy analysis method [81], Liao obtained a similar series solution,

which is valid in the whole region [0, 1]. The solution reads

uð�Þ ¼ lim
m!1

Xþ1

k¼0

� 1

2

� �k
Akskþ1

ð3k þ 2Þ! �
3kþ2

" #
Fm;nðhÞ; � 2 ½0;1Þ; h 2 ð�2; 0Þ

(6.159)

where

Fm;nðhÞ ¼

0 n>m

ð�hÞn
Xm�n

k¼0

m

m� n� k

� �
ðnþ k � 1Þhk1 � n � m

1 n � 0

8>>>><
>>>>:

(6.160)

Many of the mathematical methods employed in nonlinear problems may be

successfully tested on the Blasius equation, which seems to be very simple, but

what appears to be a simple problem is really not that simple, it is very difficult to

search for an approximate analytical solution. So, it has appeared ever-increasing

interest of scientists and engineers in searching for analytical solution of the Blasius

equation. An explicit, totally analytic approximate solution for Blasius equation, by

means of Homotopy Analysis Method is obtained by Liao [114]:

uð�Þ ¼ � þ lim
M!1

XM
m¼0

bm;00 þ
XMþ1

n¼1

expð�nl�Þ
XM

m¼n�1

X2ðm�nþ1Þ

k¼0

bm;nk �k

 !" #
(6.161)

where the coefficients bm;nk contain the auxiliary parameter h and the so-called

spatial scale parameter l.
J.H. He [115] proposed a perturbation technique coupled with an iteration

technique. Comparison with Howarth’s numerical solution reveals that the pro-

posed method leads to the approximate value s ¼ 0:3296 with 0.73% accuracy.

The variational iteration method is applied for a reliable treatment by Wazwaz

[111]. Abbasbandy [112] applied in his work an efficient modification of the

standard Adomian decomposition method.

In the following, we apply OHAM to Blasius equation. We note that there are

many possibilities to choose the auxiliary function H(�,p), initial guess u0ð�Þand
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linear operator L. Using the initial conditions Eq. 6.156a, we choose the initial

guess u0 as

u0ð�Þ ¼ � � 1

k
þ 1

k
e�k� (6.162)

where k is a positive unknown constant. Then, from Eqs. 6.156, 6.16 and 6.162 we

choose the linear operator in the form:

Lðf ð�ÞÞ ¼ u000 þ ku00 (6.163)

The nonlinear operator N given by Eqs. 6.21 and 6.155 becomes:

Nð�; pÞ ¼ u
000
0 þ 1

2
u0u

00
0 þ p½u000

1 þ 1

2
ðu0u00

1 þ u1u
00
0Þ�þ

þp2½u000
2 þ 1

2
ðu0u00

2 þ u1u
00
1 þ u2u

00
0Þ� þ :::

(6.164)

From Eq. 6.164 we obtain

N0ðu0Þ ¼ u
000
0 þ 1

2
u0u

00
0 (6.165)

N1ðu0; u1Þ ¼ u
000
1 þ 1

2
ðu0u00

1 þ u1u
00
0Þ (6.166)

N2ðu0; u1; u2Þ ¼ u
000
2 þ 1

2
ðu0u00

2 þ u1u
00
1 þ u2u

00
0Þ (6.167)

Substituting Eq. 6.162 into Eq. 6.165, it is obtained:

N0ðu0Þ ¼ ð1
2
k� � k2 � 1

2
Þe�k� þ 1

2
e�2k� (6.168)

Case 1. If we choose m ¼ 1 into Eq. 6.23 and using Eq. 6.168, we consider the

auxiliary function h1ð�; pÞ in the form

h1ð�; pÞ ¼ C1 þ C2e
�k� þ C3e

�2k� (6.169)

where C1, C2 and C3 are unknown constants at this moment. In this case, Eq. 6.19

becomes:

u
000
1 þ ku

00
1 ¼ ðC1 þ C2e

�k� þ C3e
�2k�Þ½ð1

2
k� � k2 � 1

2
Þe�k� þ 1

2
e�2k��

u1ð0Þ ¼ u
0
1ð0Þ ¼ u

0
1ð1Þ ¼ 0

(6.170)
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The solution of Eq. 6.170 becomes:

u1ð�Þ ¼ C1

k
� 5C1

8k3
þ C2

4k
� C2

18k3
þ C3

9k
� 11C3

864k3
þ

þ C1

4k
�2 þ C1

2k2
� C1

� �
�

�
þ 3C1

4k3
� C1

k
þ 5C2

24k3
� C2

2k
þ

þ C3

36k3
� C3

6k

�
e�k� þ � C2

8k2
� � C1

8k3
þ C2

4k
� C2

8k3

� �
e�2k�þ

þ � C3

36k2
� � C2

36k3
þ C3

18k
� C3

216k3

� �
e�3k� � C3

96k3
e�4k� (6.171)

The first approximate solution Eq. 6.23 is

�uð�Þ ¼ u0ð�Þ þ u1ð�Þ (6.172)

Substituting Eqs. 6.162 and 6.171 into 6.172 we obtain:

�uð�Þ ¼ � � 1

k
þ C1

k
� 5C1

8k3
þ C2

4k
� C2

18k3
þ C3

9k
� 11C3

864k3
þ

þ C1

4k
�3 þ C1

2k2
� C1

� �
� þ 3C1

4k3
þ 1� C1

k
þ 5C2

24k3
�

�
C2

2k
þ

þ C3

36k3
� C3

6k

�
e�k� þ � C2

8k2
� þ C2

4k
� C1

8k3
� C2

8k3

� �
e�2k�þ

þ � C3

36k2
� � C2

36k3
þ C3

18k
� C3

216k3

� �
e�3k� � C3

96k3
e�4k�

(6.173)

The residual Eq. 6.24 becomes in this case:

Rð�;C1;C2;C3; kÞ ¼ �u000ð�Þ þ 1

2
�uð�Þ�u00ð�Þ (6.174)

From the Eqs. 6.26, which become

@J

@Ci
¼ @J

@k
¼ 0; i ¼ 1; 2; 3

we obtain:

C1 ¼ 0:117625; C2 ¼ �5:47261; C3 ¼ 5:20066; k ¼ 0:453827 (6.175)

From the Eq. 6.173 we obtain:

u00ð0Þ ¼ 0:330626 (6.176)
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From Fig. 6.13 and. Eq. 6.176 we can observe that the first approximate solution

Eq. 6.173 is in good agreement with the exact solution

Case 2. If we choose m ¼ 2 and the auxiliary function of the form:

Hðp; �Þ ¼ pD1 þ p2ðD2�
2 þ D3� þ D4 þ D5e

�k�Þ (6.177)

where D1. . ..D5 are unknown constants, Eq. 6.19 becomes in this case:

u
000
1 þ ku

00
1 ¼ D1

k

2
� � k2 � 1

2

� �
e�k� þ 1

2
e�2k�

� �
(6.178)

and the solution is given by

u1ð�Þ ¼ D1

k
� 5D1

8k3
þ

þ D1

4k

�
�2 þ D1

2k2
� D1

� �
� þ 3D1

4k3
� D1

k

�
e�k� � D1

8k3
e�2k�

(6.179)

Equation 6.20 for k ¼ 2 can be written as

u
000
2 þ ku

00
2 � ðu00

1 þ ku
00
1Þ ¼ D1 u

000
1 þ 1

2
u0u

00
1 þ u1u

00
0


 �� �
þ

þ D2�
2 þ D3� þ D4 þ D5e

�k�
� 


u
00
0 þ ku

00
0


 � (6.180)

Substituting Eqs. 6.162 and 6.179 into Eq. 6.180, it is obtained:

Fig. 6.13 Residual of

Eq. 6.173
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u
000
2 þ ku

00
2 ¼

1

8
k D2

1 þ 4D2

� 

�3 þ 1

2
kD3 � k2D2 � 1

2
D2 � 3

8
D2

1�
��

� 3

4
k2D2

1

�
�2 þ 1

2
kD1

�
þ 2kD2

1 þ k3D2
1 þ

3

8

D2
1

k
þ 1

2
kD4 � k2D3�

�1

2
D3

�
�� k2D1 � 1

2
D1 � 3

4
D2

1 � 2k2D2
1 �

7D2
1

16k2
� k2D4�

� 1

2
D4

�
e�k� þ 1

4

�
D2

1 þ 2D2

� 

�2 þ 1

2

�
kD5 þ 1

2
D3 � kD2

1 �
D2

1

4k

�
�þ

þ 1

2
D1 þD2

1 þ
3D2

1

4k2
þ 1

2
D4 � k2D5 � 1

2
D5

�
e�2k� þ 1

2
D5 � 5D2

1

16k2

� �
e�3k�

(6.181)

In the initial conditions

f2ð0Þ ¼ f
0
2ð0Þ ¼ f

0
2ð1Þ ¼ 0; (6.182)

Equation 6.181 has the solution

f2ð�Þ ¼ 8k2 � 5

8k3
D1 þ 96k2 � 147

16k5
D2 þ 16k2 � 17

8k4
D3 þ 8k2 � 5

8k3
D4þ

þ 9k2 � 2

36k3
D5 þ 360k2 � 359

288k5
D2

1 þ
D2

1 þ 4D2

32k
�4 þ 5� 2k2

6k2
D2þ

��

þ D3

6k
þ 1� 2k2

8k2

�
�3 þ D1

4k
þ 7� 4k2

2k3
D2 þ 3� 2k2

4k2
D3 þ D4

4k

�

þ 8k4 � 8k2 þ 9

16k3
D2

1

�
�2 þ 1� 2k2

2k2

�
D1 þ 9� 6k2

k4
D2 þ 2� 2k2

k3
D3þ

þ 1� 2k2

2k2
D4 þ 17� 20k2

16k4
D2

1

�
� þ 3� 4k2

4k3
D1 þ 79� 48k2

8k5
D2þ

þ 19� 16k2

8k4
D3 þ 3� 4k2

4k3
D4 þ 5� 12k2

24k3
D5 þ 157� 144k2

96k5
D2

1

�
e�k�þ

þ �D2
1 þ 2D2

16k3
�2 þ � D2

2k4
� D3

8k3
� D5

8k2
þ 4k2 � 3

16k4
D2

1

� ��
� � D1

8k3
�

� 11D2

16k5
� D3

4k4
� D4

8k3
þ 2k2 � 1

8k3
D5 þ 8k2 � 13

32k5
D2

1

�
e�2k�þ

þ 5D2
1 � 8k2D5

288k5
e�3k� (6.183)
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The second approximate solution Eq. 6.23 is

�uð�Þ ¼ u0ð�Þ þ u1ð�Þ þ u2ð�Þ (6.184)

Substituting Eqs. 6.162, 6.179 and 6.183 into Eq. 6.184 we have:

�uð�Þ ¼ � þ A0 þ A14�
4 þ A13�

3 þ A12�
2 þ A11� þ A10

� 

e�k�þ

þ A22�
2 þ A21� þ A20

� 

e�2k� þ A30e

�3k�
(6.185)

where

A0 ¼ � 1

k
þ 8k2 � 5

4k3
D1 þ 96k2 � 147

16k5
D2 þ 16k2 � 17

8k4
D3þ

þ 8k2 � 5

8k3
D4 þ 9k2 � 2

36k3
D5 þ 360k2 � 359

288k5
D2

1

A14 ¼ D2
1 þ 4D2

32k
; A13 ¼ 5� 2k2

6k2
D2 þ D3

6k
þ 1� 2k2

8k2
D2

1

A12 ¼ D1

2k
þ 7� 4k2

2k3
D2 þ 3� 2k2

4k2
D3 þ D4

4k
þ 8k4 � 8k2 þ 9

16k3
D2

1

A11 ¼ 1� 2k2

k2
D1 þ 9� 6k2

k4
D2 þ 2� 2k2

k3
D3 þ 1� 2k2

2k2
D4 þ 17� 20k2

16k4
D2

1

A10 ¼ 1

k
þ 3� 4k2

2k3
D1 þ 79� 48k2

8k5
D2 þ 19� 16k2

8k4
D3þ

þ 3� 4k2

4k3
D4 þ 5� 12k2

24k3
D5 þ 157� 144k2

96k5
D2

1

A22 ¼ �D2
1 þ 2D2

16k3

A21 ¼ � D2

2k4
� D3

8k3
� D5

8k2
þ 4k2 � 3

16k4
D2

1

A20 ¼ � D1

4k3
� 11D2

16k5
� D3

4k4
� D4

8k3
þ 2k2 � 1

8k3
D5 þ 8k2 � 13

32k5
D2

1

A30 ¼ 5D2
1 � 8k2D5

288k5
(6.186)
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In this case, the residual Eq. 6.24 is

Rð�;D1; ::::;D5; kÞ ¼ �u000ð�Þ þ 1

2
�uð�Þ�u00ð�Þ (6.187)

Equations 6.26 become:

@J

@Di
¼ @J

@k
¼ 0; i ¼ 1; 2; :::; 5 (6.188)

From Eq. 6.188 the constants Di and k are determined as:

D1 ¼ �2:036463964; D2 ¼ �0:874158223; D3 ¼ 4:585694066;

D4 ¼ �3:825618257; D5 ¼ 0:319068718; k ¼ 0:948929591
(6.189)

From Eq. 6.188 we obtain

�u00ð0Þ ¼ 0:330667 (6.190)

The second analytic approximate solution agrees very well with Howarth’s

numerical results [113], as shown in Table 6.2 and in Fig. 6.14. Clearly, the higher

the order of approximation is, the better the approximate results will be.

Fig. 6.14 Residual of

Eq. 6.185

Table 6.2 Comparison of the analytic approximate solutions �uð�Þin cases m ¼ 1 and m ¼ 2 with

Howarth’s numerical results [113]

Z �uð�Þgiven by Eq. 6.173 �uð�Þgiven by Eq. 6.185 Numerical results [113]

0.4 0.02562 0.02676 0.0266

2 0.62234 0.65177 0.6500

3.2 1.50473 1.57388 1.5690

4 2.21506 2.31028 2.3058

5 3.16978 3.28834 3.2833

6 4.15538 4.28703 4.2797

7 5.14907 5.28814 5.2793

8 6.14257 6.28756 6.2793

10 8.12469 8.28358 8.2793

142 6 The Optimal Homotopy Asymptotic Method



It is clear that OHAM provides us with a simple way to optimally control and

adjust the convergence of the solution and can give good approximations in few

terms.

6.7 Oscillations of a Uniform Cantilever Beam Carrying

an Intermediate Lumped Mass and Rotary Inertia

The problems related to large-amplitude oscillations of non-linear engineering

structures have received considerable attention in the past years [116, 117]. Engi-

neering structures undergoing large-amplitude oscillations often involve discretizing

the structure, when free vibration analysis is performed, and results in a temporal

problem having inertia and static non-linearities. Such problems are not amenable to

exact treatment because of their complexity and approximate techniques must be

resorted to [118].

The problem of large-amplitude vibration of a uniform cantilever beam

approached in this section is of practical interest because many engineering

structures can be modelled as a slender, flexible cantilever beam carrying a lumped

mass with rotary inertia at an intermediate point along its span hence they experi-

ence large-amplitude vibration.

Often linearization techniques are employed in order to approximate such non-

linear problems. One may question the accuracy of using such a linear mode

method, which are a frequently used method in the analysis of non-linear continu-

ous systems to approximate the large amplitude non-linear behaviour [118].

In this section we consider a clamped beam at the base, free at the tip, which

caries a lumped mass and rotary inertia at an arbitrary intermediate point along its

span. The beam is considered to be uniform of constant length and mass per unit

length and the thickness of this conservative beam is assumed to be small compared

to the length so that the effects of rotary inertia and shearing deformation will be

ignored. Moreover, the beam is assumed to be inextensible, which implies that the

length of beam’s neutral axis remains constant during the motion. These

assumptions are the same as those used in references [117, 118]. In these conditions

one can derive the discrete, single-mode, of order three nonlinearities, beam

temporal problem [118]:

d2u

dt2
þ uþ au2

d2u

dt2
þ au

du

dt

� �2

þ bu3 ¼ 0 (6.191)

subject to the initial conditions

uð0Þ ¼ A;
du

dt
ð0Þ ¼ 0 (6.192)
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This system, where a and b are modal constants which result from the

discretization procedure [118], describes the large-amplitude free vibrations of

the considered slender inextensible cantilever beam, which is assumed undergoing

planar flexural vibrations. The third and fourth-terms in Eq. 6.191 represent inertia-

type cubic non-linearity arising from the inextensibility assumption. The last term

is a static-type cubic non-linearity associated with the potential energy stored in

bending.

In order to analytically solve this problem, we introduce a new independent

variable

t ¼ Ot (6.193)

then Eqs. 6.191 and 6.192 become

u00 þ k2uþ au2u00 þ auu02 þ bk2u3 ¼ 0 (6.194)

and

uð0Þ ¼ A; u0ð0Þ ¼ 0 (6.195)

where the prime denotes differentiation with respect to t and k ¼ O-1. The new

independent variable t is chosen in such a way that the solution of Eq. 6.194, which
satisfies the assigned initial conditions in Eq. 6.195 is a periodic function of t, of
period 2p. The period of the corresponding non-linear oscillation is given by

T ¼ 2p/O. Here, both periodic solution u(t) and frequency O depend on A.
Under the transformation

uðtÞ ¼ AxðtÞ (6.196)

Equation 6.194 becomes

x00 þ k2xþ ax2x00 þ axx02 þ bk2x3 ¼ 0 (6.197)

where a ¼ aA2, b ¼ bA2 and the initial conditions become

xð0Þ ¼ 1; x0ð0Þ ¼ 0 (6.198)

From Eqs. 6.16, 6.19 and 6.20 (m ¼ 2), we obtain the following equations:

x0
00 þ x0 ¼ 0; x0ð0Þ ¼ 1; x00ð0Þ ¼ 0 (6.199)

x001 þ x1 ¼ h1ðt;CiÞ½x000 þ k20x0 þ ax20x
00
0 þ ax0x

0
02þ bk20x

3
0�

x1ð0Þ ¼ x01ð0Þ ¼ 0
(6.200)
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x002 þ x2 � ðx001 þ x1Þ ¼ h1ðt;CiÞ½x001 þ k20x1 þ 2k0k1x0þ
þ að2x0x1x000 þ x20x

00
1 þ 2x0x

0
0x

0
1 þ x020 x1Þþ

þ bð2k0k1x30 þ 3k20x
2
0x1Þ� þ h2ðt;CiÞ½x000 þ k20x0þ

þ aðx20x000 þ x0x
02
0 Þ þ bk20x

3
0�;x2ð0Þ ¼ x02ð0Þ ¼ 0

(6.201)

where

k ¼ k0 þ k1 þ k2 þ ::: (6.202)

Equation 6.199 has the solution

x0ðtÞ ¼ cos t (6.203)

If this result is substituted into Eq. 6.200 and assuming h1(t,Ci) ¼ C1, we obtain

the following equation

x001 þ x1 þ C1 k20 � 1þ 3bk20 � 2a

4

� �
cos tþ C1ð2aþ ab� bÞ

3bþ 4
cos 3t ¼ 0;

x1ð0Þ ¼ x01ð0Þ ¼ 0

(6.204)

where C1 is an unknown constant at this moment. Avoiding the presence of a

secular term needs:

k20 ¼
2aþ 4

3bþ 4
(6.205)

with this requirement, the solution of Eq. 6.204 is

x1ðtÞ ¼ C1ð2aþ ab� bÞ
8ð3bþ 4Þ ðcos 3t� cos tÞ (6.206)

If we substitute Eqs. 6.203, 6.205 and 6.206 into Eq. 6.201, we obtain the

equation in x2:
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x002 þ x2 ¼ C1ð2aþ ab� bÞ
3bþ 4

cos 3tþ C1

�C1ð2aþ ab� bÞð2aþ 3abþ 3bÞ
8ð3bþ 4Þ2 þ

"

þ k0k1
2

ð3bþ 4Þ
�
cos tþ C1

bk0k1
2

� C1ð2aþ ab� bÞð3aþ 8Þ
8ð3bþ 4Þ

� �
cos 3tþ

þ 3C2
1ð2aþ ab� bÞðb� 4ab� 6aÞ

8ð3bþ 4Þ2
" #

cos 5tþ

þ h2ðt;CiÞ b� 2a� ab

3bþ 4

� �
cos 3t; x2ð0Þ ¼ x02ð0Þ ¼ 0

(6.207)

No secular terms in x2(t) requires that

k1 ¼ C1ð2aþ ab� bÞð2aþ 3abþ 3bÞ
4k0ð3bþ 4Þ3 (6.208)

From Eqs. 6.201, 6.205 and 6.208 we obtain

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aþ 4

3bþ 4

r
þ C1ð2aþ ab� bÞð2aþ 3abþ 3bÞ

4ð3bþ 4Þ3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3bþ 4

2aþ 4

r
(6.209)

and therefore

O ¼ k�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aþ 4

3bþ 4

r
þ C1ð2aþ ab� bÞð2aþ 3abþ 3bÞ

4ð3bþ 4Þ3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3bþ 4

2aþ 4

r !�1

(6.210)

Substituting Eq. 6.208 into Eq. 6.207 and considering C2, C3 and C4 unknown

constants in h2ðtÞ ¼ C2 þ 2C3 cos 2tþ 2C4 cos 4t, we obtain C4 ¼ �C3 and

x2ðtÞ ¼ ðC1 þ C2Þðb� 2a� abÞ
8ð3bþ 4Þ

�
� C2

1ð2aþ ab� bÞð3aþ 8Þ
64ð3bþ 4Þ þ

þ bC2
1ð2aþ ab� bÞð2aþ 3abþ 3bÞ

64ð3bþ 4Þ3
#
ðcos t� cos 3tÞþ

þ C2
1ð2aþ ab� bÞðb� 4ab� 6aÞ

64ð3bþ 4Þ2 þ
"

C3ðb� 2a� abÞ
24ð3bþ 4Þ

�
ðcos t� cos 5tÞ�

� C3ðb� ab� 2aÞ
48ð3bþ 4Þ ðcos t� cos 7tÞ

(6.211)
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The second-order approximate solution is

�xðtÞ ¼ x0ðtÞ þ x1ðtÞ þ x2ðtÞ

where x0, x1 and x2 are given by Eqs. 6.203, 6.206 and 6.211 respectively.

Using the transformations Eqs. 6.193 and 6.196, the second order approximate

solution of Eq. 6.194 becomes:

�uðtÞ ¼ B cosOtþ C cos 3Otþ D cos 5Otþ E cos 7Ot (6.212)

where B, C, D, E and O are given respectively by:

B ¼ A� Fð12C1 þ 6C2 þ C3Þ
48ð3bA2 þ 4Þ �

� C2
1Fð18abA5 þ 33b2A4 þ 52abA4 þ 36aA2 þ 94bA2 þ 64Þ

32ð3bA2 þ 4Þ3

C ¼ ð2C1 þ C2ÞF
8ð3bA2 þ 4Þ þ

þ C2
1Fð24ab2A5 þ 70abA4 þ 69b2A4 þ 48aA2 þ 192bA2 þ 128Þ

64ð3bA2 þ 4Þ3

D ¼ C2
1Fð6aA2 þ 4abA4 � bA2Þ

64ð3bA2 þ 4Þ2 þ C3ð2aA2 þ abA4 � bA2Þ
24ð3bA2 þ 4Þ

E ¼ C3ðbA2 � 2aA2 � abA4Þ
48ð3bA2 þ 4Þ ; F ¼ 2aA3 þ abA5 � bA3 (6.213)

O ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aA2 þ 4

3bA2 þ 4

s
þ

 
C1Fð2aAþ 3abA3 þ 3bAÞ

4ð3bA2 þ 4Þ3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3bA2 þ 4

2aA2 þ 4

r !�1

(6.214)

The constants Ci, i ¼ 1,2,3,4 will be obtained using the least square method.

In this analysis, periodic solutions are analyzed for the cantilever beam under

study. Beside the role of the large amplitude A, a special role is played by the modal

constants a and b, which depends on the inertia parameters of the attached inertia

element with mass M and rotary inertia J. We do not approach the simplest cases

when the modal constants a, b are small (0.1 or 0.2), because in these cases it is easy

to achieve accurate periodic solutions even for large amplitudes using known

procedures. Difficulties appear when these modal constants become larger [119]

and the oscillator experiences large amplitudes. Here, the meaning of “large”

implies the fact that the peak amplitude reach a value where the non-linear terms
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are of an order comparable to that of the linear ones. More specific, the amplitude

may be of the order of beam length.

We illustrate the accuracy of our procedure for large modal constants and large

amplitudes comparing the obtained approximate analytical solutions with the

numerical integration results obtained using a fourth-order Runge–Kutta method.

We will also compare these results with published results [119].

We further consider larger values for the modal constants a and b (1 or 2) and we

also consider large values of the initial amplitude A (5 or 10). In order to prove the

accuracy of the obtained results, two examples are analysed.

Example (a) For the modal constants a ¼ 1, b ¼ 1, and the initial amplitude

A ¼ 5, following the procedure described above it is obtained the convergence-

control constants:

C1 ¼�0:102968962; C2 ¼�0:00561304; C3 ¼ 0:03843892; C4 ¼�0:03843892

and consequently the approximate periodic solution becomes:

�uðtÞ ¼ 5:317402609 cosOt� 0:576807191 cos 3Otþ
þ0:292349339 cos 5Ot� 0:032944754 cos 7Ot

(6.215)

where O ¼ 1:342143172, while for the same modal constants a and b, when the

initial amplitude A raises to A ¼ 10, we obtain the constants:

C1 ¼ �0:029698817; C2 ¼ �0:002408906;

C3 ¼ 0:001571857; C4 ¼ �0:001571857

and the approximate periodic solution in this case will be:

�uðtÞ ¼ 10:686783311 cosOt� 1:307660795 cos 3Otþ
þ0:631757266 cos 5Ot� 0:010879766 cos 7Ot

(6.216)

where O ¼ 1:382367422.
Example (b) For the modal constants a ¼ 2, b ¼ 2, and the initial amplitude

A ¼ 5, following the same procedure we obtain the convergence-control constants:

C1 ¼ �0:056226544; C2 ¼ �0:003304042;

C3 ¼ �0:073429731; C4 ¼ 0:073429731

and consequently the approximate periodic solution is in this case:

�uðtÞ ¼ 5:47307199 cosOt� 0:618622196 cos 3Otþ
þ 0:018895842 cos 5Otþ 0:126654363 cos 7Ot

(6.217)
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where O ¼ 1:374317516, while for the same modal constants a and b, but for a
larger initial amplitude A ¼ 10, we obtain the constants:

C1 ¼ �0:015351906; C2 ¼ �0:001411507;

C3 ¼ �0:000041392; C4 ¼ 0:000041392

and the approximate periodic solution in this case:

�uðtÞ ¼ 10:69151238 cosOt� 1:344253519 cos 3Otþ
þ0:652167205 cos 5Otþ 0:000014221 cos 7Ot

(6.218)

where O ¼ 1:400493712.
Figures 6.15 and 6.16 present a comparison of the obtained analytical solutions

Eqs. 6.215 and 6.216 with numerical ones and also with known results [119] for the

modal constants a ¼ b ¼ 1 and initial amplitudes A ¼ 5 and A ¼ 10, respectively,

10

u(t)

–10
0

t
Fig. 6.16 Comparison of the

results for a ¼ b ¼ 1 and

initial amplitudes A ¼ 10 for

Eq. 6.194: ______ numerical

solution; _ _ _ _ OHAM

Eq. 6.216; -o-o-o-o results

from [119]

5

u(t)

–5
0

t
Fig. 6.15 Comparison of the

results for a ¼ b ¼ 1 and

initial amplitudes A ¼ 5 for

Eq. 6.194: ______ numerical

solution; _ _ _ _ OHAM

Eq. 6.215; -o-o-o-o results

from [119]

6.7 Oscillations of a Uniform Cantilever Beam Carrying an Intermediate Lumped Mass 149



for a period of the motion. Similar comparisons are presented in Figures 6.6.17 and

6.6.18 for the modal constants a=b=2.
It can be seen from the above Figures that the solutions obtained by the proposed

procedure is nearly identical with the numerical solutions obtained using a fourth-

order Runge–Kutta method. Moreover, the analytical solutions obtained by our

procedure proved to be more accurate than other known results obtained by

combining the linearization of the governing equation with the method of harmonic

balance [51], especially for large values of the modal constants a and b. In the case
of large modal constants a ¼ b ¼ 2 and very large amplitude A ¼ 10, Fig. 6.18

indicates an evident discrepancy of numerical solutions and solutions from [51],

while the analytic solution obtained in this paper is still valid.

5

u(t)

–5
0

t

Fig. 6.17 Comparison of the

results for a ¼ b ¼ 2 and

initial amplitudes A ¼ 5 for

Eq. 6.194: ______ numerical

solution; _ _ _ _ OHAM

Eq. 6.217; -o-o-o-o results

from [119]

10

u(t)

–10
0

t

Fig. 6.18 Comparison of the

results for a ¼ b ¼ 2 and

initial amplitudes A ¼ 10 for

Eq. 6.194: ______ numerical

solution; _ _ _ _ OHAM

Eq. 6.218; -o-o-o-o results

from [119]
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6.8 Oscillations of an Electrical Machine

Electrical machines are widely used in engineering applications and industry due to

their reliability. They are dynamical systems encountering dynamical phenomena

which can be detrimental to the system. From engineering point of view it is very

important to predict the nonlinear dynamic behaviour of complex dynamical

systems, such as the electrical machines. This is a significant stage in the design

process, before the machine is exploited in real conditions, avoiding in this way

undesired dynamical phenomena which could damage the system. Basically, the

electric machines share the same dynamical problems with classical rotor systems,

having specific sources of excitation, which lead to nonlinear vibration occurrence.

The main sources of dynamic problems are the unbalanced forces of the rotor

[120], bad bearings or nonlinear bearings [121], mechanical looseness,

misalignments, other electrical and mechanical faults which generate nonlinear

vibration in the system. These problems are usually solved by numerical

simulations, experimental investigations or by analytical developments [85, 122].

In what follows, the investigated electrical machine is considered to be

supported by nonlinear bearings and the assumption made in development of the

mathematical model is that these bearings are characterised by nonlinear stiffness

of Duffing type. In the same time, the entire dynamical system is subjected to a

parametric excitation caused by an axial thrust and a forcing excitation caused by an

unbalanced force of the rotor, which is obviously harmonically shaped. In these

conditions, the dynamical behaviour of the investigated electrical machine will be

governed by the following second-order strongly nonlinear differential equation:

m€uþ k1ð1� q sino2tÞuþ k2u
3 ¼ f sino1t (6.219)

with the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (6.220)

which can be written in the more convenient form:

€uþ o2u� au sino2tþ bu3 � g sino1t ¼ 0 (6.221)

where o2 ¼ k1
m , a ¼ k1q

m , b ¼ k2
m , g ¼ f

m , the dot denotes derivative with respect to

time and A is the amplitude of the oscillations. Note that it is unnecessary to assume

the existence of any small or large parameter in Eq. 6.221.

The Eq. 6.221 describes a system oscillating with an unknown period T. We

switch to a scalar timet ¼ 2pt=T ¼ Ot. Under the transformations

t ¼ Ot

uðtÞ ¼ AxðtÞ (6.222)

6.8 Oscillations of an Electrical Machine 151



the original Eq. 6.221 becomes

O2x00 þ o2x� ax sin
o2

O
tþ bA2x3 � g

A
sin

o1

O
t ¼ 0 (6.223)

with the initial conditions

xð0Þ ¼ 1; x0ð0Þ ¼ 0 (6.224)

where the prime denotes the derivative with respect to t.
By the homotopy technique, we construct a family of Eqs. 6.33 with linear

operator L given by Eq. 6.34 and nonlinear operator N in the form

N½fðt; pÞ;Oðl; pÞ� ¼ O2ðpÞ @
2fðt; pÞ
@t2

þ ðo2 þ lÞfðt; pÞ � afðt; pÞ sino2

O
t

þ bA2f3ðt; pÞ � g
A
sin

o1

O
t� plfðt; pÞ

(6.225)

Form Eq. 6.44 it is obtained the following solution:

x0ðtÞ ¼ cos t (6.226)

From Eq. 6.225 we obtain:

N0ðx0;O0; lÞ ¼ O2
0x

00
0 þ ðo2 þ lÞx0 � ax0 sin

o2

O
tþ bA2x30 �

g
A
sin

o1

O
t

(6.227)

Substituting Eq. 6.226 into Eq. 6.227 it is obtained:

N0ðx0;O0; lÞ ¼ �O2
0 þ o2 þ lþ 3

4
bA2

� �
cos tþ bA2

4
cos 3t�

� 1

2
a sin

o2

O
þ 1


 �
tþ sin

o2

O
� 1


 �
t

h i
� g

A
sin

o1

O
t

(6.228)

If we choose

h1ðt;CiÞ ¼ C1 þ 2C2 cos 2tþ 2C3 cos 4t (6.229)

then Eq. 6.45 for i ¼ 1 becomes:
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O2
0ðx001 þ x1Þ ¼ ðC1 þ C2Þð�O2

0 þ o2 þ l
3

4
bA2Þ cos tþ

þ 1

4
C1bA2 cos 3tþ ½1

4
C2bA2 � C2ð�O2 þ o2 þ lþ 3

4
bA2Þ� cos 5t�

� 1

4
C2bA2 cos 7t� 1

2
ðC1 þ C2Þa½sin o2

O
þ 1


 �
tþ sin

o2

O
� 1


 �
t�þ

þ 1

2
C2a½sin o2

O
þ 5


 �
tþ sin

o2

O
� 5


 �
t� � C1

g
A
sin

o1

O
t�

� C2

g
A
½sin o1

O
þ 2


 �
tþ sin

o1

O
� 2


 �
t� sin

o1

O
þ 4


 �
t� sin

o1

O
� 4


 �
t�

(6.230)

Avoiding the presence of a secular term into Eq. 6.230 needs:

O2
0 ¼ o2 þ lþ 3

4
bA2 (6.231)

With this requirement, the solution of Eq. 6.230 is

x1ðtÞ ¼ M cos tþ N cos 3tþ P cos 5tþ Q cos 7tþ R sin t (6.232)

where

M ¼ C1bA2

32O2
0

þ C2bA2

192O2
0

; N ¼ �C1bA2

32O2
0

; P ¼ �C2bA2

96O2
0

; Q ¼ C2bA2

192O2
0

;

R ¼ ðC1 þ C2ÞaOð2O2 � o2
2Þ

O2
0ðo2

2 � 4O2Þo2

þ C2aOo2ðo2
2 � 26O2Þ

O2
0ð576O4 � 52O2o2

2 þ o4
2Þ
þ

þ C1gOo1

O2
0ðO2 � o2

1ÞA
þ 2C2gOo1ð5O2 � o2

1Þ
AO2

0ð9O4 � 10O2o2
1 þ o4

1Þ
þ

þ 2C2gOo1ðo2
1 � 17O2Þ

O2
0ð225O4 � 34O2o2

1 þ o4
1ÞA

(6.233)

Substituting Eqs. 6.226 and 6.232 into Eq. 6.45 for i ¼ 2, we obtain the

following equation:

O2
0ðx002þ x2Þ ¼ cost½3

4
ðC1þC2ÞbA2ð2MþNÞ�

�AðC1þC2Þð2O0O1þ lÞ� ðC1þC2Þ2a2O2A

2O2
0ðo2

2� 4O2Þ � 25C2PO
2
0�

�C2ðo2þ lÞP� 3

4
C2bA2ðNþQþ 2PÞ�þ 3

4
bA2C2R sintþH:O:T:

(6.234)
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No secular term in x2(t) requires that

O1 ¼ ð3C1 þ C2Þb2A4

256O3
0

� l
2O0

þ ðC1 þ C2Þa2O2

4O3
0ð4O2 � o2

2Þ
�

� 25C2
2bA

2

192O0ðC1 þ C2Þ þ
ðo2 þ lÞC2

2bA
2

192O3
0ðC1 þ C2Þ

þ 3ð2C1 þ C2Þb2A4C2

512O3
0ðC1 þ C2Þ

(6.235)

R ¼ 0 (6.236)

From Eqs. 6.231 and 6.235 we obtain the frequency in the form:

O ¼ O0 þ O1 (6.237)

The parameter l can be determined applying the “principle of minimal sensitiv-

ity”. From Eq. 6.48, we obtain the following condition:

lO2
0ðC1 þ C2Þ � 3b2A4ð6C2

1 þ 14C1C2 þ 5C2
2Þ

256
�

� 3ðC1 þ C2Þ2a2O2

2ð4O2 � o2
2Þ

þ C2
2bA

2ð29O2
0 � 3o2 � 3lÞ
96

¼ 0

(6.238)

By means of Eqs. 6.235 and 6.238, Eq. 6.237 becomes:

O ¼ O0 � l
3O0

� 23C2
2bA

2

288O0ðC1 þ C2Þ (6.239)

The Eq. 6.236 can be written as:

ðC1 þ C2ÞaAð2O2 � o2
2Þ

o2ðo2
2 � 4O2Þ þ C2aAo2ðo2

2 � 26O2Þ
576O4 � 52O2o2

2 þ o4
2

þ C1go1

O2 � o2
1

þ

þ 2C2go1ð5O2 � o2
1Þ

9O4 � 10O2o2
1 þ o4

1

þ 2C2go1ðo2
1 � 17O2Þ

225O4 � 34O2o2
1 þ o4

1

¼ 0

(6.240)

The first-order approximate solution is

�xðtÞ ¼ x0ðtÞ þ x1ðtÞ

or by means of Eqs. 6.226, 6.232 and 6.222:
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�uðtÞ ¼ Aþ C1bA3

32O2
0

þ C2bA3

192O2
0

 !
cosOt� C1bA3

32O2
0

cos 3Ot�

� C2bA3

96O2
0

cos 5Otþ C2bA3

192O2
0

cos 7Otþ ðC1 þ C2ÞaAO2

2O2
0o2ðo2 þ 2OÞ sinðo2 þ OÞtþ

ðC1 þ C2ÞaAO2

2O2
0o2ðo2 � 2OÞ sinðo2 � OÞt� C2aAO2

2O2
0ð24O2 þ 10Oo2 þ o2

2Þ
sinðo2þ

þ 5OÞt� C2aAO2

2O2
0ð24O2 � 10Oo2 þ o2

2Þ
sinðo2 � 5OÞt�

� C1gO2

O2
0ðO2 � o2

1Þ
sino1tþ C2gO2

O2
0ð3O2 þ 4Oo1 þ o2

1Þ
sinðo1 þ 2OÞtþ

þ C2gO2

O2
0ð3O2 � 4Oo1 þ o2

1Þ
sinðo1 � 2OÞt�

C2gO2

O2
0ð15O2 þ 8Oo1 þ o2

1Þ
sinðo1 þ 4OÞt�

� C2gO2

O2
0ð15O2 � 8Oo1 þ o2

1Þ
sinðo1 � 4OÞt

(6.241)

The constants l, O0, O, C1 and C2 can be determined from Eqs. 6.231, 6.238,

6.239, 6.240 and by means of the residual, which reads:

Rðt; l;O0;O;C1;C2Þ ¼ €�uþ o2�u� a�u sino2tþ b�u3 � g sino1t

The last condition can be written with collocation method:

Rðp
6
; l;O0;O;C1;C2Þ ¼ 0 (6.242)

Finally, five equations with five unknowns are obtained. In the case when

o1 ¼ 1.1, o2 ¼ 1.5, o ¼ 1.58, a ¼ 2.75, b ¼ 12.5, g ¼ 0.2, we obtain:

l ¼ �1:112020191; O0 ¼ 3:282055275; O ¼ 3:394160431;

C1 ¼ �0.000729317, C2 ¼ 0:000714849

Figure 6.19 shows the comparison between the approximate solution and the

numerical solution obtained by a fourth-order Runge–Kutta method.

It can be seen that the solution obtained by our procedure is nearly identical with

that given by the numerical method.
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6.9 Oscillations of a Mass Attached to a Stretched Elastic Wire

A mass attached to the centre of a stretched elastic wire, in dimensionless form, has

the equation of motion [123, 124]:

€uþ u� auffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p ¼ 0; 0< a � 1 (6.243)

with the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (6.244)

Equation 6.243 is an example of a conservative nonlinear oscillatory system

having an irrational elastic item.

Under the transformations

t ¼ Ot

uðtÞ ¼ AxðtÞ (6.245)

Equations 6.243 and 6.2444 become

O2x00 þ x� axffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ax2

p ¼ 0 (6.246)

respectively

xð0Þ ¼ 1; x0ð0Þ ¼ 0 (6.247)

where dot denotes differentiation with respect to t and prime denotes differentiation

with respect to t.
In this case, the operators Eqs. 6.34 and 6.35 are respectively:

Fig. 6.19 Comparison

between analytical and

numerical solutions of

Eq. 6.219: _______

numerical results; _ _ _ _ _

approximate results Eq. 6.241
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Lðfðu; pÞÞ ¼ O2
0 f

00ðt; pÞ þ fðt; pÞ½ � (6.248)

N fðt; pÞÞ½ � ¼ O2ðpÞf00ðt; pÞ þ ð1þ lÞfðt; pÞ � afðt; pÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2f2ðt; pÞ

q �

� plfðt; pÞ
(6.249)

where f and O are given by Eqs. 6.38, 6.39 respectively and l is an unknown

parameter. We obtain the following three equations from Eqs. 6.44, 6.45, 6.46 and

6.47, (m ¼ 2):

O2
0ðx000 þ x0Þ ¼ 0; x0ð0Þ ¼ 1; x0ð0Þ ¼ 0 (6.250)

O2
0ðx001 þ x1Þ � O2

0ðx000 þ x0Þ � h1ðt;CiÞ½O2
0x

00
0 þ ð1þ lÞx0�

� ax0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2x20

p � ¼ 0; x1ð0Þ ¼ 0; x01ð0Þ ¼ 0
(6.251)

O2
0ðx002 þ x2Þ � O2

0ðx001 þ x1Þ � h1ðt;CiÞ½2O0O1x
00
0 þ O2

0x
00
1 þ ð1þ lÞx1�

� ax1

ð1þ A2x20Þ3=2
� lx0� � h2ðt;CiÞ½O2

0x
00
0 þ ð1þ lÞx0�

� ax0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2x20

p � ¼ 0; x2ð0Þ ¼ 0; x02ð0Þ ¼ 0

(6.252)

Equation 6.250 has the following solution:

x0ðtÞ ¼ cos t (6.253)

If this result is substituted into Eq. 6.251, and if we choose h1ðt;CiÞ ¼ C1 we

obtain the following equation:

O2
0ðx001 þ x1Þ � C1½ð1� O2

0 þ l� a1aÞ cos t� la3 cos 3t�
� la5 cos 5t� la7 cos 7t� la9 cos 9t:::� ¼ 0

(6.254)

where the term cos tð1þ A2cos2tÞ�1=2
was expanded into a Fourier series:

cos tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2cos2t

p ¼
X1
k¼0

a2kþ1 cosð2k þ 1Þt (6.255)
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and

a2kþ1 ¼ 4

p

ðp
2

0

cos x cosð2k þ 1Þxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2cos2x

p dx (6.256)

and C1 is an unknown constant in this moment. Avoiding the presence of a secular

term needs:

O2
0 ¼ 1þ l� a1a (6.257)

With this requirement, the solution of Eq. 6.254 is

x1ðtÞ ¼ C1la3
8o2

0

ðcos 3t� cos tÞ þ C1la5
24o2

0

ðcos 5t� cos tÞþ

þC1la7
48o2

0

ðcos 7t� cos tÞ þ C1la9
80o2

0

ðcos 9t� cos tÞ
(6.258)

If we substitute Eqs. 6.253, 6.257 and 6.258 into Eq. 6.252 and if we expand the

term x1

ð1þA2x2
0
Þ3=2 into a Fourier series:

x1ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2x20

p 3
¼ C1l

8O2
0

X1
k¼0

b2kþ1 cosð2k þ 1Þt
" #

(6.259)

where

b2kþ1 ¼ 2

p

ðp2
0

f ðxÞ cosð2k þ 1Þ
ð1þ A2cos2xÞ3=2

dx;

f ðxÞ ¼ a3ðcos 3x� cos xÞ þ a5
3
ðcos 5x� cos xÞþ

þ a7
6
ðcos 7x� cos xÞ þ a9

10
ðcos 9x� cos xÞ (6.260)

it is obtained the following equation in x2:

O2
0ðx002 þ x2Þ ¼ � ½2O0O1 þ C1a1a2

8O2
0

ða3 þ a5
3
þ a7

6
þ a9
10

Þþ

þ lþ b1�C1a2

8O2
0

cos tþ H:O::T:

(6.261)

No secular term in x2(t) requires that

O1 ¼ � l
2o0

� C1a2K
16o2

0

(6.262)
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where

K ¼ b1 þ a1ða3 þ a5
3
þ a7

6
þ a9
10

Þ (6.263)

From Eqs. 6.41 and 6.262, we obtain the frequency in the form:

O ¼ O0 � l
2O0

� C1a2K

16O2
0

(6.264)

where O0 is given by Eq. 6.257.

The parameter l can be determined applying the “principle of minimal sensitiv-

ity”. From Eq. 6.48 we obtain:

l ¼ � 3C1a2K
8o2

0

(6.265)

This result is substituted into Eqs. 6.264 and 6.257 and we have:

O ¼ O0 þ C1a2K

8O3
0

; O2
0 ¼

1� a1a
2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a1a

2

� �2

� 3

8
C1a2K

s
(6.266)

Substituting Eqs. 6.253, 6.258 and 6.266 into Eq. 6.252, we obtain:

O2
0ðx002 þ x2Þ ¼

X4
k¼1

½�ðC1 þ h2ðt;CiÞÞaa2kþ1þ

þ C2
1aa2kþ1

8O2
0

1� ð2k þ 1Þ2O2
0 �

3C1a2K

8O2
0

 !
� C2

1a
2b2kþ1

8O2
0

#
cosð2k þ 1Þt (6.267)

where h2(t,Ci) ¼ C2 and C2 is an unknown constant.

The solution x2(t) is obtained from Eq. 6.267 and becomes:

x2ðtÞ ¼
X4
k¼1

1

4kðk þ 1ÞO2
0

½ðC1 þ C2Þaa2kþ1 þ C2
1aa2kþ1

4kðk þ 1ÞO4
0

�

� ð1� ð2k þ 1Þ2O2
0 � 3

C1a2K

8O2
0

Þ � C2
1a

2b2kþ1

4kðk þ 1ÞO4
0

�½cosð2k þ 1Þt� cos t�
(6.268)

The second order approximate solution is

�xðtÞ ¼ x0ðtÞ þ x1ðtÞ þ x2ðtÞ (6.269)
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where x0(t), x1(t), x2(t), are given by Eqs. 6.253, 6.258, 6.268 respectively. Using

the transformations Eq. 6.245 the second order approximate solution of Eq. 6.243

becomes:

�uðtÞ ¼ A cosOtþ
X4
k¼1

D2kþ1 cosð2k þ 1Þot� cosot½ � (6.270)

where o is given by Eq. 6.266 and

D2kþ1 ¼ ð2C1 þ C2ÞAaa2kþ1

4kðk þ 1ÞO2
0

þ ð2k þ 1Þ2O2
0

h
þ

þ3C1a2K

8O2
0

� 1

#
C2
1Aaa2kþ1

16k2ðk þ 1Þ2O4
0

þ C2
1Aa

2b2kþ1

32kðk þ 1ÞO4
0

; k ¼ 1; 2; 3; 4 (6.271)

The substitution of Eq. 6.270 into Eq. 6.243 results in a residual, which reads:

Rðt;C1;C2Þ ¼ €�uþ �u� a�uffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �u2

p (6.272)

As numerical examples we consider the following four cases

Case (a) In the case when A ¼ 1, a ¼ 1
2
, we obtain

C1 ¼ �0:585950249;C2 ¼ �4:748101012; O ¼ 0:786318306

and the second-order approximate solution is

�uðtÞ ¼ 0:984079503 cosOtþ 0:017504901 cos 3Ot�
� 0:001584404 cos 5Ot

(6.273)

Figures 6.20–6.23 show the comparison between the present solution and the

numerical integration results obtained by a fourth-order Runge–Kutta method:

Case (b) If we consider A ¼ 1, a ¼ 3/4, it is obtained:

C1 ¼ �0:260422222;C2 ¼ �5:877201998;O ¼ 0:653805614

�uðtÞ ¼ 0:968131548 cosOtþ 0:035536685 cos 3Ot�
� 0:003668233 cos 5Ot

(6.274)

Case (c) For A ¼ 10, a ¼ 1/2, we obtain

C1 ¼ �1:436783545;C2 ¼ �2:611409879;O ¼ 0:96805811
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Fig. 6.21 Comparison

between analytical and

numerical solutions of

Eq. 6.243: _______

numerical results; _ _ _ _ _

approximate results Eq. 6.274

for A ¼ 1, a ¼ 3/4

Fig. 6.20 Comparison

between analytical and

numerical solutions of

Eq. 6.243: _______

numerical results; _ _ _ _ _

approximate results Eq. 6.273

for A ¼ 1, a ¼ 1/2

Fig. 6.23 Comparison

between analytical and

numerical solutions of

Eq. 6.243: _______

numerical results; _ _ _ _ _

approximate results Eq. 6.276

for A ¼ 10, a ¼ 3/4

Fig. 6.22 Comparison

between analytical and

numerical solutions of

Eq. 6.243: _______

numerical results; _ _ _ _ _

approximate results Eq. 6.275

for A ¼ 10, a ¼ 1/2
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�uðtÞ ¼ 9:973914015 cosOtþ 0:041993608 cos 3Ot�
� 0:015907625 cos 5Ot

(6.275)

Case (d) In the last case, we consider A ¼ 10, a ¼ 3/4 and therefore:

C1 ¼ �0:638635455;C2 ¼ �1:123039001;O ¼ 0:951737427

�uðtÞ ¼ 9:934493076 cosOtþ 0:079937932 cos 3Ot�
� 0:014430988 cos 5Ot

(6.276)

From Figures 6.20–6.23 it can be seen that the solution obtained by our proce-

dure is nearly identical with that given by the numerical method.

6.10 Nonlinear Oscillator with Discontinuities

Consider the following antisymetric constant force oscillator with discontinuities

€uþ signðuÞ ¼ 0 (6.277)

with the initial conditions:

uð0Þ ¼ A; _uð0Þ ¼ 0 (6.278)

The function signðuÞis defined as

signðuÞ ¼ 1 if u > 0

� 1 if u � 0

(
(6.279)

There exists no small parameter in the Eq. 6.277 and therefore the traditional

perturbation methods cannot be applied directly.

Under the transformations

t ¼ ot;

uðtÞ ¼ AxðtÞ (6.280)

the original Eq. 6.277 becomes

O2u00ðtÞ þ signu ¼ 0 (6.281)

where the prime denotes the derivative with respect to t.
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For Eq. 6.281, the nonlinear operator Eq. 6.35 is given by the equation

Nðfðt; pÞ;Oðl; pÞÞ ¼ O2ðl; pÞf00ðt; pÞþ
þ signfðt; pÞ þ lfðt; pÞ � plfðt; pÞ (6.282)

Equation 6.44 can be written as:

O2
0ðx000 þ x0Þ ¼ 0; x0ð0Þ ¼ 1; x’0ð0Þ ¼ 0 (6.283)

and has the solution

x0ðtÞ ¼ cos t (6.284)

If we note f ðxÞ ¼ signðxÞ, where x is given by Eq. 6.42, then

f ðxÞ ¼ f ðx0Þ þ f 0ðx0Þðx1 þ x2 þ ::::Þ þ 1

2
f 00ðx0Þðx1 þ x2 þ :::Þ2 þ ::: (6.285)

but f 0ðx0Þ ¼ f 00ðx0Þ ¼ ::: ¼ 0 and therefore we obtain:

signðxÞ ¼ signðx0Þ ¼ signðcos tÞ (6.286)

The first term in Eq. 6.47 is given by

N0ðx0;O0; lÞ ¼ O2
0x

00
0 þ signðx0Þ þ lx0 (6.287)

For i ¼ 1 into Eq. 6.45 we obtain the equation in x1:

O2
0ðx001 þ x1Þ � O2

0ðx000 þ x0Þ � h1ðt;CiÞ O2
0x

00
0 þ signðx0Þ þ lx0

� � ¼ 0;

x1ð0Þ ¼ x01ð0Þ ¼ 0
(6.288)

Substituting Eq. 6.284 into Eq. 6.288, using h1 ¼ C1 (constant) and the identity

signðcos tÞ ¼ 4

p
cos t� 1

3
cos 3tþ 1

5
cos 5t� 1

7
cos 7tþ ::::

� �
(6.289)

we obtain the following equation:

O2
0ðx001 þ x1Þ ¼ C1

4

p
þ l�O2

0

� �
cos tþ

�

þ 4

p
�1

3
cos3tþ 1

5
cos5t� 1

7
cos7tþ 1

9
cos9t� 1

11
cos11tþ :::

� ��
(6.290)
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Avoiding the presence of a secular term needs:

O2
0 ¼

4

p
þ l (6.291)

With this requirement, the solution of Eq. 6.290 becomes:

x1ðtÞ ¼ C1

6pO2
0

cos 3t� cos tð Þ � 1

5
cos 5t� cos tð Þ

�
þ

þ 1

14
cos 7t� cos tð Þ � 1

30
cos 9t� cos tð Þ þ 1

55
cos 11t� cos tð Þ þ :::

�
(6.292)

For m ¼ 2 into Eq. 6.46 and choosing

h2ðt;CiÞ ¼ C2 þ C3cos2tþ C4cos4t (6.293)

where C2, C3, C4 are constants, the equation in x2 has the form:

O2
0ðx002 þ x2Þ � O2

0ðx001 þ x1Þ � C1ð2O0O1x
00
0 þ O2

0x
00
1 þ lx1 � lx0Þ�

�ðC2 þ C3 cos 2tþ C4 cos 4tÞðO2
0x

00
0 þ signðx0Þ þ lx0Þ ¼ 0

(6.294)

Substituting Eqs. 6.284, 6.290 and 6.292 into Eq. 6.294, the equation in x2
becomes:

O2
0ðx002 þ x2Þ ¼ �2O0O1 � lþC1

6p
1� l

O2
0

 !
1� 1

5
þ 1

14
� 1

30
þ 1

55

� �"
þ

þ 4

p
C3

6
þC4

15

� ��
cos t� l

O2
0

� 9

 !
C2
1

6p

"
� 4

p
C1 þC2

3
�C3

10
þC4

14

�� �
�

� cos3t� 25� l

O2
0

 !
C2
1

30p

"
þ 4

p
C1 þC2

5
�

�
5C3

21
þC4

18

��
cos5t�

� l

O2
0

� 49

 !
C2
1

84p
� 4

p
C1 þC2

7
� 7C3

45
þ 7C4

33

� ��"
cos7t�

� 81� l

O2
0

 !"
C2
1

180p
þ 4

p
C1 þC2

9
� 9C3

77
þC4

10

� ��
cos9t�

� l

O2
0

� 121

 !
C2
1

330p
� 4

p
C1 þC2

11
�C3

18
þC4

14

� ��"
cos11t

(6.295)
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No secular term in x2(t) requires that:

O1 ¼ � l
2O0

þ 989C1

13860pO0

1� l

O2
0

 !
; C4 ¼ � 5

2
C3 (6.296)

From Eqs. 6.41 and 6.296 we obtain the frequency in the form:

O ¼ O0 � l
2O0

þ 989C1

13860pO0

1� l

O2
0

 !
(6.297)

where O0 is given by Eq. 6.291.

The parameter l can be determined applying the “principle ofminimal sensitivity”.

From Eq. 6.48 we obtain:

l ¼ 1

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 1978C1

1155

r
� 2

 !
(6.298)

This result is substituted into Eqs. 6.297 and 6.291 and we have:

O ¼
8þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 1978C1

1155

q
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p 2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 1978C1

1155

q
 �r ; O2
0 ¼

1

p
2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 1978C1

1155

r !
(6.299)

Substituting Eqs. 6.284, 6.290, 6.292 and 6.296 into Eq. 6.295 and solving this

equation we obtain:

x2ðtÞ ¼ C2
1

48pO2
0

"
9� l

o2
0

� �
þ 1

2pO2
0

C1 þ C2

3
� 39C3

140

� ��
ðcos 3t� cos tÞþ

þ C2
1

720pO2
0

"
l
o2

0

� 25

� �
� 1

6pO2
0

C1 þ C2

5
� 95C3

252

� ��
ðcos 5t� cos tÞþ

þ C2
1

4032pO2
0

49� l

O2
0

 !
þ 1

12pO2
0

C1 þ C2

7

�"
� 679C3

990

��
ðcos 7t� cos tÞþ

þ C2
1

14400pO2
0

l

O2
0

� 81

 !"
� 1

20pO2
0

C1 þ C2

9

�
� 113C3

308

��
ðcos 9t� cos tÞþ

þ C2
1

39600pO2
0

121� l

O2
0

 !
þ 1

30pO2
0

C1 þ C2

11
� 59C3

252

� ��"
ðcos 11t� cos tÞ

(6.300)
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The second-order approximate solution is:

�xðtÞ ¼ x0ðtÞ þ x1ðtÞ þ x2ðtÞ (6.301)

Using Eqs. 6.280, 6.284, 6.292 and 6.300, the second-order approximate solu-

tion of Eq. 6.277 becomes:

�uðtÞ ¼ AcosOtþA
C2
1

48pO2
0

"
9� l

O2
0

 !
þ 1

2pO2
0

2C1þC2

3
�

�

�39C3

140

��
ðcos3Ot� cosOtÞþA

C2
1

720pO2
0

"
l

O2
0

�25

 !
�

� 1

6pO2
0

2C1þC2

5
�

�
95C3

252

��
ðcos5Ot� cosOtÞ

þA
C2
1

4032pO2
0

"
� 49�ð l

O2
0

!
þ 1

12pO2
0

2C1þC2

7
�

�
679C3

990

��
ðcos7Ot� cosOtÞþ

þA
C2
1

14400pO2
0

l

O2
0

�81

 !"
� 1

20pO2
0

2C1þC2

9

�
�

�113C3

308

��
ðcos9Ot� cosOtÞþA

C2
1

39600pO2
0

"
121� l

O2
0

 !
þ

þ 1

30pO2
0

2C1þC2

11

�
�59C3

252

��
ðcos11Ot� cosOtÞ

(6.302)

where l, O and O0 are given by Eqs. 6.298 and 6.299 respectively.

The substitution of Eq. 6.302 into Eq. 6.277 results in a residual, which reads:

Rðt;C1;C2C3Þ ¼ €�uþ signð�uÞ (6.303)

As numerical examples we consider two cases

Case (a) In the case A ¼ 1, from Eqs. 6.26 we obtain:

C1 ¼ �0:815614211; C2 ¼ �0:351951443; C3 ¼ �0:598628474;

C4 ¼ 1:496571185

From Eqs. 6.298 and 6.299 we obtain

l ¼ �0:123043117;O0 ¼ 1:07247211;O ¼ 1:110714944
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The second-order approximate solution Eq. 6.302 becomes:

�uðtÞ ¼ 1:030088562 cosOt� 0:033468588 cos 3Otþ 0:00146585 cos 5Otþ
þ0:009978953 cos 7Ot� 0:008820567 cos 9Otþ 0:001398542 cos 11Ot

(6.304)

(a) In the last case A ¼ 10, we obtain:

C1 ¼�0:815614211;C2¼ 5:287986428;C3 ¼ 3:774015449;C4¼�9:4350386225;

l¼�0:0123043117;O0¼ 0:339145459;O¼ 0:351238905

In this case, the second-order approximate solution becomes:

�uðtÞ ¼ 10:30035768 cosOt� 0:401767921 cos 3Otþ 0:1745208 cos 5Ot�
�0:103175516 cos 7Otþ 0:026982622 cos 9Ot� 0:00930889 cos 11Ot

(6.305)

Fig. 6.25 Comparison

between the approximate

solution Eq. 6.305 and

numerical solution of

Eq. 6.277 in case A ¼ 10:

_____numerical solution;

_ _ _ _ _ approximate solution

Fig. 6.24 Comparison

between the approximate

solution Eq. 6.304 and

numerical solution of

Eq. 6.277 in case A ¼ 1:

_____numerical solution; _ _

_ _ _ approximate solution
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Figures 6.24 and 6.25 show the comparison between the present solutions and

the numerical integration results obtained by a fourth-order Runge–Kutta method.

It is clear that the solutions obtained by OHAM are nearly identical with the

solutions given by the numerical method. Additionally, we remark that the exact

values of the frequencies are Oex ¼ 1.110720735 for the case (a) (A ¼ 1) and

Oex ¼ 0.351240736 in case (b) (A ¼ 10), which means that very good

approximations are found also for the frequencies.

6.11 Nonlinear Jerk Equations

The nonlinear jerk equations involving the third temporal derivative of displace-

ment have been widely studied [125–127]. As well as originally being of some

interest in mechanics, non-linear jerk equations are finding increasing importance

also in the study of chaos.

Jerk appears in some structures exhibiting rotating and translating motions, such

as robots and machine-tools structures. From a practical perspective, excessive jerk

arising at some machine-tools leads to excitation of vibrations in components in the

machine assembly, accelerated wear in the transmission and bearing elements,

noisy operations and large contouring errors at discontinuities (such as corners) in

the machining path. Also in the case of robots, limiting jerk (defined as the time

derivative of the acceleration of the manipulator joints) is very important because

high jerk values can wear out of the robot structure, and heavily excite its resonance

frequencies. Vibrations induced by non-smooth trajectories can damage the robot

actuators, and introduce large errors while the robot is performing tasks such as

trajectory tracking. Moreover, low-jerk trajectories can be executed more rapidly

and accurately.

Jerk equations, though not nearly as common as acceleration (or force) equation

€u ¼ f ðu; _uÞare therefore of direct physical interest. Moreover, simple forms of the

jerk function

:
€uþ f ðu; _u; €uÞ ¼ 0 (6.306)

which lead to perhaps the simplest manifestation of chaos have found in [128].

Gottlieb [125] has explored the flexibility of applying the method of harmonic

balance to achieve analytical approximations of periodic solutions to nonlinear jerk

equations. Consequent restrictions on the jerk equations amenable to harmonic

balance solution are that only problems which have zero initial acceleration and

parity and time-reversal invariant (all terms have the same space-parity of reflective

behaviour under the transformation u ! �u and time-parity of reflective behaviour

under the transformation t ! �t) can be considered. This situation of taking off

with a constant velocity initially is a feasible condition and it depends on the actual

physical meaning of the dependent variable u and the interpretation of the

governing equation [128]. Wu et al. [126] proposed an improved harmonic balance
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method for determining the periodic solutions of nonlinear jerk equations. Ma et al.

[127] applied homotopy perturbation method to the jerk equations.

Following Gottlieb [125], the most general jerk function with invariance of the

time-reversal and space-reversal and which has only cubic non-linearities may be

written as

€uþ a _u3 þ bu2 _uþ gu _u€uþ d _u€u2 þ l _u ¼ 0 (6.307)

where the parameters a, b, g, d and l are constants and the dot denotes derivative

with respect to time. The corresponding initial conditions are

uð0Þ ¼ 0; _uð0Þ ¼ A; €uð0Þ ¼ 0 (6.308)

Here, at least one of a, b, g and d should be non-zero. In addition, if d ¼ 0, we

require g 6¼ -2a such that the jerk equation is simply not the time-derivative of an

acceleration equation.

A new independent variable t ¼ ot and a new dependent variable u ¼ a
o x are

introduced. Thus, Eqs. 6.307 and 6.308 can be written as

O2ðx000 þ dA2x0x00Þ þ OðaAx03 þ gA2xx0x00 þ lx0Þ þ bA2x2x0 ¼ 0 (6.309)

xð0Þ ¼ 0; x0ð0Þ ¼ 1; x00ð0Þ ¼ 0 (6.310)

where dot denotes differentiation with respect to t and O ¼ o2. The new indepen-

dent variable is chosen such that the solution of Eqs. 6.309 and 6.310 is a periodic

function of t of period 2p. The corresponding period of the non-linear jerk equation
is given by T ¼ 2pffiffiffi

O
p .

The linear operator is defined by

L½fðt; pÞ� ¼ O2
0

@3fðt; pÞ
@t3

þ fðt; pÞ
� �

(6.311)

and g(t) ¼ 0, while the non-linear operator is defined by

N½fðt; pÞ;OðpÞ� ¼ O2ðpÞ @3fðt; pÞ
@t3

þ dA2 @fðt; pÞ
@t

@2fðt; pÞ
@t2

� �
þ

þ OðpÞ aA
@fðt; pÞ

@t

� �3
"

þ gA2fðt; pÞ @fðt; pÞ
@t

@2fðt; pÞ
@t2

þ l
@fðt; pÞ

@t

�
þ

þ bA2f2ðt; pÞ @fðt; pÞ
@t

(6.312)

From Eqs. 6.310 we obtain the initial conditions:
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fð0; pÞ ¼ 0;
@fð0; pÞ

@t
¼ 1;

@2ð0; pÞ
@t2

¼ 0; (6.313)

From Eqs. 6.44, 6.45 and 6.46, we obtain the following three equations (m ¼ 2):

L½ðx0ðtÞ� ¼ 0; x0ð0Þ ¼ 0; x0ð0Þ ¼ 1; x00ð0Þ ¼ 0 (6.314)

L½x1ðtÞ� ¼ h1ðt;CiÞ½O2
0ðx0000 þ dA2x00x

00
02Þ þ O0ðaA2x003þ

þ gA2x0x
0
0x

00
0 þ lx00Þ þ bA2x20x

0
0�; x1ð0Þ ¼ x01ð0Þ ¼ x001ð0Þ ¼ 0 (6.315)

L½x2ðtÞ� x1ðtÞ� ¼ h1ðt;CiÞfO2
0½x0001þdA2ðx0000 2x01þ2x00x000x001Þ�þ

þ2O0O1ðx0000þdA2x00x
002
0 ÞþO0½3aA2x002x

0
1þ gA2ðx0x00x001þ

þ x0x
00
0x

0
1þ x00x000x1Þþlx01�þO1ðaA2x030 þ gA2x0x

0
0x

00
0þlx00Þþ

þbA2ðx20x01þ2x0x
0
0x1Þgþh2ðt;CjÞ½O2

0ðx0000þ
þdA2x00x0020 ÞþO0ðaA2x030 þ gA2x0x

0
0x

00
0þlx00ÞþbA2x20x

0
0�;

x2ð0Þ¼ x02ð0Þ¼ x002ð0Þ¼ 0

(6.316)

Equation 6.314 has the following solution

x0ðtÞ ¼ sin t (6.317)

If this result is substituted into Eq. 6.315, we obtain the following equation

O2
0ðx0001 þ x01Þ ¼ h1ðt;CiÞ 1

4

�
½O2

0ðdA2 � 4Þ þ O0ð3aA2 � gA2 þ 4lÞþ

þbA2� cos tþ A2

4
½�dO2

0 þ O0ðaþ gÞ � b� cos 3t
� (6.318)

Avoiding the presence of a secular term needs

O2
0ðdA2 � 4Þ þ O0ð3aA2 � gA2 þ 4lÞ þ bA2 ¼ 0 (6.319)

With this requirement, Eq. 6.318 becomes

x0001 þ x01 ¼
A2

4O2
0

h1ðt;CiÞ½�dO2
0 þ O0ðaþ gÞ � b� cos 3t;

x1ð0Þ ¼ x01ð0Þ ¼ x001ð0Þ ¼ 0

(6.320)

We choose for the auxiliary function h1 the simplest form h1ðt;CiÞ ¼ C1.

The solution of Eq. 6.320 is
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x1ðtÞ ¼ Sð3 sin t� sin 3tÞ (6.321)

where

S ¼ a2C1

96O2
0

½dO2
0 � ðaþ gÞO0 þ b� (6.322)

If we substitute Eqs. 6.317 and 6.321 into Eq. 6.316, we obtain the equation in

the variable x2:

Lðx2Þ � Lðx1Þ ¼ � 3SO2
0

2
ðdA2 þ 2Þ � 2O0O1 1� 1

4
dA2

� �
þ

�
SO0

2
ð9aA2�

�gA2 þ 6lÞ þ O1

4
ð3aA2 � gA2 þ 4lÞ þ 4bA2S

�
cos tþ H:O::T:

(6.323)

No secular terms in x2(t) requires that

O1 ¼ 2S½3O2
0ðdA2 þ 2Þ � O0ð9aA2 � gA2 þ 6lÞ � 8bA2�
3aA2 � gA2 þ 4l� 2O0ð4� dA2Þ (6.324)

From Eq. 6.43 for m ¼ 2, we obtain the frequency in the form

O ¼ O0 þ O1 (6.325)

where O0 is given by Eq. 6.319 and O1is given by Eq. 6.324. Now, Eq. 6.323 (with

h2ðt;CiÞ ¼ C2 ¼ constant) becomes

x0002 þ x02 ¼ C1 S 27� 15

4
dA2

� �
�

��
dA2O1

2O0

þ S

4O0

ð15gA2 � 9aA2�

� 12lÞ þ ð3aþ gÞA2O1

4O2
0

� 27A2bS

4O2
0

#
� 24Sð1þ C2Þ

)
cos 3tþ

þ a2S

4
21d� 9aþ 13g

O0

þ 11b

O2
0

 !
cos 5t x2ð0Þ ¼ x02ð0Þ ¼ x002ð0Þ

(6.326)

The solution of Eq. 6.326 becomes

x2ðtÞ ¼ M

24
ð3 sin t� sin 3tÞ þ N

120
ð5 sin t� sin 5tÞ (6.327)
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where

M ¼ C1 S 27� 15

4
dA2

� �
�

�
dA2O1

2O0

þ S

4O0

ð15gA2 � 9aA2 � 12lÞþ

þ ð3aþ gÞA2O1

4O2
0

� 27A2bS

4O2
0

#
� 24Sð1þ C2Þ

N ¼ A2S

4
21d� 9aþ 13g

O0

þ 11b

O2
0

 !
(6.328)

The second-order approximate solution will be

�xðtÞ ¼ x0ðtÞ þ x1ðtÞ þ x2ðtÞ (6.329)

where x0, x1 and x2 are given by Eqs. 6.317, 6.321 and 6.327, respectively, such that

�uðtÞ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O0 þ O1

p 1þ 3SþM

8
þ N

24

� �
sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O0 þ O1

p
t

�
�

�
�
Sþ M

24

�
sin 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O0 þ O1

p
t� N

120
sin 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O0 þ O1

p
t

� (6.330)

The constants C1 and C2 are determined from Eqs. 6.26, where J is given by

J ¼
ðT
0

:
€�uþ a _�u3 þ b�u2 _�uþ g�u _�u€�uþ d�u€�u2 þ l�u
� �2

dt (6.331)

As a numerical example, by setting a ¼ b ¼ 1, d ¼ g ¼ l ¼ 0 (jerk function

containing velocity-cubed and velocity times displacements-squared) in Eq. 6.307,

the governing equation will be

:
€uþ _uð _u2 þ u2Þ ¼ 0 (6.332)

subject to the initial conditions

uð0Þ ¼ 0; _uð0Þ ¼ A; €uð0Þ ¼ 0 (6.333)

In what follows we analyze three distinct cases.

(a) The case A ¼ 2

From Eqs. 6.319, 6.324 and 6.26 we obtain

O0 ¼ 3:3022775638; O1 ¼ �0:104229926C1

and from Eqs. 6.322 and 6.328 we obtain
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S ¼ �0:008795939C1; M ¼ C1ð0:071616608C1 þ 0:211102527C2Þ;
N ¼ 0:015098903C1

From Eqs. 6.26 we obtain

C1 ¼ 0:922185833; C2 ¼ �0:10910221

and therefore, from Eq. 6.325 it is obtained

o ¼
ffiffiffiffi
O

p
¼ 1:790713901

The second-order approximate solution Eq. 6.330 becomes

�uðtÞ ¼ 1:095880068 sinotþ 0:007213632 sin 3ot� 0:000129594� sin 5ot

(6.334)

(b) The case A ¼ 5

In the same manner as in the above case, we obtain

O0 ¼ 19:07760919;C1 ¼ �0:101794266;C2 ¼ 10:84917301;o ¼ 4:278311302

�uðtÞ ¼ 1:125588397 sinotþ 0:014303567 sin 3otþ 0:000030279
� sin 5ot (6.335)

(c) The case A ¼ 20

In this last case, it is obtained

O0 ¼ 300:3329638;C1 ¼ 1:028399265;C2 ¼ 0:49151121;o ¼ 16:95546134

�uðtÞ ¼ 1:148209795 sinotþ 0:011145664 sin 3ot� 0:000417163
� sin 5ot (6.336)

It is easy to verify the accuracy of the obtained solution if we graphically compare

the analytical results with the numerical simulation results. Figures 6.26–6.28 show

the comparison between the present solutions and the numerical integration results

obtained by a fourth-order Runge–Kutta method.

6.12 The Motion of a Particle on a Rotating Parabola

The motion of a particle on a rotating parabola is mentioned by Nayfeh andMook in

[22] and [88]:
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1þ 4q2u2
� 
 d2u

dt2
þ Luþ 4q2

du

dt

� �2

u ¼ 0 (6.337)

with the boundary conditions:

uð0Þ ¼ A;
du

dt
ð0Þ ¼ 0 (6.338)

Fig. 6.26 Comparison

between the approximate and

numerical results of Eq. 6.307

in case (a), A ¼ 2

_________numerical

solution; _ _ _ _ _ analytical

solution, Eq. 6.334

Fig. 6.27 Comparison

between the approximate and

numerical results of Eq. 6.307

in case (b), A ¼ 5

_________numerical

solution, _ _ _ _ _ analytical

solution, Eq. 6.335

Fig. 6.28 Comparison

between the approximate and

numerical results of Eq. 6.307

in case (c), A ¼ 20

_________numerical

solution, _ _ _ _ _ analytical

solution, Eq. 6.336
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where q and L are known constants and need not to be small.

Under the transformations Eqs. 6.30, 6.337 and 6.338 become:

O2x00 þ o2
0xþ 4q2A2O2ðx2x00 þ xx0

2Þ ¼ 0 (6.339)

respectively

xð0Þ ¼ 1; x0ð0Þ ¼ 0 (6.340)

where L ¼ o2
0 and

0 ¼ d

dt
.

The operators Eqs. 6.34 and 6.35 are respectively:

Lðfðt; pÞÞ ¼ O2
0 f

00ðt; pÞ þ fðt; pÞ½ � (6.341)

N fðt; pÞ;Oðt; pÞ½ � ¼ O2ðpÞf00ðt; pÞ þ ðo2
0 þ lÞfðt; pÞþ

þ 4q2A2O2 f2ðt; pÞf00ðt; pÞ þ fðt; pÞf02ðt; pÞ
h i

� plfðt; pÞ (6.342)

where f and O are given by Eqs. 6.38 and 6.39 respectively, and l is an unknown

parameter. From Eqs.6.44, 6.45 and 6.46, (m ¼ 2), we obtain the following three

equations:

O2
0ðx000 þ x0Þ ¼ 0; x0ð0Þ ¼ 1, x’(0) ¼ 0 (6.343)

O2
0ðx001 þ x1Þ � O2

0ðx000 þ x0Þ � h1ðt;CiÞ O2
0x

00
0 þ ðo2

0 þ lÞx0þ
�

þ 4q2A2O2
0ðx0x000 þ x002x0Þ� ¼ 0; x1ð0Þ ¼ x01ð0Þ ¼ 0

(6.344)

O2
0ðx002 þ x2Þ � O2

0ðx001 þ x1Þ � h1ðt;CiÞf2O0O1x
00
0 þ O2

0x
00
1 þ ðo2

0 þ lÞx1þ
þ 4q2A2½O2

0ð2x0x000x1 þ x20x
00
1 þ 2x0x

0
0x

0
1 þ 2x0x

0
0x

0
1 þ x00

2
x1Þþ

þ 2O0O1ðx20x000 þ x00
2
x0Þ� � lx0g � h2ðt;CjÞ½O2

0x
00
0 þ ðo2

0 þ lÞx0þ
þ 4q2A2O2

0ðx20x000 þ x00
2
x0Þ� ¼ 0; x2ð0Þ ¼ x02ð0Þ ¼ 0

(6.345)

Equation 6.343 has the following solution:

x0ðtÞ ¼ cost (6.346)

If this result is substituted into Eq. 6.344 and assuming that h1 ¼ C1 ¼ constant,

we obtain the following equation:
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O2
0ðx001 þ x1Þ � C1½ðo2

0 þ l� O2
0 � 2q2A2O2

0Þcost�
�2q2A2O2

0cos3t� ¼ 0; x1ð0Þ ¼ x01ð0Þ ¼ 0
(6.347)

where C1 is an unknown constant at this moment. Avoiding the presence of a

secular term needs:

O2
0 ¼

o2
0 þ l

1þ 2q2A2
(6.348)

With this requirement, the solution of Eq. 6.347 is:

x1ðtÞ ¼ 1

4
C1q

2A2ðcos3t� costÞ (6.349)

If we substitute Eqs. 6.346, 6.348 and 6.349 into Eq. 6.345, we obtain the

equation in x2:

O2
0ðx002 þ x2Þ þ 2C1q

2A2ðo2
0 þ lÞ

1þ 2q2A2
cos3tþ

þ C1

C1q
4A4ðo2

0 þ lÞ
2ð1þ 2q2A2Þ þ 2O0O1ð1þ 2q2A2Þ þ l

� ��
costþ

þ ðo2
0 þ lÞC1q

2A2ð3q2a2 þ 16Þ
2ð1þ 2q2A2Þ þ 2O0O1q

2A2

� �
cos3tþ

þ 9C1q
4A4ðo2

0 þ lÞ
2ð1þ 2q2A2Þ cos5t

�
þ h2ðtÞ 2q2A2ðo2

0 þ lÞ
1þ 2q2A2

cos3t
� �

¼ 0;

x2ð0Þ ¼ x02ð0Þ ¼ 0

(6.350)

No secular term in x2(t) requires that

2O0O1 ¼ � l
1þ 2q2a2

� C1q
4A4ðo2

0 þ lÞ
2ð1þ 2q2A2Þ2 (6.351)

From Eqs. 6.351 and 6.43, we obtain the frequency in the form:

O ¼ O0 � l
O0ð1þ 2q2A2Þ �

C1q
4A4O0

4ð1þ 2q2A2Þ (6.352)

where O0 is given by Eq. 6.348.

The parameter l can be determined applying the “principle of minimal sensitivity”

and thus we obtain
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l ¼ C1o0q
4A4

2þ 4q2A2 � C1q4A4
(6.353)

This result is substituted into Eq. 6.352 and we have:

O ¼ o0

1þ 2q2A2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2q2A2 � 1

2
C1q4A4

r
(6.354)

Substituting Eqs. 6.352, 6.353 and 6.354 into Eq. 6.350, we obtain:

x002 þ x2 þ 2C1q
2A2 cos3tþC2

1q
2A2ð5q4A4 þ 7q2A2 þ 2Þ

1þ 2q2A2
cos 3tþ

þ 9

2
C2
1q

4A4 cos5tþ 2h2ðt;CjÞq2A2 cos3t¼ 0; x2ð0Þ ¼ x02ð0Þ ¼ 0 (6.355)

As we shown, there are many possibilities to choose the function h2(t,Cj). The

convergence of the solution x2ðtÞ and consequently the convergence of the approx-
imate solution �xðtÞ depend on the auxiliary function h2(t,Cj). Basically, the shape
of h2(t,Cj) must follow the terms appearing in Eq. 6.350, which are cos t, cos 3t,
cos 5t (odd-order harmonics). Therefore we try to choose h2(t,Cj) so that in

Eq. 6.350 the product

h2
2q2A2ðo2

0 þ lÞ
1þ 2q2A2

cos 3t
� �

be of the same shape with the other terms (a combination of functions cos t, cos 3t,
cos 5t . . .).

All three cases presented in this section demonstrate the importance of the

function h2(t,Cj) on the accuracy of the solution. In the same time, a larger number

of constants in h2(t,Cj) lead to a better accuracy of the results. If the error obtained

using a certain h2(t,Cj) is unsatisfactory, one can choose other shapes for this

function.

We will consider three cases:

Case (A): We consider the function h2 of the form:

h2ðt;CjÞ ¼ C0
2 (6.356)

where C0
2is a constant.

Substituting Eq. 6.356 into Eq. 6.355, we obtain the equation in x2:
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x002 þ x2 þ 2ðC1 þ C0
2Þq2A2 þ C2

1q
2A2ð5q4A4 þ 7q2A2 þ 2Þ

1þ 2q2A2

� �
cos3tþ

þ 9

2
C2
1q

4A4cos5t ¼ 0; x2ð0Þ ¼ x02ð0Þ ¼ 0 (6.357)

The solution of Eq. 6.357 becomes:

x2ðtÞ ¼ C1 þ C0
2

4
þ C2

1q
2a2ð5q4A4 þ 7q2A2 þ 2Þ

8ð1þ 2q2A2Þ
� �

ðcos3t� costÞþ

þ 3

16
C2
1q

4A4ðcos5t� costÞ (6.358)

The second-order approximate solution is

�xðtÞ ¼ x0ðtÞ þ x1ðtÞ þ x2ðtÞ

where x0, x1 and x2 are given by Eqs. 6.346, 6.349 and 6.358. Using the

transformations Eq. 6.30, the second-order approximate solution of Eq. 6.337

becomes

�uðtÞ ¼ McosOtþ Ncos3Otþ Pcos5Ot (6.359)

where O is given by Eq. 6.354 and

M ¼ A� 2C1 þ C0
2

4
q2A3 � C2

1q
2A3ð16q4A4 þ 17q2A2 þ 4Þ

16ð1þ 2q2A2Þ
N ¼ 2C1 þ C0

2

4
q2A3 þ C2

1q
2A3ð5q4A4 þ 7q2A2 þ 2Þ

8ð1þ 2q2A2Þ
P ¼ 3

16
C2
1q

4A5 (6.360)

Case (B): We consider the function h2(t,Cj) if the form

h2ðt;CjÞ ¼ C2 þ C3cos2tþ C4cos4t (6.361)

where C2, C3 and C4 are constants.

Substituting Eq. 6.361 into Eq. 6.355 and avoiding the presence of a secular

term, we obtain:

C4 ¼ �C3 (6.362)
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respectively:

x002 þ x2 þ 2ðC1 þ C2Þq2A2 þ C2
1q

2A2ð5q4A4 þ 7q2A2 þ 2Þ
1þ 2q2A2

� �
cos 3tþ

þ 9

2
C2
1q

4A4 þ C3q
2A2

� �
cos 5t� C3q

2A2 cos 7t ¼ 0

x2ð0Þ ¼ x02ð0Þ ¼ 0 (6.363)

With these requirements, the solution of Eq. 6.363 becomes:

x2ðtÞ ¼ C1 þ C2

4
q2A2 þ C2

1q
2A2ð5q4A4 þ 7q2A2 þ 2Þ

8ð1þ 2q2A2Þ
� �

ðcos3t�

� costÞ þ 3

16
C2
1q

4A4 þ 1

24
C3q

2A2

� �
ðcos5t� costÞ�

� 1

48
C3q

2A2ðcos7t� costÞ (6.364)

The second-order approximate solution in this case is:

�u ¼ �McosOtþ �Ncos3Otþ �Pcos5Otþ �Qcos7Ot (6.365)

where O is given by Eq. 6.354 and the coefficients are:

�M ¼ A� 2C1 þ C2

4
q2A3�

� C2
1q

2A3ð16q4A4 þ 17q2A2 þ 4Þ
16ð1þ 2q2A2Þ � 1

48
C3q

2A3

�N ¼ 2C1 þ C2

4
q2A3 þ C2

1q
2A3ð5q4A4 þ 7q2A2 þ 2Þ

8ð1þ 2q2A2Þ
�P ¼ 3

16
C2
1q

4A5 þ 1

24
C3q

2A3

�Q ¼ � 1

48
C3q

2A3 (6.366)

Case (C): We consider the function h2(t,Cj) of the form:

h2ðt;CjÞ ¼ C	
2 þ C	

3cos2tþ C	
4cos4tþ C	

5cos6tþ C	
6cos8t (6.367)

where C	
2, C

	
3, C

	
4, C

	
5 and C	

6are constants.

Substituting Eq. 6.367 into Eq. 6.355, we obtain:

C	
4 ¼ �C	

3 (6.368)

6.12 The Motion of a Particle on a Rotating Parabola 179



and then:

x2ðtÞ ¼ 2C1 þ 2C	
2 þ C	

5

8
q2A2þ

�

þ C2
1q

2A2ð5q4A4 þ 7q2A2 þ 2Þ
8ð1þ 2q2A2Þ

�
ðcos3t� costÞþ

þ 1

24
ðC	

3 þ C	
6Þq2A2

�
(cos5t� cos tÞ þ 1

48
C	
3q

2A2ðcos t�

� cos7tÞ þ 1

80
C	
5q

2A2ðcos9t� costÞ þ C	
6

120
q2A2ðcos11t� costÞ (6.369)

The second-order approximate solution of Eq. 6.337 becomes:

�uðtÞ ¼ M	cosOtþ N	cos3Otþ P	cos5Otþ
þQ	cos7Otþ R	cos9Otþ S	cos11Ot

(6.370)

where

M	 ¼ A� q2A3

240
ð120C1 þ 60C	

2 þ 5C	
3 þ 33C	

4 þ 12C	
5Þ�

� C2
1q

2A3ð16q4A4 þ 17q2A2 þ 4Þ
16ð1þ 2q2A2Þ

N	 ¼ 4C1 þ 2C	
2 þ C	

4

8
q2A3 þ C2

1q
2A3ð5q4A4 þ 7q2A2 þ 2Þ

8ð1þ 2q2A2Þ
P	 ¼ C	

3 þ C	
5

24
q2A3 þ 3

16
C2
1q

4A5

Q	 ¼ � 1

48
C2
3A

3

R	 ¼ 1

80
C	
4q

2A3

S	 ¼ 1

120
C	
5q

2A3 (6.371)

We will show through six numerical examples that the error of the solutions

decreases when the number of terms in the auxiliary function H(t,p) increases. In
Eqs. 6.337 and 6.338, we consider L ¼ o0 ¼ 1, A ¼ 1and two cases for q in every

of the cases A, B and C. The constants Ci are obtained using the least square method.

(a) For q ¼ 1 in the case A, it is obtained:

C1 ¼ �0:401483291; C’2 ¼ �0:065781508

The second-order approximate solution Eq. 6.359 becomes in this case:

�uðtÞ ¼ 1:092937297cosOt� 0:123160203cos3Otþ 0:030222906cos5Ot (6.372)
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where O is obtained from Eq. 6.354: O ¼ 0.596353888.

(b) For q ¼ 1 in the case B, it is obtained

C1 ¼ �0:398431527; C2 ¼ �0:052485317; C3 ¼ 0:0341786762

�uðtÞ ¼ 1:089257032cosOt� 0:119734278cos3Otþ
þ0:031189301cos5Ot� 0:00712055cos7Ot (6.373)

where O ¼ 0.596211722.

(c) For q ¼ 1 in the case C, we obtain the following results

C1 ¼ �0:395753003; C	
2 ¼ �0:24453992; C	

3 ¼ 0:396618201;

C	
4 ¼ �0:396618201; C	

5 ¼ 0:534493194; C	
6 ¼ �0:497490133

�uðtÞ ¼ 1:08140204cosOt� 0:100837908cos3Otþ 0:025163334cos5Ot�
� 0:008262879cos7Otþ 0:006681164cos9Ot� 0:004145751cos11Ot

(6.374)

where O ¼ 0.596087918.

(d) For q ¼ 2 in the case A we obtain

C1 ¼ �0:167434521; C0
2 ¼ �0:02382096

�uðtÞ ¼ 1:081827345cosOt� 0:165930301cos3Otþ 0:084102956cos5Ot (6.375)

where O ¼ 0.357278398.

(e) For q ¼ 2 in the case B it is obtained

C1 ¼ �0:164357411;C2 ¼ 0:017447955;C3 ¼ �0:073610524

�uðtÞ ¼ 1:071279364cosOt� 0:146185231cos3Otþ
þ 0:068771659cos5Otþ 0:00613421cos7Ot (6.376)

where O ¼ 0.356852829.

(f) For q ¼ 2 in the case C it is obtained

C1 ¼ �0:16124603; C	
2 ¼ �0:103086948; C	

3 ¼ 0:254864679;

C	
4 ¼ �0:254864679; C	

5 ¼ 0:236002415; C	
6 ¼ �0:345719606
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�uðtÞ ¼ 1:1067914118cosOt� 0:148687186cos3Otþ 0:062858358cos5Ot�
�0:021238723cos7Otþ 0:01180012cos9Ot� 0:011523986cos11Ot

(6.377)

where O ¼ 0.356422004.

It is easy to verify the accuracy of the obtained solutions if we graphically

compare these analytical solutions with the numerical ones. Figures 6.29–6.34

show the comparison between the present solutions and the numerical integration

results obtained by a fourth-order Runge–Kutta method.

It can be seen from Figures 6.29–6.34 that the solutions obtained by OHAM are

very accurate being nearly identical with the solutions obtained by a fourth-order

Runge–Kutta method. Moreover, the analytical solutions obtained by our procedure

prove to be more accurate along with an increased number of terms in the auxiliary

function H(t,p).

Fig. 6.29 Comparison

between the approximate and

numerical results of Eq. 6.337

in case (a), for

A ¼ o0 ¼ a ¼ q ¼ 1:

_________numerical

solution; _ _ _ _ _

approximate solution

Eq. 6.372

Fig. 6.30 Comparison

between the approximate and

numerical results of Eq. 6.337

in case (b), for

A ¼ o0 ¼ a ¼ q ¼ 1:

______numerical solution,

_ _ _ _ approximate solution

Eq. 6.373
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Fig. 6.31 Comparison

between the approximate and

numerical results of Eq. 6.337

in case (c), for

A ¼ o0 ¼ a ¼ q ¼ 1:

______ numerical solution;

_ _ _ _ approximate solution

Eq. 6.374

Fig. 6.34 Comparison

between the approximate and

numerical results of Eq. 6.377

in case (f), for

A ¼ o0 ¼ a ¼ 1, q ¼ 2:

_________numerical

solution, _ _ _ _ _

approximate solution

Eq. 6.377

Fig. 6.32 Comparison

between the approximate and

numerical results of Eq. 6.337

in case (d), for

A ¼ o0 ¼ a ¼ 1, q ¼ 2:

_________numerical

solution; _ _ _ _ _

approximate solution

Eq. 6.375

Fig. 6.33 Comparison

between the approximate and

numerical results of Eq. 6.337

in case (e), for

A ¼ o0 ¼ a ¼ 1, q ¼ 2:

_________numerical

solution, _ _ _ _ _

approximate solution

Eq. 6.376
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6.13 Nonlinear Oscillator with Discontinuities

and Fractional-Power Restoring Force

This kind of nonlinear oscillator was studied up to now using different

methodologies [87, 129–133]. We consider an ordinary differential equation a

with single-term positive-power nonlinear oscillator with fractional-power restoring

force:

€uþ signðuÞ uj ja ¼ 0; a> 0 (6.378)

with initial conditions

uð0Þ ¼ A, _uð0Þ ¼ 0 (6.379)

With a new independent variable t ¼ Ot, Eq. 6.378 can be written as

O2u00 þ signðuÞ uj ja ¼ 0 (6.380)

with initial conditions

uð0Þ ¼ A, u’(0) ¼ 0 (6.381)

For Eq. 6.380, the linear operator Eq. 6.34 is defined by

Lðfðt; pÞÞ ¼ O2
0

@2fðt; pÞ
@t2

þ fðt; pÞ
� �

(6.382)

and the nonlinear operator Eq. 6.35 is given by the equation:

N fðt; pÞ;Oðl; pÞ½ � ¼
¼ O2ðl; pÞf00ðt; pÞ þ lfðt; pÞ þ signðfðt; pÞÞ fðt; pÞj ja � plfðt; pÞ (6.383)

Equation 6.44 can be written as

O2
0ðu000 þ u0Þ ¼ 0; u0ð0Þ ¼ A, u’(0) ¼ 0 (6.384)

and has the solution

u0ðtÞ ¼ A cos t (6.385)

If f ðuðtÞÞ ¼ signðuðtÞÞ uðtÞj ja, where u ¼ u0 þ pu1 þ p2u2 þ :::, then in the

following we have taken into account the identity:
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f ðuÞ ¼ f ðu0 þ pu1 þ p2u2 þ ::::Þ ¼
¼ f ðu0Þ þ pu1f

0ðu0Þ þ p2½u2f 0ðu0Þ þ 1

2
u21f

00ðu0Þ� þ 0ðp3Þ (6.386)

where for example

f 0ðu0Þ ¼ a u0j ja�1
(6.387)

Taking into account Eq. 6.386, the first term in Eq. 6.383 is given by:

N0ðu0;O0; lÞ ¼ O2
0u

00
0 þ lu0 þ signðu0Þ u0j ja (6.388)

For i ¼ 1 into Eq. 6.45, we obtain the equation in u1:

O2
0ðu001 þ u1Þ � O2

0ðu000 þ u0Þ � h1ðt;CiÞ½O2
0u

00
0 þ lu0 þ signðu0Þ u0j ja� ¼ 0;

u1ð0Þ ¼ u01ð0Þ ¼ 0

(6.389)

Using Eq. 6.385, we obtain the following Fourier series expansions:

signðu0Þ u0j ja ¼ Aaða1a cos tþ a3a cos 3tþ ::::Þ (6.390)

where

a2kþ1a ¼ 4

p

ðp2
0

ðcos tÞa cosð2k þ 1Þtdt, k ¼ 0; 1; 2;:::: (6.391)

Considering h1ðt;CiÞ ¼ C1 (constant) and substituting Eqs. 6.385 and 6.390 into

Eq. 6.389, we have:

O2
0ðu001 þ u1Þ � C1ð�AO2

0 þ lAþ a1aA
aÞ cos t� C1A

aa3a cos 3t�
� C1A

aa5a cos 5t� C1A
aa7a cos 7t� :::: ¼ 0

(6.392)

No secular terms in u1 requires eliminating contributions proportional to cos t in
Eq. 6.392:

O2
0 ¼ lþ a1aA

a�1; l � 0 (6.393)

The solution of Eq. 6.392 can be written
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u1ðtÞ ¼ C1a3aA
a

8O2
0

ðcos t� cos 3tÞ þ C1a5aA
a

24O2
0

ðcos t� cos 5tÞþ

þ C1a7aA
a

48O2
0

ðcos t� cos 7tÞ þ ::::: (6.394)

For m ¼ 2 into Eq. 6.46 and if we consider the simplest case h2ðt;CiÞ ¼ C2

(constant), then the equation in u2 has the form:

O2
0ðu002 þ u2Þ � O2

0ðu001 þ u1Þ � C1½O2
0u

00
1 þ 2O0O1u

00
0 þ lðu1 � u0Þþ

þ a u0j ja�1u1� � C2½O2
0u

00
0 þ lu0 þ signðu0Þ u0j ja� ¼ 0;

u2ð0Þ ¼ u02ð0Þ ¼ 0 (6.395)

Having in view Eqs. 6.385, 6.395 and 6.394, we can write the identities:

aj j ¼ asignðaÞ (6.396)

cosð2k þ 1Þt
cos t

¼
¼ 2 cos 2kt� 2 cos 2ðk � 1Þtþ 2 cos 2ðk � 2Þtþ ::::þ ð�1Þk cos t (6.397)

u0j ja�1 ¼ Aa�1½a1a � a3a þ a5a � a7a þ :::þ
þ 2ða3a � a5a þ a7a þ :::Þ cos 2tþ 2ða5a � a7a þ :::Þ cos 4tþ ::::� (6.398)

Substitution of Eqs. 6.385, 6.390, 6.394, 6.396 and 6.397 into Eq. 6.395 yields:

O2
0ðu002þu2Þ¼ 2AK1

l�O2
0

O2
0

�2AO0O1�lAþC2
1aA

2a�1

48O2
0

b1þ
"

þ2AK2

O2
0

#
costþ C2

1A
aa3a
8

9� l

O2
0

 !"
þaC2

1A
2a�1b3

48O2
0

þ

þ C1þC2ð ÞAaa3a�cos3tþ C2
1A

aa5k
24

25� l

O2
0

 !"
þ

þaC2
1A

2a�1b5
48O2

0

þðC1þC2ÞAaa5a

#
cos5tþ

þ C2
1A

aa7a
48

�
49� l

O2
0

 !
þaC2

1A
2a�1b7

48O2
0

þðC1þC2ÞAaa7a

#
cos7tþ ::::

(6.399)
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where

K1 ¼ C1A
a�1ð6a3a þ 2a5a þ a7aÞ

96

K2 ¼ C1A
2a�2ð6a1aa3a � 6a23a þ 2a1aa5a � 2a25a þ a1aa7a � a27aÞ

96

b1 ¼ 6a1aa3a þ 2a1aa5a þ a1aa7a � 6a23a � 6a25a þ 6a5aa7a

b3 ¼ �6a1aa3a þ 12a23a � 6a3aa5a þ 2a25a þ 7a3aa7a � 3a5aa7a þ a27a

b5 ¼ �6a23a þ 14a3aa5a � 2a1aa5a � 6a3aa7a þ 2a5aa7a � 2a27a

b7 ¼ �8a3aa5a þ 2a25a þ 5a3aa7a � a5aa7a � 3a27a (6.400)

The secular term in the solution of u2 can be eliminated from Eq. 6.399 if

O1 ¼ K1ðl� O2
0Þ

O3
0

� l
2O0

þ K2

O3
0

þ C2
1aA

2a�2

96O3
0

b1 (6.401)

From Eqs. 6.43 and 6.401 we obtain the frequency in the form:

O ¼ O0 þ K1ðl� O2
0Þ

O3
0

� l
2O0

þ K2

O3
0

þ C2
1aA

2a�2

96O3
0

b1 (6.402)

where O0 is given by Eq. 6.393.

The parameter l can be determined applying the “principle of minimal sensitiv-

ity”. From Eq. 6.48 we obtain:

l ¼ � 1

2
a1aA

a�1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
a21aA

2a þ 6K2 � 6K1a1aAa þ C2
1aA2a�2

16
b1

r
(6.403)

From Eqs. 6.403 and 6.393 it follows that

O2
0 ¼

1

2
a1aA

a�1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
a21aA

2a þ 6K2 � 6K1a1aAa þ C2
1aA2a�2

16
b1

r
(6.404)

where K1, K2 and b1 are given by Eq. 6.400.

Now, we can write the solution of Eq. 6.399 in the form
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u2ðtÞ ¼ C2
1A

aa3a

64O2
0

"
9� l

O2
0

 !
þ aC2

1A
2a�1b3

384O4
0

þ

þðC1þC2ÞAaa3a

8O2
0

#
ðcost� cos3tÞþ C2

1A
aa5a

576O2
0

25� l

O2
0

 !"
þ

þ aC2
1A

2a�1b5
1152O4

0

þðC1þC2ÞAaa5a

24O2
0

#
ðcost� cos5tÞþ

þ C2
1A

aa7a

2304O2
0

"
49� l

O2
0

 !
þ aC2

1A
2a�1b7

2304O4
0

þðC1þC2ÞAaa7a

48O2
0

#
ðcost�

cos7tÞ (6.405)

In order to determine the second-order approximate solution it is necessary to

substitute Eqs. 6.385, 6.394 and 6.405 into the equation:

�uðtÞ ¼ u0ðtÞ þ u1ðtÞ þ u2ðtÞ (6.406)

By means of the transformation t ¼ Ot, the second-order approximate solution

of Eq. 6.378 is:

�uðtÞ ¼ A cosOtþ C2
1A

aa3a

64O2
0

"
9� l

O2
0

 !
þ aC2

1A
2a�1b3

384O4
0

þ

þ ð2C1 þ C2ÞAaa3a

8O2
0

#
ðcosOt� cos 3OtÞ þ C2

1A
aa5a

576O2
0

"
25� l

O2
0

 !
þ

þ aC2
1A

2a�1b5
1152O4

0

þ ð2C1 þ C2ÞAaa5a

24O2
0

#
ðcosOt� cos 5OtÞþ

þ C2
1A

aa7a

2304O2
0

"
49� l

O2
0

 !
þ aC2

1A
2a�1b7

2304O4
0

þ

þ ð2C1 þ C2ÞAaa7a

48O2
0

#
ðcosOt� cos 7OtÞ

(6.407)

where b1, b3, b5, b7 are given by Eq. 6.400 and O, l, O0 depends on the constants C1

and C2, which will be optimally determined following Eqs. 6.26.

We illustrate the accuracy of the OHAM by comparing previously obtained

approximate solutions with the numerical integration results obtained by means of a

fourth-order Runge–Kutta method.

In the first case we consider a ¼ 3
5
and from Eq. 6.391 we obtain:
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a13
5
¼ 1:0872931957; a33

5
¼ � 1

9
a13

5
; a53

5
¼ 1

21
a13

5
; a73

5
¼ � 11

399
a13

5

(a) For A ¼ 1, applying the conditions Eq. 6.26 we obtain

C1 ¼ �0:768214231;C2 ¼ �3:562815287;O ¼ 1:040588306;

l

O2
0

¼ �0:01253803

The exact frequency in the case A ¼ 1 isOex ¼ 1.04075 [131] and therefore the

relative error between the approximate and the exact frequency is 0.016%.

The second-order approximate solution Eq. 6.407 becomes:

�uðtÞ ¼ 1:00699391 cosOt� 0:013465301 cos 3Otþ
þ0:009104865 cos 5Ot� 0:002633483 cos 7Ot

(6.408)

(b) For A ¼ 5, we obtain the following expressions:

C1 ¼�0:768214231; C2 ¼�4:21476475; O¼ 0:75419724;
l

O2
0

¼�0:012538032

The exact frequency in this case is Oex ¼ 0.754314435 [131] and therefore the

relative error between the approximate and the exact frequency is 0.015%.

The second-order approximate solution Eq. 6.407 becomes in this case:

�uðtÞ ¼ 5:076158387 cosOt� 0:113168423 cos 3Otþ
þ0:052073171 cos 5Ot� 0:015063135 cos 7Ot

(6.409)

In the second case we considera ¼ 1
3
. From Eq. 6.391 it is obtained:

a113 ¼ 1:1595952669; a313 ¼ � 1

5
a113; a513 ¼

1

10
a113; a713 ¼ � 7

110
a113

(c) For A ¼ 1, we find

C1 ¼�0:812457981; C2 ¼ 0:040087495; O¼ 1:07000511;
l

O2
0

¼�0:040045851

The exact frequency for A ¼ 1 is Oex ¼ 1.07045 [131] and therefore the relative

error between the approximate and the exact frequency is 0.044%.

The second-order approximate solution Eq. 6.407 becomes:
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�uðtÞ ¼ 1:033439236 cosOt� 0:02397233 cos 3Ot�
�0:008055218 cos 5Ot� 0:001411688 cos 7Ot

(6.410)

(d) For A ¼ 5, we obtain the values:

C1 ¼�0:812457981; C2 ¼�0:68943007;O¼ 0:62574278;
l

O2
0

¼�0:040045851

The exact frequency is Oex ¼ 0.626002957 [131] and therefore the relative

error between the approximate and the exact frequency is 0.042%.

The second-order approximate solution Eq. 6.407 becomes in this case:

�uðtÞ ¼ 5:014642562 cosOt� 0:008561393 cos 3Ot�
�0:005486728 cos 5Ot� 0:000594441 cos 7Ot

(6.411)

Figures 6.35–6.38 show a comparison between the present analytical solutions

and the numerical integration results obtained using a fourth-order Runge–Kutta

method.

One can observe that the second-order approximate analytical results obtained

through OHAM are almost identical with the numerical simulation results in all

Fig. 6.36 Comparison

between the approximate

solution Eq. 6.409 and

numerical results for

Eq. 6.378 in the case a ¼ 3/5,

A ¼ 5: ______numerical

solution; _ _ _ approximate

solution

Fig. 6.35 Comparison

between the approximate

solution Eq. 6.408 and

numerical results of Eq. 6.378

in the case a ¼ 3/5, A ¼ 1:

_________numerical

solution; _ _ _ _ _

approximate solution
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considered cases for various values of the parameters a and A. Moreover, the

relative error between the approximate and the exact frequency presented in

[131] varies between 0.015% and 0.044%, which proves the accuracy of the

method.

6.14 Oscillations of a Flexible Cantilever Beam with Support

Motion

A masless cantilever beam with a lumped mass attached to its free end while being

excited harmonically at the base has received widespread attention in connection

with interest in applications such as mast antennas, towers, flexible robot

manipulators, and space structures. When beam support undergoes motion, the

beam might be subject to external or parametric excitation. Since the parametric

resonance is considered, the nonlinearities begin to affect the motion, and hence

they cannot be ignored.

Many investigations have considered the influence of a tip mass on the

behaviour of transverse vibration of a beam clamped at the other end. The method

which Timoshenko used to solve a special case of a problem for the longitudinal

vibration of a rod with a mass attached to its end is not easily applicable to a more

Fig. 6.38 Comparison

between the approximate

solution Eq. 6.411 and

numerical results for

Eq. 6.378 in the case a ¼ 1/3,

A ¼ 5: _____numerical

solution; _ _ _ approximate

solution

Fig. 6.37 Comparison

between the approximate

solution Eq. 6.410 and

numerical results for

Eq. 6.378 in the case a ¼ 1/3,

A ¼ 1: ______numerical

solution; _ _ _ _ approximate

solution
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general case of transverse vibrations of beams [134]. Chen has investigated the

problem as a purely mathematical one [135]. He used the method of separation of

variables and determined the eigenfunctions of the resulting ordinary differential

equation, but he neither considered the non-linearities of the system nor the

excitations at the base. Esmailzadeh et al. [136] used the application of fixed

theorems (Schauder) which is a topological character and they guarantee the

existence of at least one solution.

In what follows, we consider oscillations of a flexible cantilever beam with

suport motion [136] governed by the ordinary differential equation

€uþ o2uþ u2€uþ u _u2 þ a cos t ¼ 0 (6.412)

where o and a are known parameters.

Initial conditions are:

uð0Þ ¼ A; _uð0Þ ¼ 0

Under the transformation:

t ¼ Ot (6.413)

the original Eq. 6.412 becomes

O2u00 þ o2uþ O2ðu2u00 þ uu02Þ þ a cos
t
O

¼ 0 (6.414)

with initial conditions

uð0Þ ¼ A; u0ð0Þ ¼ 0 (6.415)

where prime denote derivative with respect to t
The linear operator Eq. 6.34 is given by

L½fðt; pÞ� ¼ O2
0

@2fðt; pÞ
@t2

þ fðt; pÞ
� �

(6.416)

while the nonlinear operator Eq. 6.35 is defined by

N½fðt; pÞ;OðpÞ� ¼ O2ðpÞ @
2fðt; pÞ
@t2

þ o2fðt; pÞþ

þ O2 f2ðt; pÞ @
2fðt; pÞ
@@t2

þ fðt; pÞ @fðt; pÞ
@t

� �2
" #

þ a cos
t
O

(6.417)
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Because we consider only one iteration it follows that l ¼ 0.

The Eq. 6.44 becomes

O2
0ðu000 þ u0Þ ¼ 0;

u0ð0Þ ¼ A; u00ð0Þ ¼ 0
(6.418)

and has the solution

u0ðtÞ ¼ A cos t (6.419)

The first term in Eq. 6.47 is

N0 ¼ O2
0u

00
0 þ o2u0 þ O2ðu20u000 þ u0u

0
02Þ þ a cos

t
O

(6.420)

For m ¼ 1 into Eq. 6.46, supposing that

h1ðt;CiÞ ¼ C1 þ 2C2 cos 2tþ 2C3 cos 4t (6.421)

where C1, C2 and C3 are constants, then substituting Eq. 6.419 into Eq. 6.420 we

obtain

h1N0ðu0;O0Þ¼ ðC1þC2Þf o2A�O2
0 AþA3

2

� �� �
�1

2
ðC2þ

þC3ÞO2
0A

3gcostþ ðC2þC3Þf o2A�O2
0 AþA3

2

� �� �
�1

2
O2

0A
3C1�

�O2
0 AþA3

2

� �
gcos3tþfC3½o2A�O2

0 AþA3

2

� �
��1

2
O2

0A
3C2gcos5t�

�1

2
O2

0A
3C3 cos7t�aC1 cos

t
O
�aC2 cos 2þ 1

O

� �
tþcos 2� 1

O

� �
t

� �
�

�aC3 cos 4þ 1

O

� �
tþcos 4� 1

O

� �
t

� �
(6.422)

The elimination of the secular term requires

O2 ¼ O2
0 ¼

o2

1þ 1
2
A2 1þ C2þC3

C1þC2


 � (6.423)
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Equation 6.46 can be written for m ¼ 1 in the form:

O2
0ðu001 þ u1Þ þ A3

2
C1 � ðC2 þ C3Þ2

C1 þ C2

" #
cos 3tþ A2

2

"
C2�:

� C3ðC2 þ C3Þ
C1 þ C2

�
cos 5tþ A3

2
C3 cos 7tþ aC1 cos

t
O
þ

þ aC2 cos 2þ 1

O

� �
tþ cos 2� 1

O

� �
t

� �
þ

þ aC3 cos 4þ 1

O

� �
tþ cos 4� 1

O

� �
t

� �
¼ 0; u1ð0Þ ¼ u01ð0Þ ¼ 0 (6.424)

From Eq. 6.424 we obtain the solution

u1ðtÞ ¼ A3

16
C1 � ðC2 þ C3Þ2

C1 þ C2

" #
ðcos 3t� cos tÞ þ A3

48

"
C2�:

� C3ðC2 þ C3Þ
C1 þ C2

�
ðcos 5t� cos tÞ þ A3C3

96
ðcos 7t� cos tÞ�

� aO2C1

O2
0ðO2 � 1Þ cos

t
O
� cos t


 �
þ aO2C2

O2
0ð3O2 þ 4Oþ 1Þ cos 2þ 1

O

� �
t�

�

� cos t� þ aO2C2

O2
0ð3O2 � 4Oþ 1Þ cos 2� 1

O

� �
t� cos t

� �
þ

þ aO2C3

O2
0ð15O2 þ 8Oþ 1Þ cos 4þð½ 1

O

�
t� cos t

�
þ

þ aO2C3

O2
0ð15O2 � 8Oþ 1Þ cos 4þ 1

O

� �
t� cos t

� �
(6.425)

The first-order approximate solution Eq. 6.42 becomes:

�uðtÞ ¼ u0ðtÞ þ u1ðtÞ (6.426)

Substituting Eqs. 6.413, 6.419 and 6.425 into Eq. 6.426, we obtain:
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�uðtÞ ¼ Aþ A3ð�6C2
1 � 8C1C2 � C1C3 þ 5C2C3 þ 4C2

3Þ
48ðC1 þ C2Þ

�
þ aC1

O2 � 1
�

� 2að3O2 þ 1ÞC2

9O4 � 10O2 þ 1
� 2að15O2 þ 1ÞC3

225O4 � 34O2 þ 1

�
cosOtþ A3

16

"
C1�:

� ðC2 þ C3Þ2
C1 þ C2

#
cos 3Otþ A3

48
C2 � C3ðC2 þ C3Þ

C1 þ C2

� �
cos 5Otþ

þ A3C3

96
cos 7Ot� aC1

O2 � 1
cos tþ aC2

3O2 þ 4Oþ 1
cosð2Oþ 1Þtþ

þ aC3

3O2 � 4Oþ 1
cosð2O� 1Þtþ aC3

15O2 þ 8Oþ 1
cosð4Oþ 1Þtþ

þ aC3

15O2 � 8Oþ 1
cosð4O� 1Þt (6.427)

where O is given by Eq. 6.423 and the constants C1, C2, C3 are determined from

Eq. 6.26.

In order to show the validity of the OHAM, Eq. 6.412 has been numerically

solved for the following characteristics:a ¼ 0:12337, o2 ¼ 1:709678.

(a) In the first case A ¼ 0.3, we obtain using the least square method:

C1 ¼ 0:9027885273;C2 ¼ �0:0865822331;

C3 ¼ �0:2465694380;O ¼ 1:673124

The first order approximate solution Eq. 6.427 becomes:

�uðtÞ ¼ � 0.0618116 costþ 0.365437 cos1.6738 t�
� 0.0039414 cos2.3477 t� 0.00066340 cos4.3477 tþ
þ 0.00129398 cos5.0216 t� 0.00102639 cos5.6955 t�
� 0.00053916 cos7.6955 t� 0.00010531 cos8.3694 t�
� 0.00006934 cos11.717 t (6.428)

(b) In the second case A ¼ 0.4, we obtain:

C1 ¼ 0:9236350757;C2 ¼ �0:1344892332;

C3 ¼ 0:2051665021; O ¼ 1:644324

The first order approximate solution becomes:
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�uðtÞ¼�0:067173cos tþ0:46621cos1:64206t�0:0065819cos2:2841t�
�0:00105969cos4:2841tþ0:00366922cos4:9261tþ
þ0:00089411cos5:5682tþ0:00046373cos7:5682t�
�0:00020381cos8:2102tþ0:00013677cos11:4944t (6.429)

(c) In the third case A ¼ 0.5, we obtain:

C1 ¼ 0:9529501648798903;C2 ¼ �0:16063357719568372;

C3 ¼ 0:3717062754599205;O ¼ 1:604512

The first order approximate solution becomes:

uðtÞ ¼ � 0:0743925 cos tþ 0:567464 cos 1:6063t� 0:00855804 cos 2:2126t�
� 0:00130666 cos 4:2126tþ 0:00700563 cos 4:8190tþ
þ 0:00170763 cos 5:4253tþ 0:00087254 cos 7:42537t�
� 0:00067618 cos 8:03172tþ 0:00048399 cos 11:2444t

(6.430)

Figures 6.39–6.41 show the comparison between the present solutions and the

numerical integration results obtained by a fourth-order Runge–Kutta method.

It is clear that the solutions obtained by OHAM are nearly identical with

the solutions obtained through a fourth-order Runge–Kutta method. Additionally

we remark that the exact values of the frequencies are Oex ¼ 1.673881823 in the

case A ¼ 0.3, Oex ¼ 1.642056622 for A ¼ 0.4 and Oex ¼ 1.606343438 for

A ¼ 0.5, which means that very good approximations were found also for the

frequencies.

Fig. 6.39 Comparison

between the approximate

solution Eq. 6.428 and the

numerical solution for

Eq. 6.412 in case A ¼ 0.3,

a ¼ 0.12337,

o2 ¼ 1.709678: _______

numerical solution; _ _ _ _ _

approximate solution
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6.15 The Jeffery-Hamel Flow Problem

We consider a system of cylindrical polar coordinates (r,y,z) with a steady two-

dimensional flow of an incompressible conducting viscous fluid from a source or

sink at channel walls lying in planes, with angle 2a, as shown in Fig. 6.42.

Fig. 6.41 Comparison

between the approximate

solution Eq. 6.430 and the

numerical solution for

Eq. 6.412 in case A ¼ 0.5,

a ¼ 0.12337,

o2 ¼ 1.709678: _______

numerical solution; _ _ _ _ _

approximate solution

Fig. 6.40 Comparison

between the approximate

solution Eq. 6.429 and the

numerical solution for

Eq. 6.412 in case A ¼ 0.4,

a ¼ 0.12337,

o2 ¼ 1.709678: _______

numerical solution; _ _ _ _ _

approximate solution

Fig. 6.42 Geometry of the

Jeffery-Hamel flow problem
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Assuming that the velocity is only along the radial direction and depends on r
and y, V(u(r,y),0) using the continuity and the Navier–Stokes equations in polar

coordinates, the governing equations are [137]

r
r

@

@r
ðruðr; yÞÞ ¼ 0 (6.431)

uðr; yÞ @uðr; yÞ
@r

¼ � 1

r
@p

@r
þ

þ v
@2uðr; yÞ

@r2
þ 1

r

@uðr; yÞ
@r

þ 1

r2
@2uðr; yÞ

@y2
� uðr; yÞ

r2

� �
(6.432)

� 1

rr
@p

@r
þ 2v

r2
@uðr; yÞ

@y
¼ 0 (6.433)

where r is the fluid density, p is the pressure and v is the kinematic viscosity. From

Eq. 6.431 and using dimensionless parameters we get:

f ðyÞ ¼ ruðr; yÞ (6.434)

FðxÞ ¼ f ðyÞ
fmax

; x ¼ y
a

(6.435)

Substituting Eq. 6.435 into Eqs. 6.432 and 6.433 and eliminating the pressure,

we obtain an ordinary differential equation for the normalized function profile F(x):

F000ðxÞ þ 2aReFðxÞF0ðxÞ þ 4a2F0ðxÞ ¼ 0 (6.436)

where prime denotes derivative with respect to x and the Reynolds number is

Re ¼ afmax

v
¼ umaxra

v

divergent channel : a> 0; umax > 0

convergent channel : a< 0; umax < 0

� �
(6.437)

and umx is the maximum velocity at the centre of the channel.

The boundary conditions for Eq. 6.436 are

Fð0Þ ¼ 1; F0ð0Þ ¼ 0; Fð1Þ ¼ 0 (6.438)

We choose g(x) ¼ 0 into Eq. 6.13 and the linear operator
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Lðfðx; pÞÞ ¼ @3fðx; pÞ
@x3

(6.439)

The nonlinear operator is

Nðfðx; pÞÞ ¼ 2aRefðx; pÞ @fðx; pÞ
@x

þ 4a2
@fðx; pÞ

@x
(6.440)

and the boundary conditions are

fð0; pÞ ¼ 1;
@fð0; pÞ

@x
¼ 0; fð1; pÞ ¼ 0 (6.441)

Equation 6.16 becomes

F000
0ðxÞ ¼ 0

F0ð0Þ ¼ 1; F0
0ð0Þ ¼ 0; F0ð1Þ ¼ 0 (6.442)

It is obtained that

F0ðxÞ ¼ 1� x2 (6.443)

From Eqs. 6.440 and 6.21, we obtain the following expression

N0ðxÞ ¼ F000
0 ðxÞ þ 2aReF0ðxÞF0

0ðxÞ þ 4a2F0
0ðxÞ (6.444)

Note that substituting Eq. 6.443 into Eq. 6.444 it follows that

N0ðxÞ ¼ 4aRex3 � 4ðaReþ 2a2Þx (6.445)

There are many possibilities to choose the functions hi(x,Ci), i ¼ 1,2,. . . The
convergence of the solutions Fi, i ¼ 1,2,. . .m and consequently the convergence of

the approximate solution �FðxÞ given by Eq. 6.23 depend on the auxiliary functions

hi(x,Ci). Basically, the shape of hi(Ci) should follow the terms appearing in

Eq. 6.445 which are polynomial functions. We consider the following cases

(m ¼ 2) in Eq. 6.23:

Case 6.15.a

If h1 is of the form

h1ðx;CiÞ ¼ C1 (6.446)
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where C1 is a unknown constant at this moment, then Eq. 6.20 for k ¼ 1 becomes:

F000
1 ðxÞ � F000

0 ðxÞ � h1ðx;CiÞN0ðxÞ ¼ 0 (6.447)

Substituting Eqs. 6.443, 6.445 and 6.446 into Eq. 6.447, we obtain the equation

in F1:

F000
1 ðxÞ � 4C1aRex3 � 4C1ðaReþ 2a2Þx ¼ 0; F1ð0Þ ¼ F0

1ð0Þ ¼ F1ð1Þ ¼ 0

(6.448)

The solution of Eq. 6.448 is given by

F1ðxÞ ¼ C1aRe
30

x6 � C1ðaReþ 2a2Þ
6

x4 þ 2aReþ 5a2

15
C1x

2 (6.449)

Equation 6.20 for m ¼ 2, can be written in the form

F000
2 ðxÞ � F000

1 ðxÞ � C1N1ðF0;F1Þ � h2ðx;CiÞN0ðF0Þ ¼ 0 (6.450)

where N1 is obtained from Eq. 6.21:

N1ðF0;F1Þ ¼ F000
1 þ 2aReðF0F

0
1 þ F0

0F1Þ þ 4a2F0
1 (6.451)

If we consider

h2ðx;CiÞ ¼ C2 (6.452)

where C2 is an unknown constant, then from Eqs. 6.443, 6.449, 6.450, 6.451 and

6.452 we obtain the following equation in F2:

F000
2 þ 8a2Re2C2

1

15
x7 � 12a2Re2 þ 24a2Re

5
C2
1x

5 �
�
4 aRe: 2C1 þ C2ð Þþ

þ 60aReþ 36a2Re2 þ 40a3Re� 16a4

15
C2
1

�
x3 þ

�
4 aReþ 2a2
� 


C1 þ C2ð Þ:þ

þ 60aReþ 120a2 � 8a2Re2 � 36a3Re� 40a4

15
C2
1

�
x ¼ 0

(6.453)

So, the solution of Eq. 6.453 is given by
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F2ðxÞ ¼� a2Re2C2
1

1350
x10 þ a2Re2þ 2a2Re

140
C2
1x

8þ

þ aReð2C1þC2Þ
30

�
þ 15aReþ 9a2Re2þ 10a3Re� 4a4

450
C2
1

�
x6þ

þ �ðaReþ 2a2ÞðC1þC2Þ
6

þ
�

þ 2a2Re2þ 9a3Reþ 10a4� 15aRe� 3a2

90
C2
1

�
x4þ

þ 2aReþ 5a2

15

�
C1þC2ð Þþ

þ 2520aRe� 1932a4þ 360a2� 919a2Re2� 2580a3Re
18900

�
x2 (6.454)

The second-order approximate solution (m ¼ 2) is obtained from the Eq. 6.23

�FðxÞ ¼ F0ðxÞ þ F1ðxÞ þ F2ðxÞ (6.455)

where F0, F1 and F2 are given by Eqs. 6.443, 6.449 and 6.454 respectively.

Case 6.15.b

In this case we consider

h1ðx;CiÞ ¼ C1

h2ðx;CiÞ ¼ C2xþ C3

(6.456)

where C1, C2 and C3 are unknown constants. It is clear that the function F1 is given

by Eq. 6.449. Equation 6.20 becomes for k ¼ 2

F000
2 þ 8a2Re2C2

1

15
x7 � 12a2Re2 þ 24a2Re

5
C2
1x

5 � 4aReC3x
4�

� 4aReðC1 þ C2Þ þ 60aRe� 36a2Re2 � 120a3Re� 80a4

15
C2
1

� �
x3þ

þ 4ðaReþ 2a2ÞC3x
2 þ 4 aReþ 2a2

� 
� ðC1 þ C2Þþ

þ 60aReþ 12a2 � 8a2Re2 � 36a3Re� 40a4

15
C2
1

�
x ¼ 0;

F2ð0Þ ¼ F0
2ð0Þ ¼ F2ð1Þ ¼ 0

(6.457)
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and has the solution

F2ðxÞ ¼� a2Re2C2
1

1350
x10 þ a2Re2 þ 2a2Re

140
C2
1x

8 þ 2aRe
105

C3x
7þ

þ aRe 2C1 þC2ð Þ
30

þ 15aReþ 9a2Re2 þ 10a3Re� 4a4

450
C2
1

� �
x6þ

þ aReþ 2a2

15
C3x

5 þ �ðaReþ 2a2ÞðC1 þC2Þ
6

�
þ

þ 2a2Re2 þ 9a3Reþ 10a4 � 15aRe� 3a2

90
C2
1

�
x4þ

þ 2aReþ 5a2

15

�
ðC1 þC2Þ þ 5aReþ 14a2

105
C3þ

þ 2520aRe� 1932a4 þ 360a2 � 919a2Re� 2580a3Re
18900

C2
1

�
x2 (6.458)

The second-order approximate solution becomes

�FðxÞ ¼ F0ðxÞ þ F1ðxÞ þ F2ðxÞ (6.459)

where F0, F1 and F2 are given by Eqs. 6.443, 6.449 and 6.458 respectively

Case 6.15.c

In the third case we consider

h1ðxÞ ¼ C1 þ C2x

h2ðxÞ ¼ C3 þ C4xþ C5x
2

(6.460)

Equation 6.19 can be written as

F000
1 � 4aReC2x

4 � 4aReC1x
3 þ 4ðaReþ 2a2ÞC2x

2þ
þ 4ðaReþ 2a2ÞC1x ¼ 0; F1ð0Þ ¼ F0

1ð0Þ ¼ F1ð1Þ ¼ 0 (6.461)

From Eq. 6.461 we have

F1ðxÞ ¼ 2aReC2

105
x7 þ aReC1

30
x6 � ðaReþ 2a2ÞC2

15
x5�

� ðaReþ 2a2ÞC1

6
x4 þ ðaReþ 2a2Þð5C1 þ 2C2Þ

30

�
� aReð7C1 þ 4C2Þ

210

�
x2

(6.462)
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Equation 6.20 for k ¼ 2 becomes

F000
2ðxÞ þ 12a2Re2

35
C2
2x

9 þ 92a2Re2C1C2

105
x8þ

þ 8a2Re2C2
1

15
� 6a2Re2 þ 12a3Re

5
C2
2

� �
x7�

� 18a2Re2 þ 36a3Re
5

C1C2x
6 � 4aReC5 þ 12a2Re2 þ 24a3Re

5
C2
1

�
þ

þ 12aRe� 2a2Re2 � 8a3Re� 8a4

3
C2
2

�
x5�

� 4aReðC2 þ C4Þ þ 120aRe� 46a2Re2 � 160a3Re� 120a4

15

�
C1C2�

� 40a2Re2 þ 112a3Re
105

C2
2

�
x4 � 4aReðC1 þ C3Þ � 4ðaReþ 2a2ÞC3þ

�
þ 60aRe� 36a2Re2 � 120a3Re� 80a4

15
C2
1�

� 40a2Re2 þ 112a3Re
105

C1C2 � 4ðaReþ 2a2ÞC2
2

�
x3þ

þ½4ðaReþ 2a2ÞðC2 þ C4Þþ

þ 120aReþ 240a2 � 8a2Re2 � 36a3Re� 40a4

15
C1C2�

� 20a2Re2 þ 96a3Reþ 112a4

105
C2
2

�
x2 þ 4ðaReþ 2a2ÞðC1 þ C3Þþ

�
þ 60aReþ 120a2 � 8a2Re2 � 36a3Re� 40a4

15
C2
1�

� 20a2Re2 þ 96a3Reþ 112a4

105
C1C2

�
x ¼ 0;

F2ð0Þ ¼ F0
2ð0Þ ¼ F2ð1Þ ¼ 0

(6.463)

The solution of Eq. 6.463 is given by
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F2ðxÞ ¼ � a2Re2C2
2

3850
x12 � 46a2Re2C1C2

51975
x11þ

þ � a2Re2C2
1

1350
þ a2Re2 þ 2a3Re

600
C2
2

� �
x10þ

þ a2Re2 þ 2a3Re
420

C1C2x
9 þ aReC5

84
þ a2Re2 þ 2a3Re

140
C2
1þ

�

þ 6aRe� a2Re2 � 4a3Re� 4a4

504
C2
2

�
x8þ

þ 2aReðC2 þ C4Þ
105

þ 60Re� 23a2Re2 � 80a3Re� 60a4

1575
C1C2�

�

� 20a2Re2 þ 56a3Re
11025

C2
2

�
x7 þ aReðC1 þ C3Þ

30
� ðaReþ 2a2ÞC5

30
þ

�

þ 15aRe� 9a2Re2 � 30a3Re� 20a4

450
C2
1 �

5a2Re2 þ 14a3Re
1575

C1C2�

� aReþ 2a2

30
C2
2

�
x6 � ðaReþ 2a2ÞðC2 þ C4Þ

15
þ

�

þ 30aReþ 60a2 � 2a2Re2 � 9a3Re� 10a4

225
C1C2�

� 5a2Re2 þ 24a3Reþ 28a4

1575
C2
2

�
x5 � ðaReþ 2a2ÞðC1 þ C3Þ

6
þ

�

þ 15aReþ 30a2 � 2a2Re2 � 9a3Re� 10a4

90
C2
1�

� 5a2Re2 þ 24a3Reþ 28a4

630
C1C2

�
x4 þ ð2aReþ 5a2ÞðC1 þ C3Þ

15

�
þ

þ ð5aReþ 14a2ÞðC2 þ C4Þ
105

þ 9aReþ 28a2

420
C5þ

þ 2520aRe� 1260a4 þ 6300a2 � 163a2Re2 � 900a3Re
18900

C2
1þ

þ 19800aReþ 55440a2 � 1433a2Re2 � 8514a3Re� 10560a4

207900
C1C2�

� 4774a4 � 32340a2 � 10395aReþ 2695a3Reþ 380a2Re2

485100
C2
2

�
x2

(6.464)

The second-order approximate solution is

�FðxÞ ¼ F0ðxÞ þ F1ðxÞ þ F2ðxÞ (6.465)

where F0, F1, and F2 are given by Eqs. 6.443, 6.462 and 6.464 respectively.

204 6 The Optimal Homotopy Asymptotic Method



Case 6.15.d

In the last case, we consider

K1ðxÞ ¼ C1 þ C2x

K2ðxÞ ¼ C3 þ C4xþ C5x
2 þ C6x

3 þ C7x
4 þ C8x

5 þ C9x
6 (6.466)

The solution of F1(x) is given by Eq. 6.462. On the other hand, Eq. 6.20 for

k ¼ 2 has the solution

F2ðxÞ ¼ aRe
330

C9 � a2Re2C2
2

3850

� �
x12 þ 2aRe

495
C8 � 46a2Re2

51975
C1C2

� �
x11þ

þ aReC7 � ðReþ 2a2ÞC9

180

�
� a2Re2

1350
C2
1 þ

a2Re2 þ 2a3Re
600

C2
2

�
x10þ

þ aReC6 � ðaReþ 2a2ÞC8

126

�
þ a2Re2 þ 2a3Re

420
C1C2

�
x9þ

þ aReC5 � ðaReþ 2a2ÞC7

84

�
þ a2Re2 þ 2a3Re

140
C2
1þ

þ 6aRe� a2Re2 � 4a3Re� 4a4

504
C2
2

�
x8 þ 2aReC4 � 2ðaReþ 2a2ÞC6

105

�
þ

þ 2aReC2

105
þ 60aRe� 23a2Re2 � 80a3Re� 60a4

1575
C1C2�

� 20a2Re2 þ 56a3Re
11025

C2
2

�
x7 þ aReðC1 þ C3Þ � ðaReþ 2a2ÞC5

30

�
þ

þ 15aRe� 9a2Re2 � 30a3Re� 20a4

450
C2
1 �

5a2Re2 þ 14a3Re
1575

C1C2�

� ðaReþ 2a2ÞC2
2

30

�
x6 þ 2a2Re2 þ 9a3Reþ 10a4 � 30aRe� 60a2

225

�
C1C2þ

þ 5a2Re2 þ 24a3Reþ 28a4

1575
C2
2 �

ðaReþ 2a2ÞðC2 þ C4Þ
15

�
x5þ

þ 2a2Re2 þ 9a3Reþ 10a4 � 15aRe� 30a2

90

�
C2
1þ

þ 5a2Re2 þ 24a3Reþ 28a4

630
C1C2 � ðaReþ 2a2ÞðC1 þ C3Þ

6

�
x4þ

þ 5aReþ 14a2

105

�
ðC2 þ C4Þ þ 2aReþ 5a2

15
C1 þ 2aReþ 15a2

15
C3þ

þ 9aReþ 28a2

420
C5 þ 7aReþ 24a2

630
C6 þ 4aReþ 15a2

630
C7þ

þ 27aReþ 110a2

6930
C8 þ 5aReþ 22a2

1980
C9þ
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þ 2520aRe� 1260a4 þ 6300a2 � 163a2Re2 � 900a3Re
18900

C2
1þ

þ 10395aRe� 380a2Re2 þ 32340a2 � 2695a3Re� 4774a4

485100
C2
2þ

þð19800aRe� 1443a2Re2 þ 55440a2 � 8514a3Re� 10560a4ÞC1C2

207900

�
x2

(6.467)

The second-order approximate solution in this case is given by

�FðxÞ ¼ F0ðxÞ þ F1ðxÞ þ F2ðxÞ (6.468)

where F0, F1 and F2 are given by Eqs. 6.443, 6.462 and 6.467 respectively.

6.15.1 Numerical Examples

In what follows we will show that the error of the solution decreases when the

number of terms in the auxiliary function h(x,p) increases.
Example 6.4.15.a. For Re ¼ 50 and a ¼ 5 in the case 6.15.a it is obtained two

solutions for the constants C1 and C2:

(a) C1 ¼ 0:017506079 C2 ¼ �0:047286881
(b) C1 ¼ �0:017506079C2 ¼ 0:022737435

but the second-order approximate solution Eq. 6.455 is the same in both cases:

�FðxÞ � 1� 1:767845893x2 þ 1:236877181x4 � 0:619019693x6þ
þ 0:164176501x8 � 0:014188096x10

(6.469)

Example 6.15.1.b. For Re ¼ 50 and a ¼ 5 in the case 6.15.b, we obtain

(a) C1 ¼ 0:007977212 C2 ¼ �0:041469373 C3 ¼ 0:022761122
(b) C1 ¼ �0:007977212 C2 ¼ �0:009560525 C3 ¼ 0:022761122

The second-order approximate solution Eq. 6.459 becomes

�FðxÞ � 1� 1:769527092x2 þ 1:40514047x4 � 0:45522244x5�
�0:319921792x6 þ 0:108386295x7 þ 0:03409066x8 � 0:002946101x10

(6.470)

Example 6.15.1.c. For Re ¼ 50 and a ¼ 5 in the case 6.15.c, the second-order

approximate solution can be written in the form:
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�FðxÞ � 1� 1:769777647x2 þ 1:295738478x4 � 0:010406134x5�
� 0:871743272x6 þ 0:178832164x7 þ 0:299266794x8 � 0:090606944x9�
� 0:040442155x10 þ 0:00935599x11 � 0:0002178x12

(6.471)

Example 6.15.1.d. For Re ¼ 80 and a ¼ �5 in the case 6.4.d, the second-order

approximate solution becomes

�FðxÞ � 1� 0:399291819x2 � 0:461970063x4 � 0:014703786x5�
� 0:12415397x6 � 0:07325724x7 � 0:08278982x8 þ 0:45101379x9�
� 0:648015234x10 þ 0:47466473x11 � 0:121496588x12

(6.472)

It is easy to verify the accuracy of the obtained solutions if we compare these

analytical solutions with the numerical ones or with results obtained by other

procedures.

It can be seen from Tables 6.3, 6.4, 6.5 and 6.6 that the analytical solutions of

Jeffery-Hamel flows obtained by OHAM are very accurate.

The examples presented in this section lead to the very important conclusion that

the accuracy of the obtained results is growing along with increasing the number of

constants in the auxiliary function.

Some other methods such as DTM, HPM or HAM give a good accuracy, but

OHAM is by far the best method delivering faster convergence and better accuracy.

In this procedure, iterations are performed in a very simple manner by identifying

some coefficients and therefore very good approximations are obtained in few

terms.

The Optimal Homotopy Asymptotic Method is employed to propose new ana-

lytic approximate solutions for some nonlinear dynamical systems. This procedure

Table 6.3 The results of the second-order approximate solutions Eqs. 6.469, 6.470 and 6.471 and

numerical solution of F(x) for Re ¼ 50, a ¼ 5

x �FðxÞ, Eq. 6.469 �FðxÞ, Eq. 6.470 �FðxÞ, Eq. 6.471 Numerical solution

0 1 1 1 1

0.1 0.98244611 0.982440382 0.982430842 0.98243124

0.2 0.931225969 0.931302469 0.931225959 0.93122597

0.3 0.850471997 0.850810709 0.850611445 0.85061063

0.4 0.746379315 0.747074996 0.746790784 0.74679081

0.5 0.626298626 0.627192084 0.626947253 0.62694818

0.6 0.497665923 0.498340984 0.498235028 0.49823446

0.7 0.366966345 0.366966353 0.366970088 0.36696635

0.8 0.238952034 0.238148782 0.238142322 0.23812375

0.9 0.116313019 0.115260361 0.115219025 0.11515193

1 0 0 0 0
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Table 6.5 Comparison between differential transformation method (DTM) [137], homotopy

perturbation method (HPM) [137], homotopy analysis method [137] and OHAM-Eq. 6.472 for

Re ¼ 80, a ¼ �5

x �FðxÞ (DTM) �FðxÞ (HPM) �FðxÞ (HAM) �FðxÞ (OHAM) Numerical

00 1 1 1 1 1

0.1 0.9959603887 0.9960671874 0.9995960242 0.995960605 0.9959606278

0.2 0.9832745481 0.9836959424 0.9832755258 0.983275548 0.9832755383

0.3 0.9601775551 0.9610758773 0.9601798911 0.960179914 0.96017991139

0.4 0.9235170706 0.9249245156 0.9235215737 0.923521643 0.9235215894

0.5 0.8684511349 0.8701997697 0.8684588997 0.868458963 0.86845887772

0.6 0.7880785402 0.7898325937 0.7880910186 0.788090923 0.78809092032

0.7 0.673248448 0.6745334968 0.6731437690 0.673143633 0.6731436346

0.8 0.5119644061 0.5128373095 0.5119909939 0.511991107 0.5119910891

0.9 0.2915280122 0.2918936991 0.2915580178 0.291558742 0.29155874261

1 0 0 �0.000001149 0 0

Table 6.4 Comparison between the OHAM and numerical solutions for Re ¼ 50 and a ¼ 5

(error ¼ xnum � xapp
�� ��)

x
Error of the solution

Eq. 6.469

Error of the solution

Eq. 6.470

Error of the solution

Eq. 6.471

00 0 0 0

0.1 0.00001487 0.000009142 0.000000398

0.2 0.000000001 0.000076499 0.000000011

0.3 0.000138633 0.0002 0.000000815

0.4 0.000411495 0.000284186 0.000000026

0.5 0.000649554 0.000243904 0.000000927

0.6 0.000568537 0.000106524 0.000000568

0.7 0.000000005 0.000000003 0.000003738

0.8 0.000828284 0.000024962 0.000018572

0.9 0.0001161089 0.000108431 0.000067095

1 0 0 0

Table 6.6 Comparison between OHAM results and numerical solutions [137] for Re ¼ 80,

a ¼ �5

x �FðxÞ, Eq. 6.472 Numerical Error

00 1 1 0

0.1 0.995960605 0.9959606278 0.000000022

0.2 0.983275548 0.9832755383 0.000000009

0.3 0.960179914 0.96017991139 0.000000002

0.4 0.923521643 0.9235215894 0.000000053

0.5 0.868458963 0.86845887772 0.000000085

0.6 0.788090923 0.78809092032 0.000000002

0.7 0.673143633 0.6731436346 0.000000001

0.8 0.511991107 0.5119910891 0.000000017

0.9 0.291558742 0.29155874261 0.000000006

1 0 0 0
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is valid even if the nonlinear differential equations contain any small or large

parameters.

In the presented construction of homotopy appear some distinctive concepts

such as: the parameter l (involved in the case of nonlinear oscillations) which is

determined using the principle of minimal sensitivity, the auxiliary function H(t,p),
the operator L and several convergence-control constants C1, C2, . . ..., which ensure
a fast convergence of the solutions.

The examples presented in this section lead to the conclusion that the accuracy

of the obtained results is growing along with increasing the number of convergence-

control constants in the auxiliary function. The OHAM provides us with a simple

and rigorous way to control and adjust the convergence of a solution through the

auxiliary functions hi(x,Ci) involving several convergence-control constants

Ci which are optimally determined. OHAM is an iterative procedure and iterations

are performed in a very simple manner by identifying some coefficients and

therefore very good approximations are obtained in few terms. Actually, the capital

strength of OHAM is its fast convergence, which proves that this method is very

efficient in practice.
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Chapter 7

The Optimal Homotopy Perturbation Method

7.1 Homotopy Perturbation Method

An effective and convenient mathematical tool for nonlinear differential equations

is the homotopy perturbation method, a combination of the classical perturbation

method and the homotopy technique. This method, proposed by J.H. He in 1998

[30, 40, 115, 138, 139], does not require a small parameter in the equation in

contrast to the traditional perturbation methods. Like the homotopy analysis

method (HAM) and optimal homotopy asymptotic method (OHAM), an embedding

parameter p 2 [0,1] is employed. The homotopy perturbation method takes the full

advantage of the traditional perturbation methods and the homotopy techniques. In

this method the perturbation equation can be easily constructed by homotopy in

topology and the initial approximation can be also freely selected. Consequently,

the construction of the homotopy plays an important role to solve a nonlinear

problem and therefore is problem dependent. Application of the homotopy pertur-

bation method can be found in Refs. [140–145].

To explain the basic idea of the homotopy perturbation method, for solving

nonlinear differential equation, we consider the following equation:

AðuÞ � f ðrÞ ¼ 0; r 2 O (7.1)

subject to the boundary condition

B u;
@u

@n

� �
¼ 0; r 2 G (7.2)

where A is a general differential operator, B a boundary operator, f(r) is a known

analytical function, Gis the boundary of the domain O and @=@ndenotes differenti-
ation along the normal drawn outwards from the domain O. The operator A can

generally be divided into two parts, a linear part L and a nonlinear part N. Eq. 7.1
can therefore be written as follows

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering,
DOI 10.1007/978-3-642-22735-6_7, # Springer-Verlag Berlin Heidelberg 2011
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LðuÞ þ NðuÞ � f ðrÞ ¼ 0 (7.3)

We construct a homotopy uðr; pÞ : O� ½0; 1� ! < which satisfies

Hðv; pÞ ¼ ð1� pÞ½LðvÞ � Lðu0Þ � f ðrÞ� þ pAðvÞ ¼ 0; p 2 ½0; 1�; r 2 O (7.4)

which is equivalent to

Hðv; pÞ ¼ LðvÞ � Lðu0Þ � f ðrÞ þ p½Lðu0Þ þ NðvÞ� ¼ 0 (7.5)

where p 2 [0,1] is an embedding parameter and u0 is an initial guess of the solution
of Eq. 7.1 which satisfies the boundary conditions. It follows from Eqs. 7.4 and 7.5

that

Hðv; 0Þ ¼ LðvÞ � Lðu0Þ � f ðrÞ ¼ 0

Hðv; 1Þ ¼ AðuÞ ¼ 0
(7.6)

Thus, the changing process of p from zero to unity is just that of u(r,p) from v0(r)
to v(r). In topology, this is called deformation and L(v)-L(u0) and A(v)-f(r) are called
homotopic. So, it is quite right to assume that the solutions of Eqs. 7.4 or 7.5 can be

expressed as:

v ¼ v0 þ pv1 þ p2v2 þ ::: (7.7)

The approximate solution of Eq. 7.1 can be readily obtained:

u ¼ lim
p!1

ðv0 þ pv1 þ p2v2 þ :::Þ ¼ v0 þ v1 þ v2 þ :::: (7.8)

The convergence of series (7.8) has been proved by J.H. He in the paper [30].

We illustrate the basic procedure of this method solving the following example

[34]:

€uþ u

1þ eu2
¼ 0; t 2 O (7.9)

with the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (7.10)

We construct a homotopy which satisfies

ð1� pÞ½LðvÞ � Lðu0Þ� þ p½ð1þ ev2Þv00 þ v� ¼ 0 (7.11)
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The linear operator is

Lv ¼ €vþ v (7.12)

We assume that the initial approximation of Eq. 7.9 is of the form [138]

v0 ¼ u0 ¼ A cos at (7.13)

where a ¼ aðe;AÞ is a non-zero unknown constant with að0;AÞ ¼ 1.

Substituting Eq. 7.7 into Eq. 7.11 and equating the terms with identical powers

of p, we have

Lðv0Þ � Lðu0Þ ¼ 0; v0ð0Þ ¼ A; _v0ð0Þ ¼ 0 (7.14)

Lðv1Þ � Lðu0Þ þ Lðu0Þ þ ð1þ ev20Þ€v0 þ v0; v1ð0Þ ¼ _v1ð0Þ ¼ 0 (7.15)

Setting v0 ¼ u0 ¼ A cos at, the unknown a can be determined by the Galerkin

method

ðp
2

o

sin at½ð1þ eu20Þ€u0 þ u0�dt ¼ 0 (7.16)

The unknown a therefore can be identified

a ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

4
eA2

r (7.17)

As a result, from Eq. 7.15 we obtain

€v1 þ v1 � a2
eA3

4
cos 3at ¼ 0 (7.18)

and therefore

v1ðtÞ ¼ � a2eA3

4ð9a2 � 1Þ ðcos 3at� cos tÞ (7.19)

where a is defined in Eq. 7.17.

The period of the solution can be expressed as follows

T ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

4
eA2

r
(7.20)
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while the first-order approximation is given by the expression

�uðtÞ ¼ v0ðtÞ þ v1ðtÞ ¼ A cos at� aA3

32� 3eA2
ðcos 3at� cos atÞ (7.21)

The approximate solution and its period obtained by the traditional perturbation

method read:

uðtÞ ¼ A cos 1� 3

8
eA2

� �
t (7.22)

Tper ¼ 2p
1� 3

8
eA2

(7.23)

It is also interesting to point out that Eqs. 7.22 and 7.23 are valid only for small

eA2, while Eqs. 7.21 and 7.20 are valid for a very large region 0 � eA2<1,

furthermore the approximations obtained by the proposed method are highly

accurate.

7.2 Modified Homotopy Perturbation Method

In this section we will apply the homotopy technique in a completely different way

as in J.H. He’s papers.

Let us further consider the damped, forced oscillations of a nonconservative

nonlinear system governed by the equation [146]

€uðtÞ þ o2
0uðtÞ ¼ Fðot; u; _u; :::; uðiÞÞ (7.24)

where u(t) is a dimensionless variable, u
ðiÞ ðtÞ ¼ diuðtÞ

dti ; i ¼ 1; 2:::, F is a nonlinear

analytic function with the period T in the first variable, o0 and o are constants. The

initial conditions are

uð0Þ ¼ A; _uð0Þ ¼ 0 (7.25)

We present the modified homotopy perturbation method for solving nonlinear

problems of the form Eq. 7.24, some ideas and improvements which point towards

relatively new and interesting applications of this method. The periodic solutions

obtained by this method are valid not only for small parameters, but also for very

large parameters. This method sometimes leads to results according to the standard

Lindstedt-Poincaré method or the harmonic balance method.

To explain the basic idea of the modified homotopy perturbation method, for

Eq. 7.24 we construct a one-parameter family of equations
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@2Uðt; pÞ
@t2

þ LðpÞUðt; pÞ ¼ pF ot;Uðt; pÞ; @Uðt; pÞ
@t

; . . . ;
@iUðt; pÞ

@ti

� �
;

t 2 ½0;1Þ; p 2 ½0; 1�; i ¼ 1; 2:::

(7.26)

where U(t;p) is an analytical function of both t and p, such as U(t,0) ¼ u0(t) and
u0(t) is the solution of Eq. 7.26 for p ¼ 0, U(t,1) ¼ u(t) and u(t) is exactly the

solution that we want to know. As the well-known expanding parameter p varies

from zero to one, U(t,p) varies continuously from u0(t) to u(t) and L(p) varies from
L(0) ¼ O2 to L(1) ¼ o2

0, where O is the angular frequency of the system (7.24).

The continuous deformations of U(t; p) and L(p) are completely governed by

Eq. 7.26. Whether or not Eq. 7.24 contains small or large parameters this is not

important at all for the validity of the modified homotopy method, because the only

assumptions made in Eq. 7.24 are that F should be analytical and with the period

T in the first variable.

The initial conditions become

Uð0; pÞ ¼ A;
@Uðt; pÞ

@t

����
t¼0

¼ 0 (7.27)

By Taylor’s formula, we have:

Uðt; pÞ ¼ u0ðtÞ þ pu1ðtÞ þ p2u2ðtÞ þ :::: (7.28)

LðpÞ ¼ O2 þ pO1 þ pO2 þ :::: (7.29)

Setting p ¼ 1, we obtain

uðtÞ ¼ u0 þ u1 þ u2 þ ::: (7.30)

o2
0 ¼ O2 þ O1 þ O2 þ ::: (7.31)

Substituting Eqs. 7.28 and 7.29 into Eq. 7.26 and equating the terms with

identical powers of p, and taking into consideration that

F ot;Uðt; pÞ; :::; @
iUðt; pÞ
@ti

� �
¼ F0 Ot; u0; :::; u0

ðiÞ
� �

þ

þ pF1 Ot; u0; u1; :::; u0
ðiÞ
; u1
ðiÞ

� �
þ p2F2 Ot; u0; u1; u2; :::; u0

ðiÞ
; u1
ðiÞ
; u2
ðiÞ

� �
þ :::

(7.32)

we have

€u0 þ O2u0 ¼ 0; u0ð0Þ ¼ A; _u0ð0Þ ¼ 0 (7.33)
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€u1 þ O2u1 ¼ �O1u0 þ F0ðOt; u0; _u0; :::; u0
ðiÞÞ; u1ð0Þ ¼ _u1ð0Þ ¼ 0 (7.34)

€u2þO2u2 ¼�O2u0�O1u1þF1ðOt;u0;u1; :::;u0
ðiÞ
;u1
ðiÞÞ; u2ð0Þ¼ _u2ð0Þ¼ 0 (7.35)

and so on.

The parameters Oi, i ¼ 1, 2, . . . can be determined avoiding the presence of

secular terms in Eqs. 7.34, 7.35 and so on.

We illustrate the basic evaluation procedure of this method by the following

examples:

Example (a)

We consider the same Eq. 7.9 and thus Fðu; €uÞ ¼ �eu2€u. From Eq. 7.33 we have

u0ðtÞ ¼ A cosOt (7.36)

Substituting (7.36) into Eq. 7.34, results in:

€u1 þ O2u1 ¼ ð�O1Aþ 3

4
eA3O2Þ þ 1

4
eA3O2cos3Ot; u1ð0Þ ¼ _u1ð0Þ ¼ 0 (7.37)

Avoiding the presence of a secular term in Eq. 7.37, needs:

O1 ¼ 3

4
eA2O2 (7.38)

The solution of Eq. 7.37, can be written as:

u1ðtÞ ¼ 1

32
eA3 cosOt� cos 3Otð Þ (7.39)

Substitution of Eqs. 7.36, 7.38 and 7.39 into Eq. 7.35 yields:

€u2 þ O2u2 ¼ �O2A� 5e2A5O2

128

� �
cosOt� e2A5O2

8
cos 3Ot�

� 11e2A5O2

128
cos 5Ot; u2ð0Þ ¼ _u2ð0Þ ¼ 0

(7.40)

The elimination of secular term in Eq. 7.40 requires:

O2 ¼ � 5

128
e2A4O2 (7.41)

Solving Eq. 7.40, we obtain

u2ðtÞ ¼ e2A5

64
cos 3Ot� cosOtð Þ þ 11e2A5

3072
cos 5Ot� cosOtð Þ (7.42)
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Substituting Eqs. 7.38 and 7.41 into Eq. 7.31, we have o0 ¼ 1ð Þ:

1 ¼ O2 þ 3

4
eA2O2 � 5

128
e2A4O2 þ 0ðe3Þ (7.43)

From Eq. 7.43 we obtain

O2 ¼ 1

1þ 3

4
eA2 � 5

128
e2A4

(7.44)

The approximate period obtained from Eq. 7.44 is

Tapp ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

4
eA2 � 5

128
e2A4

r
(7.45)

The formula (7.45) works well for small e 0<e<<1ð Þ but breaks down quickly

when e becomes large. Here, we wish to develop uniformly valid expansions for O2

and uðtÞ for large values of e, using a newly defined expansion parameter

�ðe;AÞfrom Eq. 7.44 as follows (see Sect. 2.1.3):

�ðe;AÞ ¼
3

4
eA2

1þ 3

4
eA2

(7.46)

This relation is quickly convergent regardless of the magnitude of eA2, since

�<1 for all eA2. In terms of � the original parameter e is given by the formula

e ¼ �
3

4
ð1� �ÞA2

(7.47)

Equation 7.9 can be rewritten as

€uþ u ¼ � €uþ u� 4u2€u

3A2

� �
(7.48)

Equations 7.33, 7.34 and 7.35 are respectively:

€u0 þ �O2u0 ¼ 0; u0ð0Þ ¼ A; _u0ð0Þ ¼ 0 (7.49)

€u1 þ �O2u1 ¼ ��O1u0 þ �ð€u0 þ u0 � 4u20€u0
3A2

Þ; u1ð0Þ ¼ _u1ð0Þ ¼ 0 (7.50)
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€u2 þ �O2
u2 ¼ ��O2u0 � �O1u1 þ �ð€u1 þ u1 þ 8u0u1€u0 þ 4u20€u1

3A2
Þ;

u2ð0Þ ¼ _u2ð0Þ ¼ 0

(7.51)

where we used Eq. 7.29 in the form �LðpÞ ¼ �O2 þ p�O1 þ p2 �O2 þ ::::
Equation 7.49 has the solution

u0ðtÞ ¼ A cos �Ot (7.52)

Substituting Eq. 7.52 into Eq. 7.50, by simple manipulations, we have

€u1 þ �O
2
u1 ¼ ð��O1 þ �Þ cos �Otþ 1

3
�A�O

2
cos 3�Ot;

u1ð0Þ ¼ _u1ð0Þ ¼ 0

(7.53)

In order to ensure that no secular term appears in Eq. 7.53, the resonance must be

avoided. To do so, coefficient of cos �Ot must be zero, i.e.

�O1 ¼ � (7.54)

The solution of Eq. 7.53 becomes

u1ðtÞ ¼ 1

24
�A cos �Ot� cos 3�Ot
� �

(7.55)

Substituting Eqs. 7.52 and 7.55 into Eq. 7.51 we obtain:

€u2 þ �O2u2 ¼ ð�A�O2 � 5

72
�O2�2AÞ cos �Otþ H:O:T: (7.56)

No secular terms in Eq. 7.56, means that

�O2 ¼ � 5�O
2
�2

72
(7.57)

Now, substituting Eqs. 7.54 and 7.57 into Eq. 7.31, we obtain:

1 ¼ �O2 þ � � 5�O
2

72
�2 (7.58)

and therefore

�O2 ¼ 1� �

1� 5

72
�2

(7.59)
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Substituting Eq. 7.46 into Eq. 7.59 yields

�O2 ¼ 96eA2 þ 128

67e2A4 þ 192eA2 þ 128
(7.60)

The approximate period obtained from Eq. 7.60 is

T�
app ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
67e2A4 þ 192eA2 þ 128

96eA2 þ 128

r
(7.61)

In order to illustrate the remarkable accuracy of the obtained results, we compare

the approximate period Tapp given by Eq. 7.20 with the exact one [147]:

Tex ¼ 4
ffiffi
e

p ðA
0

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnð1þ eA2Þ � lnð1þ eu2Þp (7.62)

In case eA2 ! 1, we have

lim
eA2!1

Tex
Tapp

¼ 2
ffiffiffiffiffiffiffi
2pe

p
A

2p
ffiffiffiffiffiffiffiffiffiffi
3
4
eA2

q � 0; 9213177 (7.63)

Therefore, for any values of e, it can be easily proved that the maximal relative

error in the case of the homotopy perturbation method is less than 7.87%.

On the other hand, the approximate period T�
app given by Eq. 7.61 is compared

with the exact one and thus

lim
eA2!1

Tex
T�
app

¼ 2
ffiffiffiffiffiffiffi
2pe

p
A

2p
ffiffiffiffiffiffiffiffiffiffiffi
67
96
eA2

q � 0; 955076 (7.64)

In the case of the modified homotopy perturbation method the maximal relative

error is less than 4.5%.

We observe that in the frame of the modified homotopy perturbation method, the

term u0(t) results fromEq. 7.33while in the frame of the homotopy perturbationmethod

this term is supposed to be in the form (7.13). Moreover, it is obvious that the methods

differ each other by the construction of the homotopy, by the construction of the

frequency given by Eq. 7.31 and by the construction of the solutions, which depends

on the frequencyO that is unknown a priori. One can observe that bothmethods provide

approximate results that come very close to each other for small values of e.
Example (b): Let us consider the well-known Duffing equation

€uþ uþ au3 ¼ 0 (7.65)
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with the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (7.66)

By the same manipulations as in the example (a), we obtain

O ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1þ 3

4
aA2Þ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

2
aA2 þ 15

32
a2A4

rs
(7.67)

uðtÞ ¼ A cosOtþ aA3

32O2
ðcos 3Ot� cosOtÞ þ a2A5

1024O2
ðcos 5Ot� cosOtÞ (7.68)

For comparison, the exact frequency obtained by Eq. 7.62 and the approximate

frequency computed by Eq. 7.67 are listed in table 7.1.

We also have

lim
aA2!1

Oapp

Oex
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6þ ffiffiffiffiffi

30
pp

2p

ðp2
0

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 0:5sin2x

p ¼ 0; 999699 (7.69)

Note that the accuracy of the frequency O given by Eq. 7.67 is not strongly

dependent upon the values of aA2 because it is uniformly valid for any possible

values of aA2. Equation 7.69 shows that the formula (7.67) can give an excellent

approximate frequency for both small and large values of oscillation amplitude.

Therefore, for any value of a > 0 it can be easily proved that the maximal relative

error of the frequency (7.67) is less than 0.03%. Without any cumbersome proce-

dure, we can readily obtain the second or higher order approximation with high

accuracy. Convergence and error study of the above mentioned examples is a

Table 7.1 Comparison between the approximate frequency (7.67) and the exact frequency for

Eq. 7.65

aA2 O, Eq. 7.67 O, Eq. 7.62

0.2 1.07200 1.07200

0.4 1.138906 1.13891

0.6 1.201731 1.20173

0.8 1.2611777 1.26118

1 1.3177644 1.31778

2 1.5690506 1.56911

5 2.1501774 2.15042

10 2.86612768 2.86664

100 8.5310997 8.53359

1,000 26.802504 26.8107

10,000 84.7013205 84.7245
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further need and it is clear that many other modifications of the homotopy pertur-

bation method can be made.

Example (c)

For the forced Duffing oscillator

€uþ o2uþ eau3 ¼ ek cosOt (7.70)

with o, a, k, constants, o � O (primary resonance) and 0 < e << 1, the Eqs. 7.33,

7.34 and 7.35 become

€u0 þ O2u0 ¼ 0; u0ð0Þ ¼ A; _u0ð0Þ ¼ 0; (7.71)

€u1 þ O2u1 þ O1u0 þ eau30 � ek cosOt ¼ 0; u1ð0Þ ¼ _u1ð0Þ ¼ 0 (7.72)

€u2 þ O2u2 þ O1u1 þ O2u0 þ 3eau20u1 ¼ 0; u2ð0Þ ¼ _u2ð0Þ ¼ 0 (7.73)

From Eq. 7.71 we obtain

u0ðtÞ ¼ A cosOt (7.74)

Substituting Eq. 7.74 into Eq. 7.72 yields

€u1 þ O2u1 þ ðAO1 þ 3

4
eaA3 � ekÞ cosOtþ 1

4
eaA3 cos 3Ot ¼ 0 (7.75)

Avoiding the presence of secular term in Eq. 7.75 needs

O1 ¼ ek
A
� 3

4
eaA2 (7.76)

The solution of Eq. 7.75 become

u1ðtÞ ¼ eaA3

32O2
ðcos 3Ot� cosOtÞ (7.77)

From Eqs. 7.74, 7.76, 7.77 and 7.73 we obtain

€u2 þ O2u2 þ O2A� aeA3O1

32O2
� 3e2a2A5

64O2

� �
cosOtþ H:O:T: ¼ 0 (7.78)

The elimination of secular term in Eq. 7.78 requires

O2 ¼ e2akA

32O2
þ 3e2a2A4

128O2
(7.79)
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The first-order approximation to the solution of Eq. 7.70 for the primary resonant

case O � o is

uðtÞ ¼ A cosOtþ eaA3

32O2
ðcos 3Ot� cosOtÞ (7.80)

where the frequency O is obtained from Eqs. 7.76, 7.79 and 7.29 ðLð0Þ ¼ O2Þ:

O2 ¼ o2

2
� e

k

2A
� 3

8
aA2

� �
þ

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2 � a

k

A
� 3

4
aA2

� �2
" #2

� 1

8
e2 akAþ 3

4
a2A4

� �vuut (7.81)

In order to show the validity of the modified homotopy perturbation method, the

differential Eq. 7.70 has been numerically solved for the following characteristics:

a ¼ o ¼ A ¼ k ¼ 1. Figure 7.1–7.4 show the comparison between the numerical

solutions obtained using a fourth-order Runge–Kutta method and the approximate

solution (7.80) for different values of e.
The displacement curves obtained by the modified homotopy perturbation

method are quasi-identical to those obtained via numerical simulation for e � 0:3.
For moderate values of e, e.g. e ¼ 0:5, the obtained results are satisfactory.

Example (d)

Consider the Van der Pol oscillator in the form

€uþ u ¼ eð1� u2Þ _u (7.82)

and assume that e > 0 is small. The initial conditions are

uð0Þ ¼ A; _uð0Þ ¼ 0 (7.83)

Equation 7.33 is

€u0 þ O2u0 ¼ 0; u0ð0Þ ¼ A, u0ð0Þ ¼ 0 (7.84)

and has the solution

u0ðtÞ ¼ A cosOt (7.85)

Equation 7.34 by means of Eq. 7.85 can be written in the form:

€u1 þ O2u1 þ O1A cosOtþ eAO 1� A2

4

� �
sinOt�

� 1

4
A3O sin 3Ot ¼ 0; u1ð0Þ ¼ _u1ð0Þ ¼ 0

(7.86)

222 7 The Optimal Homotopy Perturbation Method



Fig. 7.1 Comparison

between the numerical

solution of Eq. 7.70 _____

and the approximate solution

_ _ _ _ _ (7.80) for e ¼ 0.1

and a ¼ o ¼ A ¼ k ¼ 1

Fig. 7.2 Comparison

between the numerical

solution of Eq. 7.70 _____

and the approximate solution

_ _ _ _ _ (7.80) for e ¼ 0.2

and a ¼ o ¼ A ¼ k ¼ 1

Fig. 7.3 Comparison

between the numerical

solution of Eq. 7.70 _____

and the approximate solution

_ _ _ _ _ (7.80) for e ¼ 0.3

and a ¼ o ¼ A ¼ k ¼ 1

Fig. 7.4 Comparison

between the numerical

solution of Eq. 7.70 _____

and the approximate solution

_ _ _ _ _ (7.80) for e ¼ 0.5

and a ¼ o ¼ A ¼ k ¼ 1
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From the elimination of secular terms in Eq. 7.86 we obtain

O1 ¼ 0; A ¼ 2 (7.87)

and therefore, the solution of Eq. 7.86 becomes

u1ðtÞ ¼ � e
4O

ð3 sinOt� sin 3OtÞ (7.88)

Substituting Eqs. 7.85, 7.87 and 7.88 into Eq. 7.35 we obtain

€u2 þ O2u2 þ 2O2 � e2

4

� �
cosOtþ 3

2
e2 cos 3Ot� 5

4
e2 cos 5Ot ¼ 0 (7.89)

Avoiding the presence of secular term in Eq. 7.89 needs

O2 ¼ e2

8
(7.90)

and therefore, from Eqs. 7.87, 7.90 and 7.31 it is obtained

O2 ¼ 1� e2

8
(7.91)

Substituting Eqs. 7.85 and 7.88 into Eq. 7.30, we find the first-order approximate

solution in the form

uðtÞ¼ 2cos

ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

8

r
tþ effiffiffiffiffiffiffiffiffiffiffi

1� e2
8

q 3sin

ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

8

r !
t� sin 3

ffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

8

r !
t

" #
(7.92)

Example (e) (Generalized Van der Pol equation)

In this last example, we consider nonlinear oscillations governed by a

generalized Van der Pol equation of the form [148]:

€uþ u ¼ eð1� u2nÞ _u (7.93)

with the initial conditions:

uð0Þ ¼ A; _uð0Þ ¼ 0 (7.94)

where n is any positive integer and the parameter e is small. For n ¼ 1, the Eq. 7.93

reduces to the traditional Van der Pol equation.

The Eq. 7.33 is

€u0 þ O2u0 ¼ 0 u0ð0Þ ¼ A; _u0 ¼ 0 (7.95)
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The solution of Eq. 7.95 becomes

u0 ¼ A cosOt (7.96)

In view of Eq. 7.34 we need the identity [149]

cos2nOt ¼ 1

22n
2n
n

� �
þ 2

Xn
k¼1

2n
n� k

� �
cos 2kOt

" #
(7.97)

where

n
k

� �
¼ n!

k!ðn� kÞ! ;
n
0

� �
¼ 1; k! ¼ 1 � 2 � 3::::k

So, it can be verified that

sinOtcos2nOt ¼ 1

22n

Xn
k¼0

2n

n� k

� �
2k þ 1

nþ k þ 1
sinð2k þ 1ÞOt

sinOtcos2n�1Ot ¼ 1

n22n�1

Xn
k¼1

2n

n� k

� �
k sin 2kOt (7.98)

Equation 7.34 can be written by means of Eq. 7.96 in the form

€u1 þ O2u1 ¼ �AO1 cosOt� eAOð1� A2ncos2nOtÞ sinOt; u1ð0Þ ¼ _u1ð0Þ ¼ 0

The last equation, with the aid of the identity (7.981), becomes:

€u1 þ O2u1 ¼ �AO1 cosOtþ eAO
A

2

� �2n
"

2n

n

� �
1

nþ 1
� 1

�
sinOt þ

þ eO
A

2

� �2nXn
k¼1

2n

n� k

� �
2k þ 1

nþ k þ 1
sinð2k þ 1ÞOt (7.99)

Avoiding the presence of a secular term in the Eq. 7.99 needs

O1 ¼ 0; A ¼ 4n!ðnþ 1Þ!
ð2nÞ!

	 � 1
2n

(7.100)

and thus, from Eq. 7.99 we obtain the following result

u1ðtÞ ¼ � e
2O

A

2

� �2nþ1Xn
k¼1

2n

n� k

� �
2k þ 1

kðk þ 1Þðnþ k þ 1Þ�

� sinð2k þ 1ÞOt½ � ð2k þ 1Þ sinOt�
(7.101)
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Substituting Eqs. 7.95 and 7.101 into Eq. 7.35 yields

€u2þO2u2 ¼O1e
2O

A

2

� �2nþ1Xn
k¼1

2n

n� k

� �
2kþ 1

kðkþ 1Þðnþ kþ 1Þ�

� ½sinð2kþ 1ÞOt�ð2kþ 1Þ sinOt� �O2AcosOt�

� e
2

1�A2n
� �

cos2nOt
A

2

� �2nþ1Xn
k¼1

2n

n� k

� �
� 2kþ 1ð Þ2

kðkþ 1Þðnþ kþ 1Þ�

� ½cosð2kþ 1ÞOt� cosOt� � e2nA2ncos2n�1Ot sinOt
A

2

� �2n�1

�

�
Xn
k¼1

2n

n� k

� �
2kþ 1

kðkþ 1Þðnþ kþ 1Þ � ½sinð2kþ 1ÞOt�ð2kþ 1Þ sinOt�

By the same manipulation and by means of Eqs. 7.97, 7.98 and 7.1001, the last

equation can be written as

€u2 þ O2u2 ¼
	
�O2Aþ e2

2

A

2

� �2nþ1Xn
k¼1

2n

n� k

� � ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þ�

� e2

2

A

2

� �4nþ1 2nþ 1

n

� �Xn
k¼1

2n

n� k

� � ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þþ

þ e2

2

A

2

� �4nþ1Xn
k¼1

2n

n� k

� �2 ð2kþ1Þ2
kðkþ1Þðnþ kþ1Þ�

� e2
A

2

� �4nþ1Xn
k¼1

2n

n� k

� �2
2kþ1

ðkþ1Þðnþ kþ1Þþ

þ e2
A

2

� �4kþ1 2n

n�1

� �Xn
k¼1

2n

n� k

� � ð2kþ1Þ2
kðkþ1Þðnþ kþ1Þ

#
�

� cosOtþH:O:T: (7.102)

Eliminating secular terms in Eq. 7.102 requires that

O2 ¼ e2

4

n!ðnþ 1Þ!
ð2nÞ!

Xn
k¼1

2n

n� k

� � ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þ�

� e2

4

n!ðnþ 1Þ!
ð2nÞ!

	 �2 2nþ 1

n

� �Xn
k¼1

2n

n� k

� � ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þþ

þ e2

4

n!ðnþ 1Þ!
ð2nÞ!

	 �2Xn
k¼1

2n

n� k

� � ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þ�

� e2

2

n!ðnþ 1Þ!
ð2nÞ!

	 �2Xn
k¼1

2n

n� k

� �
2k þ 1

ðk þ 1Þðnþ k þ 1Þþ

þ e2

2

n!ðnþ 1Þ!
ð2nÞ!

	 �2 2n

n� 1

� �Xn
k¼1

2n

n� k

� � ð2k þ !Þ2
kðk þ 1Þðnþ k þ 1Þ ð7:103Þ
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where Eq. 7.1002 has been taken into account.

The frequency O given by Eq. 7.31 is obtained from Eqs. 7.1001 and 7.103:

O2 ¼ 1� e2

4

n!ðnþ 1Þ!
ð2nÞ!

Xn
k¼1

2n

n� k

� � ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þþ

þ e2

4

n!ðnþ 1Þ!ð2nþ 1Þ
ð2nÞ!

Xn
k¼1

2n

n� k

� � ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þ�

� e2

4

n!ðnþ 1Þ!
ð2nÞ!

	 �2Xn
k¼1

2n

n� k

� �2 ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þþ

þ e2

2

n!ðnþ 1Þ!
ð2nÞ!

	 �2Xn
k¼1

2n

n� k

� �2
2k þ 1

kðk þ 1Þðnþ k þ 1Þ�

� e2

2

n!ðnþ 1Þ!
ð2nÞ!

	 �2 2n

n� k

� �Xn
k¼1

2n

n� k

� � ð2k þ 1Þ2
kðk þ 1Þðnþ k þ 1Þ (7.104)

The first-order approximate solution is obtained from Eqs. 7.95, 7.101 and 7.30

and we obtain

uðtÞ ¼A cosOt� e
2O

A

2

� �2nþ1Xn
k¼1

2n

n� k

� �
2k þ 1

kðk þ 1Þðnþ k þ 1Þ�

� sinð2k þ 1ÞOt� ð2k þ 1Þ sinOt½ �
(7.105)

where A and O are given by Eqs. 7.1002 and 7.104 respectively.

We remark that for n ¼ 1 (traditional Van der Pol equation) we obtain from

Eqs. 7.104 and 7.105 respectively

O2 ¼ 1� e2

8

and

uðtÞ ¼ 2 cosOt� e
O
ðsin 3Ot� 3 sinOtÞ

which are identical to Eqs. 7.91 and 7.92 respectively.

7.3 Basic Idea of Optimal Homotopy Perturbation Method

and Some Applications

We consider Eq. 7.3 with the boundary conditions (7.2) and with the solution (7.8).

Generally speaking, the nonlinear operator N(u) depend on t; u; _u; €u and therefore

one can write

NðuÞ ¼ Fðt; u; _u; €u; :::Þ (7.106)
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Applying the Taylor series theorem for real values a, b, g, we obtain

Fðt; uþ a; _uþ b; €uþ g; :::Þ ¼ Fðt; u; _u; €uÞ þ a
1!
Fuðt; u; _u; €u; :::Þþ

þ b
1!
F _uðt; u; _u; €u; :::Þ þ g

1!
F€uðt; u; _u; €u; :::Þ þ ::: (7.107)

where Fu ¼ @F=@u.
At this moment we consider only two alternatives to construct the homotopy

given by Eq. 7.5. In the case of the first alternative, we introduce a number of

unknown auxiliary functions Kijðt;CkÞ, i, j, k ¼ 1, 2, . . . that depend on the variable
t and some constants C1, C2, . . . and a new homotopy which satisfies the following

equation:

Hðv; pÞ ¼ LðvÞ � Lðu0Þ � f ðrÞ þ p½Lðu0Þ þ K11ðt;CkÞFðt; v0; _v0; €v0; :::Þ�þ
þ p2½K21ðt;CkÞv1Fvðr; v0; _v0; €v0; :::Þ þ K22ðt;CkÞ _v1F _vðt; v0; _v0; €v0; :::Þþ
þ K23ðt;CkÞ€v1F€vðt; v0; _v0; €v0; :::Þ� þ p3½K31ðt;CkÞv2Fvðt; v0; _v0; €v0; :::Þþ
þ K32ðt;CkÞ _v2F _vðt; v0; _v0; €v0; :::Þþ
þ K33ðt;CkÞ€v2F€vðt; v0; _v0; €v0; :::Þ:::� þ :::: ¼ 0 ð7:108Þ

where v is given by Eq. 7.7.

A whole set of equations are obtained by equating the coefficients of like powers

of p for Eq. 7.1 and 7.3. More precisely, we have the following equations:

Lðv0Þ � Lðu0Þ � f ðrÞ ¼ 0; B v0; _v0ð Þ ¼ 0 (7.109)

Lðv1Þ þ Lðu0Þ þ K11ðt;CkÞFðt; v0; _v0; €v0; :::Þ ¼ 0; Bðv1; _v1Þ ¼ 0 (7.110)

Lðv2ÞþK21ðt;CkÞv1Fvðt;v0; _v0;€v0;:::ÞþK22ðt;CkÞ _v1F _vðt;v0; _v0;€v0;:::Þþ
þK23ðt;CkÞ€v1F€vðt;v0; _v0;€v0;:::Þ ¼ 0 B v2; _v2ð Þ¼ 0

(7.111)

and so on.

In the case of the second alternative, the new homotopy can satisfy the equation

Hðv; pÞ ¼ LðvÞ � Lðu0Þ � f ðrÞ þ p½Lðu0Þ þ K�
11ðt;CkÞFðt; v0 _v0; €v0; :::Þþ

þ K�
12ðt;CkÞFvðt; v0; _v0; €v0; :::Þ þ K�

13ðt;CkÞF _vðt; v0 _v0; €v0; :::Þþ
þ K�

14ðt;CkÞF€vðt; v0 _v0; €v0; :::Þ� ¼ 0

(7.112)

In this case, we can write only two equations:

Lðv0Þ � Lðu0Þ � f ðtÞ ¼ 0; B v0; _v0ð Þ ¼ 0 (7.113)
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Lðv1Þ þ Lðu0Þ þ K�
11ðt;CkÞFðt; v0; _v0; €v0; :::Þþ

þ K�
12ðt;CkÞFvðt; v0; _v0; €v0; :::Þ þ K�

13ðt;CkÞF _vðt; v0; _v0; €v0; :::Þþ
þ K�

14ðt;CkÞF€vðt; v0; _v0; €v0; :::Þ ¼ 0; Bðv1; _v1Þ ¼ 0

(7.114)

The functions Kij from Eq. 7.111 are not unique and they can be chosen so that

the products KijFa and Fa be of the same form. The same remark applies to the

functions K�
ij from Eq. 7.112. In this way, in general, we expect that only two

iterations are needed to achieve accurate solutions using the first alternative and

only one iteration in the case of using the second alternative.

The convergence-control constants Ck, k ¼ 1, 2, . . .q, which appear in the

expression of the functions Kijðt;CkÞ or K�
ijðt;CkÞcan be optimally determined.

This can be done via various methods, such as the least squares method, the

weighted residual, the collocation method, the Galerkin method and so on (see

Chap. 6). For example, these constants can be optimally determined by imposing

the residual functional

JðC1;C2; :::;CqÞ ¼
ðb
a

½Lð�vÞ þ Nð�vÞ � f ðrÞ�2dr (7.115)

be minimum, which leads to the system of equations:

@J

@Ci
¼ 0; i ¼ 1; 2; :::; q (7.116)

where a and b are two values from the domain of interest and �vis the m-th order

approximate solution

�v ¼ v0 þ v1 þ ::::þ vm (7.117)

where m ¼ 2 for the first alternative and m ¼ 1 for the second alternative.

The convergence-control constants Ck can also be optimally determined using

other procedures. For example if ti 2 ða; bÞ, i ¼ 1; 2; :::; q, then by substituting ti
into the residual R of the initial Eq. (7.1) obtained for the approximate solution

(7.117), we obtain a system of nonlinear algebraic equations:

Rðt1;CkÞ ¼ Rðt2;CkÞ ¼ ::: ¼ Rðtq;CkÞ ¼ 0; k ¼ 1; 2; :::; q (7.118)

The solutions of Eq. 7.1 subject to the conditions (7.2) can immediately be

determined by using the optimal homotopy perturbation method once the conver-

gence-control constants Ck are known.

In short, the idea of the presented procedure namely the optimal homotopy

perturbation method (OHPM) is to construct a new homotopy such as Eqs. 7.108

or 7.112. It is to remark the presence of the functions Kijðt;CkÞ or K�
ijðt;CkÞ, which
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include the convergence-control constants Ck that can be determined optimally so

that the convergence of the approximate solutions can be easily controlled.

In what follows, we consider a few examples approached by means of these

alternatives.

7.4 A Heat Transfer Problem

Consider the one-dimensional conduction of heat in a slab of thickness L that is

made of a material with temperature-dependent thermal conductivity k [150]. If the
temperatures of the two opposite faces of the slab are uniformly maintained at T1
and T2, T1 > T2, then the governing equation and boundary conditions are [107]:

d

dx
k
dT

dx

� �
¼ 0 (7.119)

x ¼ 0; T ¼ T1; x ¼ L; T ¼ T2 (7.120)

If we further assume that the thermal conductivity varies linearly with tempera-

ture, i.e.

k ¼ k2½1þ bðT � T2Þ� (7.121)

where k2 is the thermal conductivity at temperature T2 for some constant b, then by
introducing the dimensionless quantities

y ¼ T � T2
T1 � T2

; � ¼ x

L
; e ¼ bðT1 � T2Þ ¼ k1 � k2

k2
(7.122)

into Eqs. 7.119 and 7.120, we obtain

y00ð�Þ þ eyð�Þy00ð�Þ þ ey02ð�Þ ¼ 0 (7.123)

yð0Þ ¼ 1; yð1Þ ¼ 0 (7.124)

where prime denotes differentiation with respect to �.
For this problem we consider the first alternative, where in accordance with

Eq. 7.108, the linear operator is chosen as

LðyÞ ¼ y00 (7.125)

and a non-linear operator is defined as (f(r) ¼ 0):

NðyÞ ¼ eyy00 þ ey02 (7.126)
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The initial approximation y0ð�Þ is obtained from Eq. 7.109 for Lðu0Þ ¼ 0 as

y000 ¼ 0; y0ð0Þ ¼ 1; y0ð1Þ ¼ 0 (7.127)

The solution of Eq. 7.127 is

y0ð�Þ ¼ 1� � (7.128)

and the Eq. 7.110 becomes:

y001 þ K11ð�;CiÞðey0y000þ ey00
2Þ ¼ 0; y1ð0Þ ¼ y1ð1Þ ¼ 0 (7.129)

We choose K11ð�;CiÞ ¼ 1and obtain, from Eq. 7.129

y1ð�Þ ¼ 1

2
e� � 1

2
e�2 (7.130)

Remark. The choice of K11ð�;CiÞ is not unique. We can choose for example,

K11ð�;CiÞ ¼ C1 or K11ð�;CiÞ ¼ C0
1 þ C0

2� or K11ð�;CiÞ ¼ C00
1 þ C00

2� þ C00
3�

2 with

constants C1, C
0
1, C

0
2, C

00
1, C

00
2 and C00

3.

From Eq. 7.111, the second-order problem is

y002 þK21ð�;CiÞð2e2�� e2Þ þK22ð�;CjÞðe2�� e2Þ ¼ 0;y2ð0Þ ¼ y2ð1Þ ¼ 0 (7.131)

so by choosing

K21ð�;CiÞ ¼ C1 þ C2� þ C3�
2; K22ð�;CiÞ ¼ C4 þ C5� þ C6�

2 (7.132)

we have from Eq. 7.131

y2ð�Þ ¼ e2C1

6
� e2C3

60
þ e2C4

3
þ e2C5

12
þ e2C6

30

� �
��

� e2C1 þ e2C4

2
�2 þ 2e2C1 � e2C2 þ e2C4 � e2C5

6
�3þ

þ 2e2C2 � e2C3 þ e2C5 � e2C6

12
�4 þ 2eC3 þ e2C6

20
�5

(7.133)

Again, the choices of K21 and K22 are not unique and these could have

been chosen to be, say, K22ð�;CiÞ ¼ C0
3 þ C0

4� þ C0
5�

2 þ C0
6�

3 and K21ð�;CiÞ ¼
C0
1 þ C0

2�, or even K21ð�;CiÞ ¼ C00
1 þ C00

2� þ C00
3�

2 þ C00
4�

3 and K22ð�;CiÞ ¼
C00

5 þ C00
6� þ C00

7�
2 þ C00

8�
3.
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On substituting Eqs. 7.128, 7.130 and 7.133 into Eq. 7.117, we obtain the

second-order approximate solution of Eqs. 7.123 and 7.124 in the form:

�y ¼ y0 þ y1 þ y2 ¼ 1

60

	
ð10e2C1 � e2C3 þ 20e2C4 þ 5e2C5þ

þ 2e2C6Þ þ e
2
� 1�� þ 1� eþ e2C1 þ e2C4

2
�2 þ 1

6
ð2e2C1 þ e2C2þ

þ e2C4 � e2C5Þ�3 þ 1

12
ð2e2C2 � e2C3 þ e2C5 � e2C6Þ�4þ

þ 1

20
ð2e2C3 þ e2C6Þ�5 (7.134)

The exact solution, obtained by integrating Eq. 7.123 twice under the conditions

(7.124) is

yexð�Þ ¼ 1

e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðe2 þ 2eÞð1� �Þ þ 1

p
� 1


 �
(7.135)

The approximate analytical solution obtained using OHPM shall now be com-

pared with the above exact solution for different values of e to demonstrate the

efficiency and accuracy of the OHPM.

Case (a) For e ¼ 0.5

Following the procedure described above, we have from Eq. 7.116:

C1 ¼ �0:235565;C2 ¼ �0:128899;C3 ¼ �0:723479;

C4 ¼ �0:854192;C5 ¼ �0:12291;C6 ¼ �0:334734 (7.136)

This yields an approximate solution, from Eq. 7.134, of the form

�yð�Þ ¼ 1� 0:833333� � 0:113780375�2 � 0:0447297�3þ
þ 0:014115�4 � 0:022271�5 (7.137)

The accuracy of the solution obtained by OHPM can be assessed graphically as

shown in Fig. 7.5.

Case (b) For e¼, we have from Eq. 7.116

C1 ¼ 0:153352; C2 ¼ 0:47144; C3 ¼ �1:69402;

C4 ¼ �0:912121; C5 ¼ C6 ¼ 0
(7.138)

This yields an approximate solution, from Eq. 7.134, of the form

�yð�Þ ¼ 1� 0:750248� � 0:1206155�2 � 0:17947616�3þ
þ 0:219741666�4 � 0:169402�5 (7.139)
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Figure 7.6 shows a comparison between the approximate solution obtained by

OHPM and the exact solution.

Case (c) For e ¼ 1.5, we obtain from Eq. (7.116),

C1 ¼ �0:161965; C2 ¼ 1:27736; C3 ¼ �2:07241;

C4 ¼ �0:425527;C5 ¼ �0:879691; C6 ¼ 0:188495 (7.140)

This yields an approximate solution, from Eq. 7.134, of

�yð�Þ ¼ 1� 0:581497937� � 0:0890715�2 � 0:43017225�3

þ 0:667302�4 � 0:445086562�5 (7.141)

Figure 7.7 shows the comparison between the approximate solution (7.141) and

the exact solution (7.135).

The approximate solutions obtained above are almost identical to the exact ones,

which show the high accuracy of the method presented.

Fig. 7.5 Comparison

between the present solution

(7.137) and the exact solution

(7.135) of Eq. 7.123 for

e ¼ 0.5: ______ exact

solution, _ _ _ _ approximate

solution

Fig. 7.6 Comparison

between the present solution

(7.139) and the exact solution

(7.135) of Eq. 7.123 for

e ¼ 1: ______ exact solution,

_ _ _ _ approximate solution
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7.5 Thin Film Flow of a Fourth Grade Fluid Down

a Vertical Cylinder

Consider the nonlinear differential equation (see also Sect. 6.3):

�
d2f

d�2
þ df

d�
þ k� þ 2b

df

d�

� �3

þ 3�
df

d�

� �2 d2f

d�2

" #
¼ 0 (7.142)

with initial conditions

f ð1Þ ¼ 0; f 0ðdÞ ¼ 0 (7.143)

where d is a parameter such that d > 1.

In accordance with Eq. 7.142, the linear operator is chosen as

Lf ¼ �f 00 þ f 0 (7.144)

and we define a non-linear operator as

Nf ¼ 2bðf 03 þ 3�f 02f 00Þ (7.145)

where f 0 ¼ df
d� .

The initial approximation f 00ð�Þ is obtained from Eq. 7.109 where Lðu0Þ ¼ 0:

�f 000 þ f 00 þ k� ¼ 0 (7.146)

f 00ðdÞ ¼ 0 (7.147)

It is obtained:

f 00ð�Þ ¼
k

2

d2

�
� �

� �
(7.148)

Fig. 7.7 Comparison

between the present solution

(7.141) and the exact solution

(7.135) of Eq. 7.123 for

e ¼ 1.5: ______ exact

solution, _ _ _ _ approximate

solution

234 7 The Optimal Homotopy Perturbation Method



The first-order approximation f 01ð�Þis obtained from Eq. 7.110

�f 001 þ f 01 þ K11ð�1;CkÞFðf0; f 00; f 000Þ ¼ 0 (7.149)

f 01ðdÞ ¼ 0 (7.150)

where

Fð f0; _f 00; _f 000Þ ¼ 2b½ f 003 þ 3� f 00
2 f 000� (7.151)

We choose K11(�,Ck) ¼ C1 (constant) because C1F has the same form as F does.

We remark that choosing of K11(�,Ck) is not unique. For example, we can choose

K11ð�;CkÞ ¼ C0
1 f

02
0 þ C0

2 f
0
0 or K11ð�;CkÞ ¼ 1 or K11ð�;CkÞ ¼ C00

1 f
03
0 and so on.

From Eqs. 7.149, 7.150 and 7.151 we obtain:

f 01ð�Þ ¼ �2bC1 f
0
0
3 (7.152)

or using Eq. 7.148, Eq. 7.152 becomes:

f 01ð�Þ ¼ � 1

4
bk3C1

d2

�
� �

� �3

(7.153)

The second-order approximation f 02ð�Þ is obtained from Eq. 7.111

� f 002 þ f 02 þ 2bK21ð�;CiÞf 01ð3 f 002 þ 6� f 00 f
00
0Þþ

þ 2bK22ð�;CiÞ f 001ð3� f 002Þ ¼ 0
(7.154)

f 02ðdÞ ¼ 0 (7.155)

Substitutions of Eq. 7.152 into Eq. 7.154 yields

ð�f 02Þ0 � 12b2C1½K21ð�;CiÞð f 005 þ 2� f 00
4 f 000 Þþ

þ K22ð�;CiÞ� f 004 f 000� ¼ 0
(7.156)

In order to solve Eq. 7.156 we try to write its the second part in the form

K21ð�;CiÞð f 005 þ 2� f 00
4 f 000Þ þ K22ð�;CiÞ� f 004 f 000 ¼

¼ ðC2� f
0
0
i þ C3� f

0
0
iþ1 þ C4� f

0
0
iþ2 þ :::þ Cj � f

0
0
iþj�2Þ0 (7.157)

where i, j are positive integer numbers. From Eq. 7.157 it is obtained

K21 ¼ C2 f
0
0
i�5 þ C3 f

0
0
i�4 þ :::þ Cj f

0
0
iþj�7

K22 ¼ ði� 2ÞC2 f
0
0
i�5 þ ði� 1ÞC3 f

0
0
i�4 þ :::þ ðiþ j� 4ÞCj f

0
0
iþj�7

(7.158)
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Because K21 and K22 given by Eq. 7.158 are well-defined, from Eqs. 7.156 and

7.155 it is obtained

f 02 ¼ 12b2C1ðC2 f
0
0
i þ C3 f

0
0
iþ1 þ :::þ Cj f

0
0
iþj�2Þ (7.159)

If we choose i ¼ 1 and j ¼ 8 into Eq. 7.159, it is obtained

f 02 ¼ 12b2C1C2 f
0
0 þ 12b2C1C3 f

0
0
2 þ 12b2C1C4 f

0
0
3 þ 12b2C1C5 f

0
0
4þ

þ 12b2C1C6 f
05
0 þ 12b2C1C7 f

0
0
6 þ 12b2C1C8 f

0
0
7

(7.160)

We remark that the choice of the parameters i ¼ 1 and j ¼ 8 is not unique.

Substituting Eq. 7.148 into Eq. 7.160 we obtain

f 02ð�Þ ¼ 6b2kC1C2

d2

�
� �

� �
þ 3b2k2C1C3

d2

�
� �

� �2

þ

þ 3

2
b2k3C1C4

d2

�
� �

� �3

þ 3

4
b2k3C1C5

d2

�
� �

� �4

þ

þ 3

8
b2k5C1C6

d2

�
� �

� �5

þ 3

16
b2k6C1C7

d2

�
� �

� �6

þ

þ 3

32
b2k7C1C8

d2

�
� �

� �7

(7.161)

The approximate differentiation solution of the second-order is given by

�f 0 ¼ f 01 þ f 01 þ f 02 (7.162)

or, using Eqs. 7.148, 7.153 and 7.161

�f 0ð�Þ ¼ kð1þ 12b2C1C2Þ
2

d2

�
� �

� �
þ 3b2k2C1C3

d2

�
� �

� �2

þ

þ bk3C1ð6bC4 � 1Þ
4

d2

�
� �

� �3

þ 3b2k4C1C5

4

d2

�
� �

� �4

þ

þ 3b2k5C1C6

8

d2

�
� �

� �5

þ 3b2k6C1C7

16

d2

�
� �

� �6

þ

þ 3b2k7C1C8

32

d2

�
� �

� �7

(7.163)
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From Eqs. 7.163 and 7.1431 we obtain the second-order approximate solution of

Eq. 7.142 in the conditions given by Eq. 7.143

�f ð�Þ¼ kð1þ12b2C1C2Þ
2

1��2

2
þd2 ln�

� �
þ3b2k2C1C3

�3�1

3
þ

	

þd4 1�1

�

� �
þ2d2ð1��Þ

�
þbk3C1ð6bC4�1Þ

4

d6

2
1� 1

�2

� �
�3d4 ln�þ

	

þ3d2

2
ð�2�1Þþ1��4

4

�
þ3b2k4C1C5

4

d8

3
1� 1

�3

� �	
þ4d6

1

�
�1

� �
þ

þ6d4ð��1Þ�4d2

3
ð�3�1Þþ1

5
ð�5�1Þ

�
þ3b2k5C1C6

8

d10

4
1� 1

�4

� �	
þ

þ5d8

2

1

�2
�1

� �
þ10d6 ln�þ5d4ð1��2Þþ5d2

4
ð�4�1Þþ1

6
ð1��6Þ

�
þ

þ3b2k6C1C7

16

d12

5
1� 1

�5

� �	
þ2d10

1

�3
�1

� �
þ15d8 1�1

�

� �
þ

þ20d6ð1��Þþ5d4ð�3�1Þþ6d2

5
ð1��5Þþ1

7
ð�7�1Þ

�
þ

þ3b2k7C1C8

32

d14

6
1� 1

�6

� �	
þ7d12

4

1

�4
�1

� �
þ21d10

2
1� 1

�2

� �
�

�35d8 ln�þ35d6

2
ð�2�1Þþ21d4

4
ð1��4Þþ7d2

6
ð�6�1Þþ1

8
ð1��8Þ

�
(7.164)

The exact solution f 0ð�Þ is obtained by integration of Eq. 7.142 with the

conditions (7.1432). We obtain:

f 0ð�Þ � k

2

d2

�
� �

� �
þ 2bf 03ð�Þ ¼ 0 (7.165)

f ð1Þ ¼ 0 (7.166)

With the notations:

D1 ¼ C1C2;D2 ¼ C1C3;D3 ¼ C1ð6bC4 � 1Þ;D4 ¼ C1C5;

D5 ¼ C1C6;D6 ¼ C1C7;D7 ¼ C1C8

(7.167)

the residual obtained substituting Eq. 7.163 into Eq. 7.144 becomes:

Rð�;DiÞ ¼ �f 0ð�Þ � k

2

d2

�
� �

� �
þ 2b�f 03ð�Þ ¼ 0 (7.168)
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If we locate the residual R given by Eq. 7.168 in 7 points: �i ¼ 1þ id
8
, i ¼ 1,

2, . . ., 7, we obtain a system of seven algebraic equations:

R 1þ id

8
;Di

� �
¼ 0 (7.169)

whereas we obtain the unknown parameters D1, D2, . . ., D7, so that the approximate

solution is well-defined.

We remark that the explicit analytic expression given by Eq. 7.164 contains the

parameters C1, C2, . . ., C8 that can be expressed under the form given by Eq. 7.167,

which give the convergence region and rate of approximation.

In order to prove the efficiency and accuracy of the optimal homotopy perturba-

tion method we consider some cases for different value of the parameters k, b and d.
Case (a) Consider k ¼ 1, b ¼ 1

From the system of algebraic Eq. 7.169 we obtain:

D1 ¼ �1:41 � 10�28;D2 ¼ �2:44 � 10�27;D3 ¼ �1;D4 ¼ 2:18 � 10�26;

D5 ¼ 1;D6 ¼ 3:52 � 10�25;D7 ¼ �8 (7.170)

Therefore, the approximate solution of f 0ð�Þ becomes

�f 0ð�Þ ¼ 0:5
d2

�
� �

� �
� 0:25

d2

�
� �

� �3

þ 0:375
d2

�
� �

� �5

� 0:75
d2

�
� �

� �7

f ð1Þ ¼ 0

(7.171)

In the Tables 7.2 and 7.3 are presented some comparisons between the present

solution f 0ð�Þobtained from Eq. 7.171 and the exact solution f 0ð�Þ of Eq. 7.142

given by Eq. 7.165 for d ¼ 1.02 and d ¼ 1.04, respectively, for different values

of �.
It can be seen that the solution obtained by the present method is nearly identical

with that given by the exact solution, demonstrating a very good accuracy.

Figures 7.8 and 7.9 present a comparison between the present solution (7.171)

and the numerical solution of Eq. 7.142, for d ¼ 1.02 and d ¼ 1.04, respectively.

Case (b) Consider k ¼ 1, b ¼ 1.5

In this case we obtain from the system of algebraic Eq. 7.169:

D1 ¼ 8:57 � 10�18;D2 ¼ 2:21 � 10�16;D3 ¼ �1;

D4 ¼ 8:78 � 10�15;D5 ¼ 1;D6 ¼ 2:62 � 10�14;D7 ¼ �12
(7.172)
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Therefore, the approximate solution of f 0ð�Þbecomes in this case

�f 0ð�Þ ¼ 0:5
d2

�
� �

� �
� 0:375003

d2

�
� �

� �3

þ

þ 0:84375
d2

�
� �

� �5

� 2:53125
d2

�
� �

� �7

f ð1Þ ¼ 0

(7.173)

Tables 7.4 and 7.5 present a comparison between the present solution f 0ð�Þgiven
by Eq. 7.173, and the exact solution f 0ð�Þ given by Eq. 7.165 for d ¼ 1.02 and

d ¼ 1.04, respectively, for different values of �.

Table 7.2 Comparison between the present solution (7.171) and the exact solution (7.165) for

k ¼ b ¼ 1, d ¼ 1.02

Z �f 0given by Eq. 7.171 f 0exact given by Eq. 7.165

1 0.020183555411 0.020183555411

1.005 0.015105047488 0.015105048224

1.007 0.013079437568 0.013079438114

1.01 0.010047476329 0.010047476254

1.014 0.006017315728 0.006017314467

1.018 0.002001948589 0.002001948589

Table 7.3 Comparison between the present solution (7.171) and the exact solution (7.165) for

k ¼ b ¼ 1, d ¼ 1.04

Z �f 0given by Eq. 7.171 f 0exact given by Eq. 7.165

1 0.040665504003 0.040665504274

1.008 0.032439661905 0.032439661553

1.016 0.024254926148 0.024254940388

1.023 0.017131195967 0.017131196596

1.03 0.010046515649 0.010046510165

1.038 0.002001910736 0.002001910736

Fig. 7.8 Comparison

between the present solution

(7.171) and the numerical

solution of Eq. 7.142 for

k ¼ 1, b ¼ 1, d ¼ 1.02
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It can be seen that the solution obtained by the present method is nearly identical

with that given by the exact solution, demonstrating a very good accuracy.

It is easier to emphasize the accuracy of the obtained results if we graphically

compare the analytical solutions obtained through OHPM with the numerical ones.

Therefore, Figs. 7.10 and 7.11 present a comparison between the present solution

(7.173) and the numerical solution of Eq. 7.165, for d ¼ 1.02 and d ¼ 1.04,

respectively, in the case of k ¼ 1 and b ¼ 1.5.

7.6 Nonlinear Dynamics of an Electrical Machine

Rotor-Bearing System

The rotating electrical machine considered in this section is modelled as a flexible

rotor supported by two journal bearings with nonlinear suspension [151]. In order to

simplify the mathematical modelling of such a system, one can assume that the rotor

Fig. 7.9 Comparison

between the present solution

(7.171) and the numerical

solution of Eq 7.142 for

k ¼ 1, b ¼ 1, d ¼ 1.04

Table 7.4 Comparison between the present solution (7.173) and the exact solution (7.165) for

k ¼ 1, b ¼ 1.5, d ¼ 1.02

� �f 0given by Eq. 7.173 f 0exact given by Eq. 7.165

1 0.020175362966 0.020175363141

1.005 0.015101608072 0.015101965160

1.007 0.013077203439 0.013077035778

1.01 0.010046462918 0.010046466732

1.014 0.006017097919 0.006017101651

1.018 0.002001940566 0.002001940795

Table 7.5 Comparison between the present solution (7.173) and the exact solution (7.165) for

k ¼ 1, b ¼ 1.5, d ¼ 1.04

Z �f 0given by Eq. 7.173 f 0exact given by Eq. 7.165

1 0.040599239698 0.040599241011

1.008 0.032405844453 0.032406015043

1.016 0.024240732049 0.024240659597

1.023 0.017126181584 0.017126244676

1.03 0.010045502551 0.010045467225

1.038 0.002001902713 0.002001901376
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mass and the bearing mass are lumped at the midpoint, the rotor speed is constant, the

axial and torsional vibrations and the mass of the shaft are negligible, as well as the

damping. In these hypotheses the motion of the system is governed by the following

non-linear system of four coupled non-linear differential equations [152]:

€u1 þ 1

s21
u1 þ a

s2
u31 �

1

2cs2
ðu2 � u1Þ ¼ 0

€u2 þ 1

s2
ðu2 � u1Þ ¼ 0

€u3 þ 1

s21
u3 þ a

s2
u33 �

1

2cs2
ðu4 � u3Þ þ f

s2
¼ 0

€u4 þ 1

s2
ðu4 � u3Þ þ f

s2
¼ 0 (7.174)

where u1, u2 and u3, u4 are the horizontal and vertical displacements of the bearing

centre and rotor centre, respectively. The rest of the parameters are considered

constants for a given working regime:

s21 ¼ comcps
2; com ¼ m0

m
; cp ¼ kp

k1
;

s2 ¼ o1

on
; a ¼ k2c

2

kpcom
; f ¼ mg

ckp
(7.175)

Fig. 7.10 Comparison

between the present solution

(7.173) and the numerical

solution of Eq. 7.142 for

k ¼ 1, b ¼ 1.5, d ¼ 1.02

Fig. 7.11 Comparison

between the present solution

(7.173) and the numerical

solution of Eq. 7.142 for

k ¼ 1, b ¼ 1.5, d ¼ 1.04
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where o1 is the rotational speed of the shaft, kp is the stiffness of the shaft, k1 and k2
are the stiffness of the linear and nonlinear springs which support the bearing

housing, m and m0 are the masses lumped at the rotor mid-point and at the bearing

mid-point and c is the clearance.
Using the notations

B1 ¼ 1

s2
þ 1

2cs2
; B2 ¼ a

s2
; B3 ¼ � 1

2cs2
; B4 ¼ f

s2
; o2 ¼ 1

s2
(7.176)

we can rewrite Eq. 7.174 in the form

€u1 þ O2
1u1 þ ðB1 � O2

1Þu1 þ B2u
3
1 þ B3u2 ¼ 0

€u2 þ O2
2u2 þ ðo2 � O2

2Þu2 � o2u1 ¼ 0

€u3 þ O2
3u3 þ ðB1 � O2

3Þu3 þ B2u
3
3 þ B3u4 þ B4 ¼ 0

€u4 þ O2
4u4 þ ðo2 � O2

4Þu4 � o2u3 þ B4 ¼ 0 (7.177)

with the initial conditions

uið0Þ ¼ Ai; _uið0Þ ¼ 0; i ¼ 1; 2; 3; 4 (7.178)

where Oi are the frequencies of ui, respectively.
In this section we apply the second alternative of the OHPM, thus for the

Eq. 7.1771, the homotopy (7.112) becomes

€u1 þ O2
1u1 þ pfK�

11ðt;CiÞ½ðB1 � O2
1Þu10 þ B1u

3
10 þ B3u20�þ

þ K�
12ðt;CjÞðB1 � O2

1 þ 3B2u
2
10Þ þ K�

13ðt;CkÞB3g ¼ 0 (7.179)

where u10 is obtained from Eqs. 7.178 and 7.133, u1 ¼ u10 + pu11 and

u10 ¼ A1 cosO1t (7.180)

We choose

K�
11
ðt;CiÞ ¼ C1 þ 2C2 cos 2O1tþ 2C3 cos 4O1t

K�
12ðt;CiÞ ¼ C4 þ 2C5 cosO1tþ 2C6 cos 3O2t

K�
13
ðt;CiÞ ¼ C7 (7.181)
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where Ci, i ¼ 1, 2, . . ., 7 are unknown constants. In this case K�
1iFx has the same

form as Fx. We can also choose

K�
11ðt;CiÞ ¼ C1 þ 2C2 cos 2O1t

K�
12ðt;CiÞ ¼ C3 þ 2C4 cosO1t

K�
13ðt;CiÞ ¼ C5 þ C6 cosO1t

(7.182)

and so on.

From Eqs. 7.180 and 7.181 we obtain a linear differential equation of

the form:

€u11 þ O2
1u11 þ ½ðB1 � O2

1ÞðA1C1 þ A1C2 þ 2C5Þþ
þ 3C1 þ 4C2 þ C3

4
A3
1B2 þ 9C5 þ 3C6

2
A2
1B2� cosO1tþM3 cos 3O1tþ

þM5 cos 5O1tþM7 cos 7O1tþ ðA2B3C1 þ B3C7Þ cosO2tþ
þ A2B3C2½cosð2O1 þ O2Þtþ cosð2O1 � O2Þt� þ A2B3C3½cosð4O1þ
þ O2Þtþ cosð4O1 � O2Þt� þ ðB1 � O2

1 þ
3

2
A2
1B2ÞC4þ

þ 3

2
A2
1B2C4 cos 2O1t ¼ 0 ð7:183Þ

where

M3 ¼ ðB1 � O2
1ÞðA1C2 þ A1C3 þ 2C6Þþ

þ 1

4
A2
1B2ðA1C1 þ 3A1C2 þ 3A1C3 þ 6C5 þ 12C6Þ

M5 ¼ ðB1 � O2
1ÞA1C3 þ 1

4
B2A

2
1ðA1C2 þ 3A1C3 þ 6C6Þ

M7 ¼ 1

4
A3
1B2C3 (7.184)

Avoiding the presence of secular terms in the Eq. 7.183, we obtain the frequency

O2
1 ¼ B1 þ A2

1B2½ð3C1 þ 4C2 þ C3ÞA1 þ 18C5 þ 6C6�
4ðA1C1 þ A1C2 þ 2C5Þ (7.185)
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From Eqs. 7.183, 7.179 and 7.180 one can obtain the first-order approximate

solution for the first variable:

�u1 ¼ u10 þ u11 ¼
	
A1 � M3

8O2
1

� M5

24O2
1

� M7

48O2
1

þ A2B3C1 þ B3C7

O2
1 � o2

�

� 2ð3O2
1 þ O2

2ÞA2B3C2

9O4
1 � 10O2

1O
2
2 þ O4

2

� 2ð15O2
1 þ O2

2ÞA2B3C3

225O4
1 � 34O2

1O
2
2 þ O4

2

�
cosO1tþ

þ M3

8O2
1

cos 3O1tþ M5

24O2
1

cos 5O1tþ M7

48O2
1

cos 7O1t�

� A2B3C1 þ B3C7

O2
1 � O2

2

cosO2tþ A2B3C2

3O2
1 þ 4O1O2 þ O2

2

cosð2O1 þ O2Þtþ

þ A2B3C2

3O2
1 � 4O1O2 þ O2

2

cosð2O1 � O2Þtþ A2B3C3 cosð4O1 þ O2Þt
15O2

1 þ 8O1O2 þ O2
2

þ

þ A2B3C3 cosð4O1 � O2Þt
15O2

1 � 8O1O2 þ O2
2

� B1 � O2
1 þ 3

2
A2
1B2

O2
1

ð1� cosO1tÞþ

þ A2
1B2C4ðcos 2O1t� cosO1tÞ

2O2
1

ð7:186Þ

For Eq. 7.1772, the homotopy (7.112) can be written in the form:

€u2 þ O2
2u2 þ pfK�

21
ðt;CiÞ½ðo2 � O2

2ÞA2 cosO2t� o2A1 cosO1t�þ
þ K�

22
ðt;CjÞðo2 � O2

2Þ þ K�
23
ðt;CkÞð�o2Þg ¼ 0

(7.187)

where we used the expression u20ðtÞ ¼ A2 cosO2t and �u2 ¼ u20 þ pu21.
If we choose

K�
21ðt;CiÞ ¼ C8 þ 2C9 cos 2O1tþ 2C10 cos 4O1t

K�
22ðt;CjÞ ¼ C11 þ C12 cosO1t

K�
23ðt;CkÞ ¼ C13 þ C14 cosO2tþ C15 cosot

(7.188)

with the constants Cj, j ¼ 8, 9, . . ., 15, then from Eqs. 7.187 and 7.188 we obtain

€u21 þ O2
2u21 þ ½ðo2 � O2

2ÞA2C8 � o2C14� cosO2t

þ ðo2 � O2
2ÞA2C9½cosð2O1 þ O2Þtþ cosð2O1 � O2Þt�

þ ðo2 � O2
2ÞA2C10½cosð4O1 þ O2Þtþ cosð4O1 � O2Þt� � o2A1ðC8þ

þ C9Þ cosO1t� o2A1ðC9 þ C10Þ cos 3O1t� o2A1C10 cos 5O1tþ
þ ðo2 � O2

2ÞC11 � o2C13 þ ðo2 � O2
2ÞC12 cos 2O1t� o2C15 coso t ¼ 0

(7.189)
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Avoiding the presence of secular terms in Eq. 7.189, we obtain

O2
2 ¼ o2 1� C14

A2C8

� �
(7.190)

The solution of Eq. 7.189 with the initial conditions (7.178) has the form

u21ðtÞ ¼ o2C15

O2
2 � o2

ðcosot� cosO2tÞþ

þ o2A1ðC8 þ C9Þ
O2

2 � O2
1

ðcosO1t� cosO2tÞ þ o2A1ðC9 þ C10Þ
O2

2 � 9O2
1

�

� ðcos 3O1t� cosO2tÞ þ o2A1C10

O2
2 � 25O2

1

ðcos 5O1t� cosO2tÞþ

þ A2ðo2 � O2
2ÞC9

4O1ðO1 þ O2Þ ½cosð2O1 þ O2Þt� cosO2t�þ

þ A2ðo2 � O2
2ÞC9

4O1ðO1 � O2Þ ½cosð2O1 � O2Þt� cosO2t�þ

þ ðo2 � O2
2ÞA2C10

8O1ð2O1 þ O2Þ ½cosð4O1 þ O2Þt� cosO2t�þ

þ ðo2 � O2
2ÞA2C10

8O1ð2O1 � O2Þ ½cosð4O1 � O2Þt� cosO2t�þ

þ o2C13 � ðo2 � O2
2ÞC11

O2
2

ð1� cosO2tÞ�

� ðo2 � O2
2ÞC12

O2
2 � 4O2

1

ðcos 2O1t� cosO2tÞ (7.191)

In this way, the first-order approximate solution �u2 ¼ u20 þ u21 becomes

�u2 ¼
	
A2 � o2C15

O2
2 � o2

� o2A1ðC8 þ C9Þ
O2

2 � O2
1

� o2A1ðC9 þ C10Þ
O2

2 � 9O2
1

�

� o2A1C10

O2
2 � 25O2

1

� ðo2 � O2
2ÞA2C9

4O1ðO1 þ O2Þ � ðo2 � O2
2ÞA2C9

4O1ðO1 � O2Þ �

� ðo2 � O2
2ÞA2C10

8O1ð2O1 þ O2Þ � ðo2 � O2
2ÞA2C10

8O1ð2O1 � O2Þ � o2C13 � ðo2 � O2
2ÞC11

O2
2

þ

þ ðo2 � O2
2ÞC12

O2
2 � 4O2

1

�
cosO2tþ o2C15

O2
2 � o2

cosotþ

þ o2A1ðC8 þ C9Þ
O2

2 � O2
1

cosO1tþ o2A1ðC9 þ C10Þ
O2

2 � 9O2
1

cos 3O1tþ
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þ o2A1C10

O2
2 � 25O2

1

cos 5O1tþ ðo2 � O2
2ÞA2C9

4O1ðO1 þ O2Þ cosð2O1 þ O2Þtþ

þ ðo2 � O2
2ÞA2C9

4O1ðO1 � O2Þ cosð2O1 � O2Þtþ ðo2 � O2
2ÞA2C10

8O1ð2O1 þ O2Þ cosð4O1þ

þ O2Þtþ ðo2 � O2
2ÞA2C10

8O1ð2O1 � O2Þ cosð4O1 � O2Þtþ

þo2C13 � ðo2 � O2
2ÞC11

O2
2

� ðo2 � O2
2ÞC12

O2
2 � 4O2

1

cos 2O1t (7.192)

Taking into account the initial conditions (7.178) and Eq. 7.113, we obtain

u30 ¼ A3 cosO3t. In this case Eq. 7.114 can be written for the variable u3 in

the form

€u3 þ O2
3u3 þ pfK�

31
ðt;CiÞ½ðB1 � O2

3Þx30 þ B2x
3
30 þ B3x40 þ B4�þ

þ K�
32ðt;CjÞðB1 � O2

3 þ 3B2x
2
30Þ þ K�

33
ðt;CkÞB3g ¼ 0 (7.193)

The auxiliary functions can be chosen in the form

K�
31ðt;CiÞ ¼ C16 þ 2C17 cos 2O3tþ 2C18 cos 4O3t

K�
32
ðt;CjÞ ¼ C19 þ 2C20 cosO3tþ 2C21 cos 3O3t

K�
33
ðt;CkÞ ¼ C22 cosO4t (7.194)

The second term of the approximate solution �u3 ¼ u30 þ u31is obtained from

Eqs. 7.193 and 7.194:

€u31 þ O2
3u31 þ ½ðB1 � O2

3ÞðA3C16 þ A3C17 þ 2C20Þþ
þ 3C16 þ 4C17 þ C18

4
A2
3B2 þ 9C20 þ 3C21

2
A2
3B2� cosO3tþ

þ N3 cos 3O3tþ N5 cos 5O3tþ N7 cos 7O3tþ ðA4B3C16þ
þ B3C22Þ cosO4tþ 2B4C18 cos 4O3tþ B4C16 þ ðB� O2

3þ
þ 3

2
B2A

2
3ÞC19 þ B3A4C17½cosð2O3 þ O4Þtþ cosð2O3 � O4Þt�þ

þ A4B3C18½cosð4O3 þ O4Þtþ cosð4O3 � O4Þt� þ ð3
2
A2
3B2C19þ

þ 2B4C17Þ cos 2O3t ¼ 0 (7.195)
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where

N3 ¼ 1

4
A2
3B2C16 þ A3ðC17 þ C18ÞðB1 � O2

3 þ
3

4
A2
3B2Þþ

þ 3

2
C19A

2
3B2 þ 2C21ðB1 � O2

3 þ
3

2
A2
3B2Þ

N5 ¼ 1

4
C17A

3
3B2 þ A3ðB1 � O2

3 þ
3

4
A2
3B2ÞC18 þ 3

2
A2
3B2C21

N7 ¼ 1

4
A3
3B2C18 (7.196)

Avoiding the presence of secular terms in Eq. 7.195, the frequency becomes:

O2
3 ¼ B1 þ A2

3B2½ð3C16 þ 4C17 þ C18ÞA3 þ 18C20 þ 6C21�
4ðA3C16 þ A3C17 þ 2C20Þ (7.197)

The first-order approximate solution �u3 ¼ u30 þ u31 is obtained from Eq. 7.195:

�u3ðtÞ ¼ ½A3 � N3

8O2
3

� N5

24O2
3

� N7

48O2
3

� C16B3A4 þ C21B3

O2
4 � O2

3

� 2B4C17

3O2
3

�

� 2B4C18

15O2
3

� B4C16 þ ðB1 � O2
3 þ 3

2
A2
3B2ÞC19

O2
3

� A4B3C17

3O2
3 � 4O3O4 þ O2

4

�

� A4B3C18

15O2
3 þ 8O3O4 þ O2

4

� A4B3C18

15O2
3 � 8O3O4 þ O2

4

� A2
3B2C19

2O2
3

� cosO3tþ

þ N3

8O2
3

cos 3O3tþ N5

24O2
3

cos 5O3tþ N7

48O2
3

cos 7O3tþ

þ A4B3C16 þ B3C22

O2
4 � O2

3

cosO4tþ 2B4C17

3O2
3

cos 2O3tþ 2B4C18

15O2
3

cos 4O3tþ

þ B4C16 þ ðB1 � O2
3 þ 3

2
A2
3B2ÞC19

O2
3

þ B3A4C17

3O2
3 þ 4O3O4 þ O2

4

cosð2O3þ

þ O4Þtþ A4B3C17

3O2
3 � 4O3O4 þ O2

4

cosð2O3 � O4Þtþ

þ A4B3C18

15O2
4 þ 8O3O4 þ O2

4

cosð4O3 þ O4Þtþ

þ A4B3C18

15O2
3 � 8O3O4 þ O2

4

cosð4O3 � O4Þtþ A2
3B2C19

2O2
3

cos 2O3t ð7:198Þ
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For Eq. 7.1774 in the same manner like above, and taking into account that

�u4 ¼ u40 þ u41, where u40 ¼ A4 cosO4t, we can write the homotopy

€u4 þ O2
4u4 þ pfK�

41
ðt;CiÞ½ðo2 � O2

4ÞA4 cosO4t� o2A3 cosO3tþ
þ B4� þ K�

42
ðt;CjÞðo2 � O2

4Þ þ K�
43
ðt;CkÞð�o2Þg ¼ 0

(7.199)

with

K�
41ðt;CiÞ ¼ C23 þ 2C24 cos 2O3tþ 2C25 cos 4O3t

K�
42
ðt;CjÞ ¼ C26 þ C27 cos 2O3t

K�
43
ðt;CkÞ ¼ C28 þ C29 cosO2tþ C30 cosot (7.200)

For the variable u41 we obtain the differential equation

€u41 þ O2
4u41 þ ½ðo2 � O2

4ÞA4C23 � o2C29� cosO2tþ ðo2 � O2
4ÞC26�

� o2C28 þ B4C23 þ ½ðo2 � O2
4ÞC27 þ 2B4C24� cos 2O3tþ

þ 2B4C25 cos 4O3tþ ðo2 � O2
4ÞA4C24½cosð2O3 þ O4Þtþ cosð2O3�

� O4Þt� þ ðo2 � O2
4ÞA4C25½cosð4O3 þ O4Þtþ cosð4O3 � O4Þt��

� o2A3ðC23 þ C24Þ cosO3t� o2A3ðC24þ
þ C25Þ cos 3O1t� o2A3C25 cos 5O3t� o2C30 coso t ¼ 0 ð7:201Þ

In Eq. 7.201 the coefficient of cosO2tmust be zero and thus:

O2
4 ¼ o2 1� C29

A4C23

� �
(7.202)

The first-order approximate solution �u4 becomes

�u4 ¼
	
A4 � 2B4C25

O2
4 � 16O2

3

� o2A3ðC23 þ C24Þ
O2

4 � O2
3

� o2A3ðC24 þ C25Þ
O2

4 � 9O2
3

�

� o2A3C25

O2
4 � 25O2

3

� o2C30

O2
4 � o2

þ ðo2 � O2
4ÞC26 � o2C28 þ B4C23

O2
4

þ

þ ðo2 � O2
4ÞC27 þ 2B4C24

O2
4 � 4O2

3

þ ðO2
4 � o2ÞA4C25

8O4ð2O3 � O4Þ þ ðO2
2 � o2ÞA4C25

8O3ð2O3 þ O4Þ þ
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þ ðO2
4 � o2ÞA4C24

4O3ðO3 þ O4Þ þ ðO2
4 � o2ÞA4C24

4O3ðO3 � O4Þ
�
cosO4tþ o2C30

O2
4 � o2

cosotþ

þ o2A3ðC23 þ C24Þ
O2

4 � O2
3

cosO3tþ o2A3ðC24 þ C25Þ
O2

4 � 9O2
3

cos 3O3tþ

þ o2A3C25

O2
4 � 25O2

3

cos 5O3tþ ðo2 � O2
4ÞA4C24

4O3ðO3 þ O4Þ cosð2O3 þ O4Þtþ

þ ðo2 � O2
2ÞA2C24

4O3ðO3 � O4Þ cosð2O3 � O4Þtþ ðo2 � O2
4ÞA4C25

8O3ð2O3 þ O4Þ cosð4O3þ

þ O4Þtþ ðo2 � O2
4ÞA4C25

8O3ð2O3 � O4Þ cosð4O3 � O4Þtþ

þo2C28 þ ðO2
4 � o2ÞC26 � 2B4C24

O2
4

�

� ðo2 � O2
4ÞC27 þ 2B4C24

O2
4 � 4O2

3

cos 2O3tþ 2B4C25

O2
4 þ 16O2

3

cos 4O3t (7.203)

In order to prove the efficiency and accuracy of the OHPM, we consider the

specific case of a certain working regime:

B1 ¼ 1:99525;B2 ¼ 1:61287;B3 ¼ �249406;

B4 ¼ 0:00318067;o ¼ 0:481239
(7.204)

In these conditions, following the procedure described above, we obtain the

optimal values of the constants C1, C2, . . ., C30:

C1 ¼ �2:41254;C2 ¼ 0:00684487;C3 ¼ �0:0089363;C4 ¼ 0:0044225;

C5 ¼ 0:39103;C6 ¼ 0:125232;C7 ¼ 1:24942;C8 ¼ 3:03089040;

C9 ¼ 0:88468565;C10 ¼ 0:01875489;C11 ¼ 0:00000101;

C12 ¼ �0:00326318;C13 ¼ �0:00213231;C14 ¼ 1:43347182;

C15 ¼ �2:0062441;C16 ¼ �37:878;C17 ¼ 0:0857472;C18 ¼ �0:0631161;

C19 ¼ 0:0515417;C20 ¼ 6:29335;C21 ¼ 0:14684;C22 ¼ 18:9817;

C23 ¼ 2:98545183;C24 ¼ 0:92218677;C25 ¼ 0:00443001;

C26 ¼ 0:00732412;C27 ¼ �0:01226206;C28 ¼ 0:0292462;

C29 ¼ 1:41194106;C30 ¼ �2:01619285 ð7:205Þ

From Eqs. 7.185, 7.190, 7.197 and 7.202 we obtain the frequencies:

O1 ¼ 0:49021;O2 ¼ 0:111925;O3 ¼ 0:490398;O4 ¼ 0:111953 (7.206)
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The first-order approximate solutions of the system (7.177) obtained by OHPM

are:

�u1ðtÞ ¼ 0:0205389 cosO1tþ 0:324567 cos 3O1tþ 0:007228 cos 5O1t�
� 0:00001998 cos 7O1tþ 0:047243 cosO2t� 0:0008957 cosð2O1 þ O2Þt�
� 0:001666 cosð2O1 � O2Þtþ 0:0002747 cosð4O1 þ O2Þtþ
þ 0:0003506 cosð4O1 � O2Þt� 0:03942ð1� cosO1tÞ þ 0:002374 cos 2O1t

(7.207)

�u2ðtÞ ¼ 2:120972632 cosot� 1:59244446 cosO1t� 0:038922185 cos 3O1t�
� 0:0002898 cos 5O1tþ 0:049944606 cosO2tþ 0:000215708 cosð2O1þ
þ O2Þtþ 0:00073813 cosð2O1 � O2Þt� 0:00001565 cosð4O1 þ O2Þt�
� 0:000025477 cosð4O1 � O2Þt� 0:03942� 0:000753504 cos 2O1t

(7.208)

�u3ðtÞ ¼ 0:0608147 cosO3tþ 0:33216 cos 3O3tþ 0:00170912 cos 5O3t�
� 0:000141098 cos 7O3tþ 0:0466726 cosO4tþ 0:0284096 cos 2O3t�
� 0:000111301 cos 4O3t� 0:0112131 cosð2O3 þ O4Þt�
� 0:0207873 cosð2O3 � O4Þtþ 0:00193904 cosð4O3 þ O4Þtþ
þ 0:00247456 cosð4O3 � O4Þt� 0:0419269 ð7:209Þ

�u4ðtÞ ¼ 2:13155024 cosot� 1:5879748 cosO3t� 0:039890004 cos 3O3t�
� 0:0000684 cos 5O3tþ 0:0000028 cos 7O3tþ 0:0493427 cosO4t�
� 0:009008 cos 2O3tþ 0:0000071 cos 4O3t� 0:0556602þ
þ 0:0026979 cosð2O2 þ O3Þtþ 0:0091995 cosð2O3 � O4Þt�
� 0:0001103 cosð4O3 þ O4Þt� 0:0001796 cosð4O3 � O4Þt ð7:210Þ

In order to assess the validity and accuracy of the obtained results, a comparison

was performed between the approximate results and the results obtained through a

fourth-order Runge–Kutta method. Figures 7.12–7.15 show this comparison for the

independent variables u1, .., u4. It can be seen that the approximate results are nearly

identical with the numerical solutions.

In this section a new analytical technique, called the optimal homotopy pertur-

bation method is applied to nonlinear dynamic systems. The proposed procedure

starts from the basics of He’s homotopy perturbation method, but the construction

of the new homotopy is different especially referring to the auxiliary functions

Kijðt;CkÞ and to the presence of some parameters C1, C2. . .., which ensure a rapid

convergence of the solution when they are optimally determined.

A very good agreement was found between the analytical and numerical results.

It is evident that overall results come very close to the exact solution even using
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Fig. 7.12 Displacement u1
obtained for Eq. 7.174: _____

numerical results; _ _ _ _

analytical results (7.207)

Fig. 7.13 Displacement u2
obtained for Eq. 7.174:

________ numerical results;

_ _ _ _ _ analytical results

(7.208)

Fig. 7.14 Displacement u3
obtained for Eq. 7.174:

________ numerical results;

_ _ _ _ _ analytical results

(7.209)

Fig. 7.15 Displacement u4
obtained for Eq. 7.174:

________ numerical results;

_ _ _ _ _ analytical results

(7.210)
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only two terms of the iteration formula. The proposed procedure is valid even if the

nonlinear equations do not contain small or large parameters.

7.7 A Non-conservative Oscillatory System of a Rotating

Electrical Machine

Rotating electrical machines are complex engineering systems which combine electri-

cal andmechanical concepts. Frommechanical point of view, these systems inherently

involve the presence of a rotor, which often raises some dynamical problems, typical

for rotor dynamics. Themost commondynamic problem encountered by these systems

is generated by unbalanced forces and sometimes even a small amount of unbalance

can cause vibration that can reach undesirably high values, very detrimental for a

properly work of the mechanical system. It is known that no absolutely perfect

balancing can be realized and therefore there will always be a residual unbalance.

Other dynamical problems could be also generated by bad or nonlinear bearings,

mechanical looseness, misalignment and even some electrical problems.

From engineering point of view it is very important to make available some

reliable tools intended to predict, analyze and correct these problems in order to

obtain higher speed machines, to prevent unexpected failures or to assure longer

periods between downtimes. Obviously, when an improvement of dynamic

characteristics of these systems is needed, analytical developments and numerical

simulations are preferable to experimental investigations, because of lower costs.

In what follows, we consider that the rotating electrical machine is modeled as a

non-conservative oscillatory system subject to a parametric excitation caused by an

axial thrust and a forcing excitation caused by an unbalanced force of the rotor. This

system can be described by the second-order differential equation with variable

coefficients:

m€uþ c _uþ kð1� l sinðo2tÞÞu ¼ f sinðo1tÞ (7.211)

subject to the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (7.212)

where m is the lumped mass of the rotor, c is the linear damping coefficient, k is the
shaft stiffness, o1 and o2 are the forcing and the parametric frequencies, respec-

tively, and f and kl are the amplitudes of forcing and parametric excitations,

respectively and A is a known parameter.

Equation 7.211 can be written in the dimensionless form

€uþ 2m _uþ o2u� au sinðo2tÞ � b sinðo1tÞ ¼ 0 (7.213)
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where

m ¼ c

2m
; o2 ¼ k

m
; a ¼ kl

m
; b ¼ f

m
(7.214)

In accordance with Eq. 7.213, the linear operator is chosen as

LðuÞ ¼ €uþ 2m _uþ o2u (7.215)

and the operator with variable coefficients as:

VðuÞ ¼ �au sino2t� b sino1t (7.216)

We apply the second alternative of the OHPM. The initial approximation v0ðtÞis
obtained from Eq. 7.113:

€v0 þ 2m _v0 þ o2v0 ¼ 0 (7.217)

with initial conditions

v0ð0Þ ¼ A; _v0ð0Þ ¼ 0 (7.218)

The solution of Eqs. 7.217 and 7.218 is

v0ðtÞ ¼ A cosOtþ mA
O

sinOt
� �

expð�mtÞ (7.219)

where O ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2 � m2

p
.

Equation 7.114 becomes

€v1 þ 2m _v1 þ o2v1 þ K11ðt;CkÞð�av0 sino2t� b sino1tÞþ
þ K12ðt;CkÞð�a sino2tÞ ¼ 0;

v1ð0Þ ¼ 0; _v1ð0Þ ¼ 0

(7.220)

We choose the functions K11ðt;CkÞ and K12ðt;CkÞ in the form

K11ðt;CkÞ ¼ C1 expð�mtÞ (7.221)

K12ðt;CkÞ ¼ ðC2 þ 2C3 cosOtþ 2C4 sinOtÞ expð�mtÞ (7.222)

Alternatively, we can also choose other forms of these functions, such as for

example

K11ðt;CkÞ ¼ ðC1 þ 2C2 cosOtþ 2C3 sinOtÞ expð�mtÞ (7.223)
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K12ðt;CkÞ ¼ ðC4 þ 2C5 cosOtþ 2C6 sinOtÞ expð�mtÞ (7.224)

or

K11ðt;CkÞ ¼ ðC1 þ 2C2 cosOtÞ expð�mtÞ (7.225)

K12ðt;CkÞ¼ ðC3þ2C4 sinOtþ2C5 cosOtþþ2C6 cos3Otþ2C7 sin3OtÞ�expð�mtÞ
(7.226)

and so on.

On substituting Eqs. 7.219, 7.221 and 7.222 into Eq. 7.220, we obtain the

following equation

€v1 þ 2m _v1 þ o2v1 þ ½�bC1 sino1t� aC2 sino2t� aC3 sinðOþ o2Þtþ
þ aC3 sinðO� o2Þt� aC4 cosðO� o2Þtþ aC4 cosðOþ o2Þt� expð�mtÞþ
þ 1

2
aC1½A sinðO� o2Þt� A sinðOþ o2Þtþ mA

O
cosðOþ o2Þt�

� mA
O

cosðO� o2Þt� expð�2mtÞ ¼ 0; v1ð0Þ ¼ _v1ð0Þ ¼ 0 ð7:227Þ

The first-order approximation v1ðtÞis obtained from Eq. 7.227 in the form

v1ðtÞ ¼ a cosOtþ b sinOtþ bC1

O2 � o2
1

"
sino1tþ aC2

O2 � o2
2

sino2t�

� aC3

o2ð2Oþ o2Þ sinðOþ o2Þt� aC3

o2ð2O� o2Þ sinðO� o2Þtþ

þ aC4

o2ð2O� o2Þ cosðO� o2Þtþ aC4

o2ð2Oþ o2Þ cosðOþ o2Þt
�
expð�mtÞþ

þ 1

2
aC1

mA
O ½2OðOþ o2Þ � o2 þ ðOþ o2Þ2� cosðOþ o2Þt

½o2 � ðOþ o2Þ2�2 þ 4m2ðOþ o2Þ2

(
þ

þ A½o2 � ðOþ o2Þ2 þ 2m2

O ðOþ o2Þ� sinðOþ o2Þt
½o2 � ðOþ o2Þ2�2 þ 4m2ðOþ o2Þ2

þ

þ
mA
O ½o2 � 2OðO� o2Þ � ðO� o2Þ2� cosðO� o2Þt

½o2 � ðO� o2Þ2�2 þ 4m2ðO� o2Þ2
�

� A½o2 � ðO� o2Þ2 þ 2m2

O ðO� o2Þ� sinðO� o2Þt
½o2 � ðO� o2Þ2�2 þ 4m2ðO� o2Þ2

)
expð�2mtÞ

(7.228)
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where

a ¼ � 4aOC4

o2ð4O2 � o2
2Þ

� amAC1

2O
2OðOþ o2Þ � o2 þ ðOþ o2Þ2

½o2 � ðOþ o2Þ2�2 þ 4m2ðOþ o2Þ2

(

� 2OðO� o2Þ � o2 þ ðO� o2Þ2

½o2 � ðO� o2Þ2�2 þ 4m2ðO� o2Þ2

)
(7.229)

b ¼ ma
O

� bo1C1

OðO2 � o2
1Þ

� ao2C2

OðO2 � o2
2Þ
þ

þ 2að2O2 � o2
2ÞC3

Oo2ð4O2 � o2
2Þ

þ 4maC4

o2ð4O2 � o2
2Þ
þ

þ aAC1

2O
ðO� o2Þ½o2 � ðO� o2Þ2� � 4m2ðO� o2Þ þ 2m2o2

O

½o2 � ðO� o2Þ2�2 þ 4m2ðO� o2Þ2

(
�

� ðOþ o2Þ½o2 � ðOþ o2Þ2� � 4m2ðOþ o2Þ þ 2m2o2

O

½o2 � ðOþ o2Þ2�2 þ 4m2ðOþ o2Þ2

)
(7.230)

The first-order approximate solution of Eq. 7.213 is obtained from Eqs. 7.117,

7.219 and 7.228:

�uðtÞ ¼ ðAþ aÞ cosOtþ mA
O

þ b

� �	
sinOtþ bC1

O2 � o2
1

sino1tþ

þ aC2

O2 � o2
2

sino2t� aC3

o2ð2Oþ o2Þ sinðOþ o2Þt�

� aC3

o2ð2O� o2Þ sinðO� o2Þt aC4

o2ð2O� o2Þ cosðO� o2Þtþ

þ aC4

o2ð2Oþ o2Þ cosðOþ o2Þt� expð�mtÞþ

þ 1

2
aC1

mA
O ½2OðOþ o2Þ � o2 þ ðOþ o2Þ2� cosðOþ o2Þt

½o2 � ðOþ o2Þ2�2 þ 4m2ðOþ o2Þ2
þ

(

þ A½o2 � ðOþ o2Þ2 þ 2m2

O ðOþ o2Þ� sinðOþ o2Þt
½o2 � ðOþ o2Þ2�2 þ 4m2ðOþ o2Þ2

þ

þ
mA
O ½o2 � 2OðO� o2Þ � ðO� o2Þ2� cosðO� o2Þt

½o2 � ðO� o2Þ2�2 þ 4m2ðO� o2Þ2
�

�A½o2 � ðO� o2Þ2 þ 2m2

O ðO� o2Þ� sinðO� o2Þt
½o2 � ðO� o2Þ2�2 þ 4m2ðO� o2Þ2

)
expð�2mtÞ (7.231)
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In order to prove the efficiency and accuracy of the OHPM, we have considered

the special case of a certain working regime characterized by

m ¼ 2; c ¼ 0:8; k ¼ 100; l ¼ 0:03;

o1 ¼ 1; o2 ¼ 3; f ¼ 2; O ¼ 7:068238819
(7.232)

In these conditions, following the procedure described above, we obtain the

optimal values of the convergence-control constants:

C1 ¼ 1:76194; C2 ¼ �0:249164; C3 ¼ �0:335675;

C4 ¼ 0:0316235
(7.233)

From Eqs. 7.231, 7.232 and 7.233 we can determine the first-order approximate

solution of Eqs. 7.211 and 7.212 in the form

�uðtÞ¼ ½0:995731795cosOtþ0:063560129sinOtþ0:035987335sin t�
�0:009124658sin3tþ0:009794165sinðOþ3Þtþ0:015070967sinðO�3Þtþ
þ0:001419816cosðO�3Þtþ0:000922695cosðOþ3Þt�expð�0:2tÞþ
þ½0:002727893cosðOþ3Þt�0:025510674sinðOþ3Þt�
�0:0008022cosðO�3Þt�0:039467024sinðO�3Þt�expð�0:4tÞ

(7.234)

Figure 7.16 shows the comparison between the numerical solution obtained

using a fourth-order Runge–Kutta method and the approximate solution given by

Eq. 7.234.

One can observe that the displacement curve obtained for this non-conservative

oscillatory system through OHPM is quasi-identical to that obtained via numerical

simulation, which proves the validity of the proposed procedure for non-conserva-

tive oscillators.

In this section, our construction of the new homotopy is different from that

employed in traditional HPM, especially referring to the auxiliary functions

Fig. 7.16 Comparison

between the present solution

(7.234) and the numerical

solution of Eqs. 7.211 and

7.212 for m ¼ 2, c ¼ 0.8,

k ¼ 100, l ¼ 3, o1 ¼ 1,

o2 ¼ 3, f ¼ 2
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K11ðt;CkÞand K12ðt;CkÞand also to the involvement of some convergence-control

constants C1, C2,. . . These constants ensure a rapid convergence of the solution

when they are optimally determined.

Very good agreement was found between the analytical and numerical results.

The proposed procedure is valid even if the nonlinear differential equations or the

differential equations with variable coefficients do not contain small or large

parameters.

The main feature of OHPM is that it provides a simple and rigorous way to

control and adjust the convergence of a solution through several parameters Ci

which are optimally determined. A main strength of the OHPM is its fast conver-

gence since after only two iterations the solutions converge to the exact ones, which

proves that this method is very efficient in practice.
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Chapter 8

The Optimal Variational Iteration Method

8.1 The Variational Iteration Method and Applications

The variational iteration method was proposed by J. H. He in 1999 [153–155]. The

method introduces a reliable and efficient process for a wide variety of scientific

and engineering applications, linear and nonlinear, homogeneous or inhomoge-

neous, equations and systems of equations as well. The variational iteration method

has no specific requirements, such as linearization, small variations, etc. for nonlin-

ear operators. The power of the method gives it a wider applicability in handling a

huge number of analytical and numerical applications.

To illustrate the basic concept and idea of the variational iteration method, we

consider the following general nonlinear differential equation

Luþ Nu ¼ gðtÞ (8.1)

where L is a linear operator, N a nonlinear operator and g(t) is inhomogeneous

forcing term. According to the variational iteration method [153], we can construct

a correction functional as follows

unþ1ðtÞ ¼ unðtÞ þ
ðt
0

lðs; tÞ½LunðsÞ þ N~unðsÞ � gðsÞ�ds (8.2)

where l is a Lagrange multiplier, which can be identified optimally via the varia-

tional iteration method. The subscript n denotes the n-th approximation, ~unis
considered as a restricted variation, i.e. d~un ¼ 0.

For the sake of simplicity, we consider only two cases of differential equations.

In the first case, for the following example

€uþ o2u ¼ f ðtÞ (8.3)

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering,
DOI 10.1007/978-3-642-22735-6_8, # Springer-Verlag Berlin Heidelberg 2011
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its correction functional can be written down as follows

unþ1ðtÞ ¼ unðtÞ þ
ðt
0

lðs; tÞ½u00nðsÞ þ o2unðsÞ � f ðsÞ�ds (8.4)

Making the above correction functional stationary and noting that duð0Þ ¼ 0

dunþ1ðtÞ ¼ dunðtÞ þ d
ðt
0

lðs; tÞ½u00nðsÞ þ o2unðsÞ � f ðsÞ�ds ¼

¼ dunðtÞ þ lðs; tÞdu0nðsÞjs¼t�

� @lðs; tÞ
@s

dunðsÞjs¼t þ
ðt
0

½@
2lðs; tÞ
@s2

þ o2lðs; tÞ�ds ¼ 0

yields the following stationary conditions

dun :
@2lðs; tÞ
@s2

þ o2lðs; tÞ ¼ 0

du0n : lðs; tÞjs¼t ¼ 0

dun : 1� @lðs; tÞ
@s

����
s¼t

¼ 0

(8.5)

The Lagrange multiplier, therefore, can be readily identified

lðs; tÞ ¼ 1

o
sinoðs� tÞ (8.6)

As a result, we obtain the following iteration formula

unþ1ðtÞ ¼ unðtÞ þ 1

o

ðt
0

sinoðs� tÞ½u00nðsÞ þ o2unðsÞ � f ðsÞ�ds (8.7)

We start with an initial approximation u0ðtÞgiven by Eq. 8.3 and using the above
iteration formula. After identifying the Lagrange multiplier l in Eq. 8.2, one can

show [154] that we can construct the iteration formula

unþ1ðtÞ ¼ u0ðtÞ þ
ðt
0

lðs; tÞNunðsÞds (8.8)

or

unþ2ðtÞ ¼ u0ðtÞ þ
ðt
0

lðs; tÞNunþ1ðsÞds (8.9)
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Now, subtracting Eq. 8.9 from Eq. 8.8, we obtain the following variational iteration

unþ2ðtÞ ¼ unþ1ðtÞ þ
ðt
0

lðs; tÞ½Nunþ1ðsÞ � NunðsÞ�ds (8.10)

J.H. He [155] named Eq. 8.2 Variational Iteration Algorithm – I, Eq. 8.8 is

named Variational Iteration Algorithm – II and Eq. 8.10 is named Variational

Iteration Algorithm – III.

On the other hand, by taking into consideration the identity

ðt
0

sinoðs� tÞ½u00nðsÞ þ o2unðsÞ�ds ¼ �ounðtÞ þ ounð0Þ cosotþ _unð0Þ sinot

it follows that

unþ1ðtÞ ¼ unð0Þ cosotþ 1

o
_unð0Þ sinotþ 1

o

ðt
0

sinoðs� tÞf ðsÞds (8.11)

In the second case, we consider the following nonlinear system of differential

equations

_uiðtÞ ¼ fiðujÞ þ qiðtÞ; i; j ¼ 1; 2; :::; n (8.12)

where qiðtÞ; i ¼ 1; 2; :::; nare inhomogeneous forcing terms.

The correction functional for the nonlinear system (8.12) can be expressed as

follows

u
ðmþ1Þ
1 ðtÞ ¼ u

ðmÞ
1 ðtÞ þ

ðt
0

l1ðs; tÞ½u01ðmÞðsÞ�

� f1ð~uðmÞ1 ðsÞ; ~uðmÞ2 ðsÞ; ::: ; ~uðmÞn ðsÞÞ � q1ðsÞ�ds

u
ðmþ1Þ
2 ðtÞ ¼ u

ðmÞ
2 ðtÞ þ

ðt
0

l2ðs; tÞ½u02ðmÞðsÞ�

� f2ð~uðmÞ1 ðsÞ; ~uðmÞ2 ðsÞ; ::: ; ~uðmÞn ðsÞÞ � q2ðsÞ�ds
::::::::::::::::::::::::::::::::::::

uðmþ1Þ
n ðtÞ ¼ uðmÞn ðtÞ þ

ðt
0

lnðs; tÞ½u0nðmÞðsÞ�

� fnð~uðmÞ1 ðsÞ; ~uðmÞ2 ðsÞ; ::: ; ~uðmÞn ðsÞÞ � qnðsÞ�ds (8.13)

8.1 The Variational Iteration Method and Applications 261



where liðs; tÞ; i ¼ 1; 2; :::; n are Lagrange multipliers, ~u1; ~u2; :::; ~un denote the

restricted variations.

Making the above functional stationary, we obtain the following conditions

@l1ðs; tÞ
@s

����
s¼t

¼ 0;
@l2ðs; tÞ

@s

����
s¼t

¼ 0; :::;
@lnðs; tÞ

@s

����
s¼t

¼ 0

1þ l1ðs; tÞjs¼t ¼ 0; 1þ l2ðs; tÞjs¼t ¼ 0; ; 1þ lnðs; tÞjs¼t ¼ 0

(8.14)

The Lagrange multipliers can be easily identified as

l1ðs; tÞ ¼ l2ðs; tÞ ¼ ::: ¼ lnðs; tÞ ¼ �1 (8.15)

Substituting Eq. 8.15 into functional (8.13), we obtain the following iteration

formulas:

u
ðmþ1Þ
1 ðtÞ ¼ u

ðmÞ
1 ðtÞ �

ðt
0

½u01ðmÞðsÞ � f1ðuðmÞ1 ðsÞ; uðmÞ2 ðsÞ; :::; uðmÞn ðsÞÞ � q1ðsÞ�ds

u
ðmþ1Þ
2 ðtÞ ¼ u

ðmÞ
2 ðtÞ �

ðt
0

½u02ðmÞðsÞ � f2ðuðmÞ1 ðsÞ; uðmÞ2 ðsÞ; :::; uðmÞn ðsÞÞ � q2ðsÞ�ds

::::::::::::::::::::::::::::::::::::

uðmþ1Þ
n ðtÞ ¼ uðmÞn ðtÞ �

ðt
0

½u0nðmÞðsÞ � fnðuðmÞ1 ðsÞ; uðmÞ2 ðsÞ; :::; uðmÞn ðsÞÞ � qnðsÞ�ds

(8.16)

It can easily show that Eq. 8.16 are equivalent to equations

u
ðmþ1Þ
1 ðtÞ ¼ u

ð0Þ
1 ðtÞ þ

ðt
0

f1ðuðmÞ1 ðsÞ; uðmÞ2 ðsÞ; :::; uðmÞn ðsÞÞ þ q1ðsÞ�ds

u
ðmþ1Þ
2 ðtÞ ¼ u

ð0Þ
2 ðtÞ þ

ðt
0

f2ðuðmÞ1 ðsÞ; uðmÞ2 ðsÞ; :::; uðmÞn ðsÞÞ þ q2ðsÞ�ds

::::::::::::::::::::::::::::::::::::

uðmþ1Þ
n ðtÞ ¼ uð0Þn ðtÞ þ

ðt
0

fnðuðmÞ1 ðsÞ; uðmÞ2 ðsÞ; :::; uðmÞn ðsÞÞ þ qnðsÞ�ds (8.17)
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where u
ð0Þ
1 ðtÞ; uð0Þ2 ðtÞ; :::; uð0Þn ðtÞare initial approximations with or without unknown

parameters which are determined from initial conditions. The number of unknown

parameter is the same with the number of initial or boundary conditions.

In [154, 155] are given the variational iteration algorithms for some frequently

used differential equations. We present only the Variational Iteration Algorithm – I

as follows:

_uþ f ðt; u; _uÞ ¼ 0; unþ1ðtÞ ¼ unðtÞ �
ðt
0

½u0nðsÞ þ f ðs; unðsÞ; u0nðsÞÞ�ds (8.18)

_uþ auþ f ðt; u; _uÞ ¼ 0

unþ1ðtÞ ¼ unðtÞ �
ðt
0

eaðs�tÞ½u0nðsÞ þ aunðsÞ þ f ðs; unðsÞ; u0nðsÞÞ�ds (8.19)

€uþ f ðt; u; _u; €uÞ ¼ 0

unþ1ðtÞ ¼ unðtÞ þ
ðt
0

ðs� tÞ½u00nðsÞ þ f ðs; unðsÞ; u0nðsÞ; u00ðsÞÞ�ds (8.20)

€u� a2uþ f ðt; u; _u; €uÞ ¼ 0

unþ1ðtÞ ¼ unðtÞ þ
ðt
0

1

a
shaðs� tÞ½u00nðsÞ � a2unðsÞ þ f ðs; uðsÞ; u0ðsÞ; u00ðsÞÞ�ds

(8.21)

:
€uþ f ðt; u; _u; €u; uÞ ¼ 0

unþ1ðtÞ ¼ unðtÞ � 1

2

ðt
0

ðs� tÞ2½u000nðsÞ þ f ðs; uðsÞ; u0ðsÞ; u00ðsÞ; u000ðsÞÞ�ds (8.22)

uðkÞðtÞ þ f ðt; u; _u; :::; uðkÞÞ ¼ 0

unþ1ðtÞ ¼ unðtÞ þ ð�1Þk
ðk � 1Þ!

ðt
0

ðs� tÞk�1½uðkÞn ðsÞ þ f ðs; uðsÞ; u0ðsÞ; :::; uðkÞðsÞÞ�ds

(8.23)
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The variational iteration method has successfully been applied to many

situations. For example, Soliman [156] solved KdV-Burger’s and Lax’s seventh-

order KdV equations, Abulwafa et al. [157] solved nonlinear coagulation problem

with mass loss, Slota [158] solved direct and inverse one-phase Stefan problem,

Momani et al. [159] solved the Helmholtz equation, Bildick et al. [160] solved

different types of nonlinear partial differential equations, Drăgănescu et al. [161]

solved nonlinear relaxation phenomena in polycrystalline solids, and so on.

In the following, we consider some applications of the variational iteration

method.

8.1.1 Nonlinear Oscillator with Quadratic and Cubic
Nonlinearities

We consider the free oscillation of a nonlinear oscillator with quadratic and cubic

nonlinearities [162]:

€xþ o2xþ ax2 þ bx3 ¼ 0; xð0Þ ¼ A; _xð0Þ ¼ 0 (8.24)

where a and b are constants.

By introducing the dependent variable change

x ¼ u� a

3b
(8.25)

the quadratic non-linearity in Eq. 8.24 is eliminated to obtain:

€uþ o2 � a2

3b

� �
uþ bu3 � k ¼ 0; k ¼ o2a

3b
� 2a3

27b2
(8.26)

Equation 8.26 can be written in the form

€uþ O2u� FðuÞ ¼ 0 (8.27)

where

FðuÞ ¼ lu� bu3 þ k; l ¼ O2 � o2 þ a2

3b
(8.28)

264 8 The Optimal Variational Iteration Method



The iteration formula (8.11) for Eq. 8.27 becomes for n ¼ 0:

u1ðtÞ ¼ B cosOtþ 1

O

ð1
0

sinOðt� tÞFðu0ðtÞÞdt (8.29)

with the input function as (from _u0ð0Þ ¼ 0)

u0ðtÞ ¼ B cosOt (8.30)

where B is obtained from (8.242) and (8.25):

B ¼ Aþ a

3b
(8.31)

Expanding F(u0) in a Fourier series, we have:

Fðu0Þ ¼ B l� 3

4
bB2

� �
cosOt� 1

4
bB3 cos 3Otþ k (8.32)

In order to ensure that no secular terms appear in the next iteration, resonance

must be avoided. To do so, the coefficient of cosOt into Eq. 8.32 must be zero, i.e.:

l1 ¼ 3

4
bB2 (8.33)

such that O2 becomes from (8.282):

O2 ¼ o2 þ 3

4
bB2 � a2

3b
(8.34)

From Eqs. 8.29, 8.30 and 8.32 we obtain:

u1ðtÞ ¼ B� bB3

32O2
� k

O2

� �
cosOtþ k

O2
þ bB3

32O2
cos 3Ot (8.35)

and therefore:

Fðu1Þ ¼ B� bB3

32O2
� k

O2

� �
l� 3

4
b B� bB3

32O2
� k

O2

� �2

� 3bk2

O4

"

� 3b2B3

128O2
B� bB3

32O2
� k

O2

� �
� 3b3B6

2048O4

�
cosOtþ k þ lk

O2
� bk3

O6
�
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� 3kb

2O2
B� bB3

32O2
� k

O2

� �2

� 3kb3B6

2048O6
� 3kb

2O2
B� bB3

32O2
� k

O2

� �2

þ
"

þ3kb2B3

32O4
B� bB3

32O2
� k

O2

� ��
cos2Otþ lbB3

32O2
�b

4
B� bB3

32O2
�

��
k

O2

�3

� 3b4B9

131072O6
�3b2B3

64O2
B� bB3

32O2
�

�
k

O2

�2

�3k2b2A3

96O8

�
cos3Ot�

�3kb2B3

32O4
B� bB3

32O2
� k

O2

� �
cos4Ot� 3b2B3

128O2

�
B� bB3

32O2
� k

O2

� �2

þ

þ 3b3B6

4096O4
B� bB3

32O2
� k

O2

� ��
cos5Ot� 3kb3B6

2048O6
cos6Ot�

� 3b3B6

4096O4
B� bB3

32O2
� k

O2

� �
cos7Ot� b4B9

131072O6
cos9Ot

(8.36)

Avoiding the presence of a secular term in Eq. 8.11 for n ¼ 1, needs

l2 ¼ 3b

4
B� bB3

32O2
� k

O2

� �2

þ 3bk2

O4
þ 3b2B3

128O2
B� bB3

32O2
� k

O2

� �
þ 3b3B6

2048O4

(8.37)

Substituting Eq. 8.37 into Eq. 8.282, we obtain the equation for O:

O2 ¼ o2 � a2

3b
þ 3bB2

4
� 3bBð64k þ bB2Þ

128O2
þ 3bð2560k2 þ 16kbB3 þ b2B6Þ

2048O4

(8.38)

In order to illustrate the remarkable accuracy of this method, we compare the

approximate results given by Eq. 8.38 with numerical integration results for the

following numerical examples:

(a) Consider the equation

€xþ xþ 4x2 þ 50x3 ¼ 0; xð0Þ ¼ 2; _xð0Þ ¼ 0 (8.39)

In this case a ¼ 4, b ¼ 50, o ¼ 1, A ¼ 2 and from Eqs. 8.262 and 8.31 we

obtain k ¼ 0,02477037, B ¼ 2,02666667, and from Eq. 8.38 we have

O ¼ 12:19942839 (8.40)
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Therefore, from Eq. 8.36 we obtain

Fðu1Þ ¼ 0:002608936� 0:05090743 cos 2Ot� 102:0046467 cos 3Ot�
� 0:004219655 cos 4Ot� 12:81158791 cos 5Ot� 0:000095343 cos 6Ot

� 0:553925714 cos 7Ot� 0:008343994 cos 9Ot

(8.41)

Setting n ¼ 2 in Eq. 8.11 we obtain the second-order approximate solution:

u2ðtÞ ¼ 2:02666667 cosOtþ 0:00001753ð1� cosOtÞ�
� 0:000114019ðcosOt� cos 2OtÞ � 0:085674386ðcosOt� cos 3OtÞ
� 0:003586846ðcosOt� cos 5OtÞ � 0:00007754ðcosOt� cos 7OtÞ

(8.42)

From Eqs. 8.42 and 8.25 we obtain the following result:

xðtÞ ¼ �0:026649136þ 1:937195679 cosOtþ 0:000114019 cos 2Otþ
þ0:085694386 cos 3Otþ 0:003586846 cos 5Otþ 0:00007754 cos 7Ot

(8.43)

where O is given by Eq. 8.40.

Figure 8.1 shows the comparison between the present solution and the numeri-

cal integration results obtained by a fourth-order Runge–Kutta method.

It can be seen from Fig. 8.1 that the solution obtained by the present method is

nearly identical with that given by the numerical method.

(b) As the second case, we consider the equation

€xþ xþ 6x2 þ 8x3 ¼ 0; xð0Þ ¼ 2; _xð0Þ ¼ 0; ða ¼ 6; b ¼ 8;o ¼ 1;A ¼ 2Þ (8.44)

X

X

22

–22

–22

220

Fig. 8.1 Phase plane for

Eq. 8.39: ______ numerical

simulation; _ _ _ _ _ present

method given by Eq. 8.43
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It is important that k ¼ 0. It follows that B ¼ 2.25 and for the input function:

u0 ¼ B cosOt (8.45)

we have:

Fðu0Þ ¼ lu0 � bu30 ¼ B l� 3bB2

4

� �
cosOt� bB3

4
cos 3Ot (8.46)

In order to avoid secular term, we set:

l1 ¼ 3

4
bB2; O2 ¼ � 1

2
þ 3bB2

4
(8.47)

The first-order approximate solution is given by the relation:

u1ðtÞ ¼ B 1� bB2

32O2

� �
cosOtþ bB3

32O2
cos 3Ot (8.48)

and therefore

Fðu1Þ ¼ B 1� bB2

32O2

� �
l� 3bB2

4

�
1� bB2

32O2

� �2

þ 3b2B4

128O2
1� bB2

32O2

� �
�

� 3b3B6

2048O4

�
cosOtþ � lbB3

32O2
� bB3

4
1� bB2

32O2

� �3

�
"

3b2B5

64O2
1�

�
bB2

32O2

�2

� 3b4B9

131072O6

�
cos 3Otþ 3b2B5

128O2
1� bB2

32O2

� �
cos 5Ot�

� 3b3B7

4096O4
1� bB2

32O2

� �
cos 7Ot� b4B9

131072O6
cos 9Ot

(8.49)

Avoiding no secular term requires that

l2 ¼ 3

4
bB2 1� bB2

32O2

� �
þ 3b3B6

2048O4
(8.50)

From Eqs. 8.282 and 8.50 we obtain the equation for O:

O2 þ 1

2
� 3

4
bB2 þ 3b2B4

128O2
� 3b3B6

2048O4
¼ 0 (8.51)
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Substituting Eq. 8.50 into 8.49, we have:

Fðu1Þ ¼ � bB3

4
1þ 3bB2

16O2
� 3b2B4

256O4
þ 7b3B6

1638O6

� �
cos 3Otþ

þ 3b2B5

128O2
1� b2B5

128O2

� �
cos 5Ot�

� 3b3B7

4096O4
1� bB2

32O2

� �
cos 7Ot� b4B9

131072O6
cos 9Ot

(8.52)

From Eq. 8.51 we obtain

O ¼ 5:462517735 (8.53)

and from Eqs. 8.52 and 8.29 for n ¼ 2, we obtain

u2ðtÞ ¼ 2:124701943 cosOtþ 0:123522681 cos 3Otþ
þ 0:001815473 cos 5Ot� 0:00040097 cos 7Ot

(8.54)

From Eq. 8.25 we obtain the second-order approximation;

x2ðtÞ ¼ �0:25þ 2:124701943 cosOtþ 0:123522681 cos 3Otþ
þ0:001815473 cos 5Ot� 0:00040097 cos 7Ot

(8.55)

where O is given by Eq. 8.53.

As in the previous case, the results obtained are remarkably good when com-

pared to the results obtained numerically using a fourth-order Runge–Kutta method

(Fig. 8.2).

X

X

11

–2.7

–11

2.70

Fig. 8.2 Phase plane for

Eq. 8.44: ______ numerical

simulation; _ _ _ _ _ present

method given by Eq. 8.55
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8.1.2 A Family of Nonlinear Differential Equations

As the second example, let us consider a family of nonlinear differential equations

€uþ auþ gu2nþ1 ¼ 0; a � 0; g>0; n ¼ 1; 2; 3; ::: (8.56)

with the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (8.57)

The corresponding exact period T is

Tex ¼ 4

ðp2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ g

nþ1
A2n 1þ sin2yþ sin4yþ :::þ sin2ny

� 	q (8.58)

The Eq. 8.56 can be written as:

€uþ O2u ¼ FðuÞ (8.59)

where

FðuÞ ¼ ðO2 � aÞu� gu2nþ1 (8.60)

With the initial conditions (8.57), the input function is

u0ðtÞ ¼ A cosOt (8.61)

Expanding Fðu0Þ in a Fourier series, we have

Fðu0Þ ¼ A cosOt O2 � a� gA2ncos2nOt
� 	

(8.62)

By using the identity

cos2nþ1Ot ¼ 1

4n

Xn
k¼0

2nþ 1

n� k

� �
cosð2k þ 1ÞOt (8.63)

Equation 8.62 becomes:

Fðu0Þ ¼ A O2� a� gA2n

4n
2nþ 1

n

� �� �
cosOt� gA2nþ1

4n

Xn
k¼1

2nþ 1

n� k

� �
cosð2kþ 1ÞOt

(8.64)
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Avoiding the secular term requires that

O1ðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ gA2n

4n
2nþ 1

n

� �s
(8.65)

The first-order approximate solution (8.11) of Eq. 8.49 is

u1ðtÞ ¼ A cosO1t� gA2nþ1

4nþ1

Xn
k¼1

1

kðk þ 1Þ
2nþ 1

n� k

� �
cosO1t� cosð2k þ 1ÞO1t½ �

(8.66)

where O1 is given by Eq. 8.65.

For integer n, the approximate period in the first-order approximation is

TapðnÞ ¼ 2p
O1ðnÞ ¼ 2p aþ gA2n

4n
2nþ 1

n

� �� ��1
2

(8.67)

Formula (8.67) is valid for any possible amplitude and gives the maximum errors

as the dimensionless amplitude gA2n tends to infinity. Note that even for n ¼ 9, the

maximum error given by Eq. 8.67 is less than 4% for an amplitude A 2 ½0;1�

lim
gA18!1

Tapð9Þ
Tex

�
16p

ffiffiffiffiffiffiffiffiffi
5

46189

q
0; 5406369

� 0; 967341 (8.68)

8.1.3 The Duffing Equation

The use of this procedure may be illustrated by the following Duffing equation

€uþ uþ au3 ¼ 0 (8.69)

where a is a real parameter. The initial conditions are:

uð0Þ ¼ A; _uð0Þ ¼ 0 (8.70)

So, we can rewrite Eq. 8.69 in the form:

€uþ O2u ¼ FðuÞ (8.71)

where

FðuÞ ¼ aðlu� u3Þ; aðlÞ ¼ O2 � 1 (8.72)

8.1 The Variational Iteration Method and Applications 271



and l is a parameter.

The left hand side of Eq. 8.71 in the conditions (8.70) has the solution (the input

start function):

u0 ¼ A cosOt (8.73)

Expanding F(u0) in a Fourier series, we have:

Fðx0Þ ¼ aA l� 3A2

4

� �
cosOt� aA3

4
cos 3Ot (8.74)

No secular terms in Eq. 8.74 iteration requires that

l1 ¼ 3

4
A2 (8.75)

and therefore from Eq. 8.721 we obtain

O2 ¼ 1þ 3

4
aA2 (8.76)

From Eq. 8.11 for n ¼ 0 we have the following first-order approximate solution:

u1ðtÞ ¼ A 1� aA2

32O2

� �
cosOtþ aA3

32O2
cos 3Ot (8.77)

where the frequency O is listed in Eq. 8.76, and therefore:

Fðu1Þ ¼ aA l� laA2

32O2
� 3

4
A2 1� aA2

32O2

� �3

� 3

4
1� aA2

32O2

� �2
aA4

32O2
�

"
3a2A6

2048O4
�

� 1� aA2

32O2

� ��
cosOt� aA

1

4
1� aA2

32O2

� �
þ 3aA4

64O2
1� aA2

32O2

� �2

þ
"

þ 3a3A8

131072O6
� laA2

3O2

�
cos 3Ot� a

3aA3

128O2
A� aA3

32O2

� �2

þ 3a2A6

4096O4
�

"

�
�
A � aA3

32O2

�#
cos 5Ot� 3a3A6

4096O4
A� aA3

32O2

� �
cos 7Ot� a4A9

131072O6
cos 9Ot

Avoiding the presence of a secular term in the next iteration, needs:

l2 ¼ 3

4
A2 � 3aA4

128O2
þ 3a2A6

2048O4
(8.79)
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Substituting Eq. 8.79 into Eq. 8.72, we obtain the equation in O:

O2 ¼ 1þ 3

4
aA2 � 3a2A4

128O2
þ 3a2A6

2048O4
(8.80)

The second-order approximate solution is given by (n ¼ 1 into Eq. 8.11):

u2ðtÞ ¼ Aþ aM

8O2
þ aN

24O2
þ aP

48O2
þ aQ

80O2

� �
cosOt� aM

8O2
cos 3Ot�

� aN

24O2
cos 5Ot� aP

48O2
cos 7Ot� aQ

80O2
cos 9Ot

(8.81)

where

M ¼ �A

4
þ aA3

128O2
� 3aA5

128O2
þ 9a2A7

4096O4
� 3a3A9

131072O6

N ¼ � 3aA4

128O2
A� aA3

32O2

� �

P ¼ � 3a2A6

4096O4
A� aA3

32O2

� �

Q ¼ � a3A9

131072O6

(8.82)

The accuracy of these results is illustrated by Table 8.1 which provides a

comparison between the exact frequency of Eq. 8.69 and the approximate fre-

quency computed by Eq. 8.80. For any value of a, the maximal relative error of

the second-order approximate frequency with respect to the exact solution is less

than 0.028%.

On the other hand, the second-order approximate solution given by Eq. 8.81

becomes for a ¼ 1.25 and A ¼ 2:

u2ðtÞ ¼ 1:989351555 cosOtþ 0:008334403 cos 3Otþ 0:002206664 cos 5Ot

þ 0:000053689 cos 7Otþ 0:00000026 cos 9Ot

(8.83)

where O ¼ 2,15031.

Table 8.1 Comparison of

approximate frequency with

exact frequency for Duffing

equation

aA2 Oex Oap (8.80)

5 2,15042 2,15031

1,000 26,8107 26,8026

10,000 84,7245 84,7015
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For a ¼ 250 and A ¼ 2 we obtain

u2ðtÞ ¼ 1:977507645cosOtþ 0:018844215cosOtþ 0:003619986cos5Ot

þ 0:000027438cos7Otþ 0:000164633cos9Ot
(8.84)

where O ¼ 26.8026.

Figures 8.3 and 8.4 show the comparison between the present solution and

numerical integration results obtained using a fourth-order Runge–Kutta method.

It can be seen that the solution obtained by the present method shows a remarkable

accuracy.

2

u2

0

–2
0 0.5 1 1.5 2 t 2.5

Fig. 8.3 Comparison

between numerical solution

of Eq. 8.69 and approximate

solution (8.83) for a ¼ 1.25,

A ¼ 2: _________ numerical

results; _ _ _ _ _ _

approximate results

2

u2

0

–2
0 0.05 0.1 0.15 t

Fig. 8.4 Comparison

between numerical solution

of Eq. 8.69 and approximate

solution (8.84) for a ¼ 250,

A ¼ 2: _________ numerical

results; _ _ _ _ _ _

approximate results
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8.2 Mathematical Description of the Optimal Variational

Iteration Method

An alternative approach for solving nonlinear differential equations is the Optimal

Variational Iteration Method (OVIM), which is a combination of the classical varia-

tional iteration method with a rigorous computational algorithm for minimizing the

residual functional, which provides a simple procedure to control the convergence of

the results. The proposed procedure yields a rapid convergence with respect to the

exact solution and has some distinct advantages over usual approximate methods in

that the approximate solutions obtained are valid not only for small values of the

parameters but also for large ones. Our procedure is very effective and accurate for

nonlinear problems with approximations converging rapidly to accurate solutions

after only one iteration.

For the nonlinear differential Eq. 8.1 has been constructed the correction func-

tional (8.2) or (8.8) with l known via the variational iteration method. In Eq. 8.8,

the initial approximation u0ðtÞcontains several unknown parameters Ci, i ¼ 1,2,. . .,
m which are determined from m initial/boundary conditions. In our procedure, the

initial approximation u0ðtÞcontains m + n unknown parameters Ci+j, i ¼ 1,2,. . .,m,
j ¼ 1,2,. . .,n which will be determined optimally like in Chaps. 6 and 7 for

example: from the stationary conditions of the residual functional

JðCmþ1;Cmþ2; :::;CmþnÞ ¼
ðb
a

½LuðsÞ þ NuðsÞ � gðsÞ�2ds (8.85)

These conditions are well-known:

@J

@Cmþ1

¼ @J

@Cmþ2

¼ ::: ¼ @J

@Cmþn
¼ 0 (8.86)

Note that the unknown parameters Cm+j can be identified via various metho-

dologies such as the collocation method, the least squares method, the Galerkin

method etc.

In what follows, the optimal variational iteration method is illustrated by some

applications.

8.3 Duffing-Harmonic Oscillator

Conservative nonlinear oscillatory systems can often be modelled by potentials

having a rational form for the potential energy [163], which lead to the equation of

motion

€xþ ax3

bþ cx2
¼ 0 (8.87)
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for which the parameters a, b, c are non-negative. Defining

u ¼
ffiffiffi
b

c

r
x; � ¼

ffiffiffi
c

a

r
t (8.88)

equation 8.87 is reduced to the following non-dimensional equation

€uþ u3

1þ u2
¼ 0 (8.89)

Equation 8.89 is an example of conservative nonlinear oscillatory system having

a rational form of the restoring force. For small u the equation is that of a Duffing-

type nonlinear oscillator, while for large u, the equation approximates that of a

linear harmonic oscillator, hence Eq. 8.89 is called the Duffing-harmonic oscillator.

The restoring force in Eq. 8.89 is the same for both negative and positive

amplitudes. At the same time, the above system has no possible small parameters.

Therefore, the classical perturbation methods do not apply to such a problem.

Eq. 8.89 can be rewritten as

u00 þ u2u00 þ u3 ¼ 0 (8.90)

If o is the frequency of Duffing-harmonic oscillator, Eq. 8.90 can be written as

u00ðtÞ þ uðtÞ þ f ðt; u; u0; u00Þ ¼ 0; f ðt; u; u0; u00Þ ¼ u2ðtÞu00ðtÞ þ 1

o2
u3ðtÞ � uðtÞ

(8.91)

where

t ¼ o�; u
0 ¼ du

dt
(8.92)

We choose the initial solution in the form:

u0ðtÞ ¼ C1 cos tþ C2 cos 3tþ C3 cos 5t (8.93)

where C1, C2 and C3 are unknown parameters that will be determined later. We

have:

f ðt;u0;u00;u000Þ¼ �3

4
C3
1�

19

2
C1C

2
2�

51

2
C1C

2
3�

11

4
C2
1C2�35

2
C1C2C3�

�

�43

4
C2
2C3�C1þ 1

o2

3

4
C3
1þ

3

4
C2
1C2þ3

2
C1C

2
2þ

3

2
C1C

2
3þ

�
3

4
C2
2C3þ3

2
C1C2C3

��
costþA1 cos3tþA2 cos5tþA3 cos7tþ

þA4 cos9tþA5 cos11tþA6 cos13tþA7 cos15t

(8.94)
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where

A1 ¼ � 1

4
C3
1 �

11

2
C2
1C2 � 27

4
C2
1C3 � 35

2
C1C2C3 � 27

4
C3
2 �

59

2
C2C

2
3 � C2þ

þ 1

o2

1

4
C3
1 þ

3

4
C3
2 þ

3

2
C2
1C2 þ 3

4
C2
1C3 þ 3

2
C2C

2
3 þ

3

2
C1C2C3

� �

A2 ¼ � 19

4
C1C

2
2 �

11

4
C2
1C2 � 27

2
C2
1C3 � 43

2
C2
2C3 � 75

4
C3
3 � C3þ

þ 1

o2

3

4
C3
3 þ

3

4
C2
1C2 þ 3

4
C1C

2
2 þ

3

2
C2
1C3 þ 3

2
C2
2C3

� �

A3 ¼ � 19

4
C1C

2
2 �

27

4
C2
1C3 � 35

2
C1C2C3 � 59

4
C2C

2
3þ

þ 1

o2

3

4
C1C

2
2 þ

3

4
C2
1C3 þ 3

4
C2C

2
3 þ

3

2
C1C2C3

� �

A4 ¼ � 51

4
C1C

2
3 �

35

2
C1C2C3 � 9

4
C3
2 þ

1

o2

1

4
C3
2 þ

3

4
C1C

2
3 þ

3

2
C1C2C3

� �

A5 ¼ � 51

4
C1C

2
3 �

43

4
C2
2C3 þ 1

o2

3

4
C1C

2
3 þ

3

4
C2
2C3

� �
(8.95)

A6 ¼ � 59

4
C2C

2
3 þ

3

4o2
C2C

2
3; A7 ¼ � 25

4
C3
3 þ

1

4o2
C3
3

In order to ensure that no secular terms appear in the next iteration, resonance

must be avoided. So, the coefficient of cos t into Eq. 8.94 has to be zero; i.e.:

o2 ¼ 3ðC3
1 þ C2

1C2 þ 2C1C
2
2 þ 2C1C

2
3 þ C2

2C3 þ 2C1C2C3Þ
3C3

1 þ 4C1 þ 38C1C2
2 þ 102C1C2

3 þ 11C2
1C2 þ 70C1C2C3 þ 43C2

2C3

(8.96)

For n ¼ 0 in Eq. 8.7 we obtain the first-order approximate solution:

u1ðtÞ ¼ C1 � A1

8
� A2

24
� A3

48
� A4

80
� A5

120
� A6

168
� A7

224

� �
cos tþ C2 þ A1

8

� �
cos 3t

þ C3 þ A2

24

� �
cos 5tþ A3

48
cos 7tþ A4

80
cos 9tþ A5

120
cos 11tþ A6

168
cos 13t

þ A7

224
cos 15t

(8.97)
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The parameters C1, C2, C3 can be determined from initial conditions

uð0Þ ¼ A; u0ð0Þ ¼ 0 (8.98)

such that

C1 þ C2 þ C3 ¼ A (8.99)

and the other two necessary conditions will be derived optimally by minimizing the

residual functional

J ¼
ð2p
0

u001ðtÞ þ u21u
00
1ðtÞ þ 1

o2
u31ðtÞ

� �2
dt (8.100)

The condition that the functional J be minimized is given by the system:

C3 ¼ A� C1 � C2;
@J

@C1

¼ @J

@C2

¼ 0 (8.101)

The conditions (8.101) provide a system of algebraic equation whose solution

represents the optimal values of the constants Ci. In this way the approximate

solution is well-determined.

Following this procedure, we need only the first-order approximate solution for

solving Duffing-harmonic oscillator and its frequency (given by Eqs. 8.97 and 8.96,

respectively).

We present some examples of obtaining analytical solutions and frequencies in

order to show the efficiency of the method described in the previous section for

solving Eq. 8.89 or Eq. 8.90.

(a) As a first example, we consider A ¼ 0.1. From Eqs. 8.101 we obtain:

C1 ¼ 0:095973775; C2 ¼ 0:0038674917; C3 ¼ 0:0001587327

From Eqs. 8.97 and 8.96 we obtain therefore:

u1ðtÞ ¼ 0:0915236051 cosotþ 0:0081483792 cos 3otþ 0:000321646 cos 5ot

þ 0:0000062186 cos 7otþ 0:000000168 cos 9otþ 3:5 � 10�9 cos 11ot

þ 5:2 � 10�11 cos 13otþ 5:1 � 10�13 cos 15ot

o ¼ 0:0845707

(8.102)

In Fig. 8.5 we compare the present solution and the numerical integration

results obtained by a fourth-order Runge–Kutta method.
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(b) In this example we solve Eq. 8.90 with A ¼ 1. The parameters Ci are in this

case

C1 ¼ 0:9728243593; C2 ¼ �0:0001966401; C3 ¼ �0:0008579578

with the solution given by Eq. 8.97

u1ðtÞ ¼ 0:93126560626 cosotþ 0:0409011098 cos 3otþ
þ 0:0004804024 cos 5otþ 0:0000835741 cos 7ot

� 0:0000001264 cos 9ot� 6:5 � 10�8 cos 11ot

þ 1:11 � 10�11 cos 13otþ 1:6 � 10�11 cos 15ot

o ¼ 0:63895601

(8.103)

In Fig. 8.6 the present solution is compared with the numerical integration

results.

Fig. 8.5 The behaviour of

the present solution (8.102)

and the numerical integration

results of Eq. 8.90 for

A ¼ 0.1: _______ numerical

solution; _ _ _ _ _ _

approximate solution

Fig. 8.6 The behavior of the

present solution (8.103) and

the numerical integration

results of Eq. 8.90 for A ¼ 1:

_______ numerical solution;

_ _ _ _ _ _ approximate

solution
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(c) In this case A ¼ 5 and we obtain:

C1 ¼ 4:9479890585; C2 ¼ �0:0002277091; C3 ¼ �0:0000711966

and the solution is:

u1ðtÞ ¼ 4:786381392 cosotþ 0:2095410409 cos 3otþþ0:0012524974 cos 5ot

þ 0:00021635625 cos 7ot� 1:971 � 10�8 cos 9ot� 2:498 � 10�9 cos 11ot

þ 9:59 � 10�14 cos 15ot

o ¼ 0:97095656

(8.104)

In Fig. 8.7 the present solution is compared with the numerical integration

results.

(d) For A ¼ 10 we obtain:

C1 ¼ 10:0128057685; C2 ¼ �0:0012160379; C3 ¼ �0:0001158973

and the solutions becomes:

u1ðtÞ ¼ 9:51883831227 cosotþ 0:475390212 cos 3otþ 0:015796936 cos 5ot

þ 0:0014483729 cos 7ot� 3:02 � 10�7 cos 9ot� 1:34 � 10�8 cos 11ot

þ 1:36 � 10�12 cos 13otþ 4:16 � 10�14 cos 15ot

o ¼ 0:99109273

(8.105)

In Fig. 8.8 the present solution is compared with the numerical integration

results.

Fig. 8.7 The behavior of the

present solution (8.104) and

the numerical integration

results of Eq. 8.90 for A ¼ 5:

_______ numerical solution;

_ _ _ _ _ _ approximate

solution
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For the Duffing-harmonic oscillator, the exact angular frequency is

oexðAÞ ¼ p
2

ðp2
0

A cos t A2cos2tþ lnð1� A2cos2tð1þ A2Þ�1
h i�1

2

dt

0
B@

1
CA (8.106)

Table 8.2 shows the ratios of the approximate angular frequencies obtained

through the proposed procedure to the exact angular frequency oex in Eq. 8.106.

The obtained analytical expression for the angular frequency yields very good

approximations for both small and large values of amplitude A. Graphical compar-

ison of the approximate and numerical solutions show that the proposed method

provides excellent approximations to periodic solutions for both small and large

amplitude.

8.4 Oscillations of a Uniform Cantilever Beam Carrying an

Intermediate Lumped Mass and Rotary Inertia

Consider the nonlinear oscillator (see Sect. 6.7)

€uþ uþ au2€uþ au _u2 þ bu3 ¼ 0 (8.107)

Fig. 8.8 The behavior of the

present solution (8.104) and

the numerical integration

results of Eq. 8.90 for

A ¼ 10: _______ numerical

solution; _ _ _ _ _ _

approximate solution

Table 8.2 Comparison of

approximate frequencies with

the exact frequencies

A oex
o
oex

0.1 0.08439 1.00214124

1 0.63678 1.00341721

5 0.96698 1.00911236

10 0.99092 1.00017432

50 0.99961 1.00013105

100 0.99990 1.00003500
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subject to the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (8.108)

We rewrite Eq. 8.107 as

€uþ O2uþ ð1� O2Þuþ aðu _u2 þ u2€uÞ þ bu3 ¼ 0 (8.109)

with the initial conditions (8.108), where O is the frequency of the system. As an

initial guess for u0(t) we choose

u0ðtÞ ¼ C1 cosOtþ C2 cos 3Otþ C3 cos 5Ot (8.110)

where C1, C2 and C3 are unknown constants which partially can be determined from

Eq. 8.108:

C1 þ C2 þ C3 ¼ A (8.111)

In Eq. 8.109 it can be written

Nu :¼ f ðt; u; _u; €uÞ ¼ ð1� O2Þuþ aðu _u2 þ u2€uÞ þ bu3 (8.112)

From Eq. 8.8 for n ¼ 0 it is obtained

u1ðtÞ ¼ u0ðtÞ þ 1

O

ðt
0

sinOðt� tÞf ðt; u0ðtÞ; u00ðtÞ; u000ðtÞÞdt (8.113)

where f ðt; u0ðtÞ; u00ðtÞ; u000ðtÞÞis obtained substituting Eq. 8.110 into Eq. 8.112 and

therefore

f ðt; u0ðtÞ; u00ðtÞ; u000ðtÞÞ ¼ ½ð1� O2ÞC1 þ 1

4
aO2ð�2C3

1 � 20C1C
2
2�

� 6C2
1C2 � 52C1C

2
3 � 36C1C2C3 � 22C2

2C3Þ
þ 1

4
bð3C3

1 þ 3C2
1C2 þ 6C1C

2
2 þ 6C1C

2
3 þ 3C2

2C3

þ 6C1C2C3Þ� cosOtþ ½ð1� O2ÞC2 � 1

2
aO2ðC3

1 þ 9C2
1C3

þ 22C1C2C3 þ 8C2
1C2 þ 9C3

2 þ 34C2C
2
3Þþ

þ 1

4
bðC3

1 þ 3C3
2 þ 6C2

1C2 þ 3C2
1C3 þ 6C2C

2
3

þ 6C1C2C3Þ� cos 3Otþ ½ð1� O2ÞC3
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�1

2
aO2ð11C1C

2
2þ9C2

1C2þ26C2
1C3þ34C2

2C3þ50C3
3Þ

þ3

4
bðC3

3þC2
1C2þC1C

2
2þ2C2

1C3þ2C2
2C3Þ�cos5Otþ

þ½�1

2
aO2ð17C1C

2
2þ19C2

1C3þ42C1C2C3þ27C2C
2
3Þ

þ3

4
bðC1C

2
2þC2

1C3þC2C
2
3þ2C1C2C3Þ�cos7Ot

þ½�1

2
aO2ð33C1C

2
3þ58C1C2C3þ9C3

2Þ

þ1

4
bðC3

2þ3C1C
2
3þ6C1C2C3Þ�cos9Ot

þ½�1

2
aO2ð43C1C

2
3þ41C2

2C3Þþ3

4
bðC1C

2
3þC2

2C3Þ��

� cos11Otþ½�57

2
aO2C2C

2
3þ

3

4
bC2C

2
3�cos13Ot

þ½�25

2
aO2C3

3þ
1

4
bC3

3�cos15Ot
(8.114)

Avoiding the presence of secular terms in the right-hand side of Eq. 8.113, we

obtain from Eq. 8.114 the frequency of the system

O2 ¼ 4C1 þ 3bðC3
1 þ C2

1C2 þ 2C1C
2
2 þ 2C1C

2
3 þ C2

2C3 þ 2C1C2C3Þ
4C1 þ 2aðC3

1 þ 10C1C2
2 þ 3C2

1C2 þ 26C1C2
3 þ 18C1C2C3 þ 11C2

2C3Þ
(8.115)

Substituting Eq. 8.114 into Eq. 8.113 we obtain

u1ðtÞ ¼ ðC1 � a

8O2
� b

24O2
� c

48O2
� d

80O2
� e

120O2
� f

168O2
�

� g

224O2
Þ cosOtþ C2 þ a

8O2

� �
cos 3Otþ C3 þ b

24O2

� �
cos 5Otþ

þ c

48O2
cos 7Otþ d

80O2
cos 9Otþ e

120O2
cos 11Otþ

þ f

168O2
cos 13Otþ g

224O2
cos 15Ot

(8.116)
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where

a ¼ ð1� O2ÞC2 � 1

2
aO2ðC3

1 þ 9C2
1C3 þ 22C1C2C3 þ 8C2

1C2 þ 9C3
2þ

þ 34C2C
2
3Þ þ

1

4
bðC3

1 þ 3C3
2 þ 6C2

1C2 þ 3C2
1C3 þ 6C2C

2
3 þ 6C1C2C3Þ

b ¼ ð1� O2ÞC3 � 1

2
aO2ð11C1C

2
2 þ 9C2

1C2 þ 26C2
1C3 þ 34C2

2C3þ

þ 50C3
3Þ þ

3

4
bðC3

3 þ C2
1C2 þ C1C

2
2 þ 2C2

1C3 þ 2C2
2C3Þ

c ¼ � 1

2
aO2ð17C1C

2
2 þ 19C2

1C3 þ 42C1C2C3 þ 27C2C
2
3Þþ

þ 3

4
bðC1C

2
2 þ C2

1C3 þ C2C
2
3 þ 2C1C2C3Þ

(8.117)

d ¼ � 1

2
aO2ð33C1C

2
3 þ 58C1C2C3 þ 9C3

2Þ þ
1

4
bðC3

2 þ 3C1C
2
3 þ 6C1C2C3Þ

e ¼ � 1

2
aO2ð43C1C

2
3 þ 41C2

2C3Þ þ 3

4
bðC1C

2
3 þ C2

2C3Þ

f ¼ � 57

2
aO2C2C

2
3 þ

3

4
bC2C

2
3

g ¼ � 25

2
aO2C3

3 þ
1

4
bC3

3

with O given by Eq. 8.115.

Substituting Eq. 8.116 into Eq. 8.107, it results the residual

RðtÞ ¼ €u1 þ u1 þ aðu21€u1 þ u1 _u
2
1Þ þ bu31 (8.118)

The residual functional is given by

J ¼
ðT
0

R2ðtÞdt; T ¼ 2p
O

(8.119)

The parameters C1, C2 and C3 are derived from Eq. 8.111 and from the condition

that the residual functional J be minimum (conditioned minimum):

@J

@C1

¼ @J

@C2

;
@J

@C2

¼ @J

@C3

(8.120)

In this way, the solution (8.116) in the first approximation is well-determined.
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We illustrate the accuracy of our procedure comparing the approximate

solutions previously obtained with the numerical integration results obtained

using a fourth-order Runge–Kutta method.

(a) When a ¼ 0.5, b ¼ 0.5, A ¼ 2, it is obtained

C1 ¼ 2.1542, C2 ¼ �0.115724, C3 ¼ �0.038479

u1ðtÞ ¼ 2:113788817 cos 1:14348t� 0:1710453 cos 3:43044tþ
þ 0:0471591 cos 5:7174tþ 0:012261 cos 8:00436�
� 0:00194563 cos 10:29132t� 0:000235328 cos 12:57828tþ
þ 0:0000142413 cos 14:86524t

(8.121)

(b) When a ¼ 1, b ¼ 1, A ¼ 1, it is obtained

C1 ¼ 0.99041, C2 ¼ �0.00652485, C3 ¼ �0.016108

u1ðtÞ ¼ 0:994931286 cos 1:09036t� 0:01076994 cos 3:27108t þ
þ 0:01583921 cos 5:45181t� 0:000050524 cos 7:63252t �
� 0:000000185 cos 9:81324t

(8.122)

It is easy to verify the accuracy of the obtained results if we graphically compare

these analytical solutions with the numerical ones. Figures 8.9 and 8.10 show the

Fig. 8.9 Comparison

between the results obtained

for Eq. 8.107 in case

(a), a ¼ b ¼ 0.5, A ¼ 2:

________ numerical

integration results; _ _ _ _ _ _

approximate results given

by Eq. 8.121

Fig. 8.10 Comparison

between the results obtained

for Eq. 8.107 in case

(b), a ¼ b ¼ 1, A ¼ 1:

______ numerical integration

results; _ _ _ _ _ _

approximate results given

by Eq. 8.122
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comparison between the present solutions and the numerical integration results

obtained using a fourth-order Runge–Kutta method.

From Figs. 8.9 and 8.10 one can see that the errors between the approximate

solutions and numerical integration results are very good.

8.5 Thin Film Flow of a Fourth-Grade Fluid Down

a Vertical Cylinder

Consider the nonlinear differential equation (see Sects. 6.3 and 7.5)

�
d2f

d�2
þ df

d�
þ k� þ 2b

df

d�

� �3

þ 3�
df

d�

� �2
d2f

d�2

" #
¼ 0 (8.123)

with the initial conditions

f ð1Þ ¼ 0; f 0ðdÞ ¼ 0; d>1 (8.124)

The correction functional for Eq. 8.123 can be written down as follows:

fnþ1ð�Þ ¼ fnð�Þ þ
ð�
0

lðs; �Þ s
d2f

ds2



þ df

ds
þ ksþ 2b

df

ds

� �3
"

þ 3s
df

ds

� �2d2f

ds2

��
ds

(8.125)

But Eq. 8.123 has variable coefficients and thus with notations

Fðs; �; f ; f 0; f 00Þ ¼ lðs; �Þ sf 00ðsÞ þ f 0ðsÞ þ ksþ 2b f 03ðsÞ þ 3mf 02ðsÞf 00ðsÞ
h in o

(8.126)

the variation of the functional

v ¼
ð�
0

Fðs; �; f ; f 0; f 00Þds

symbolized by dvbecomes [165]:

dv ¼ d
ð�
0

Fðs; �; f ; f 0; f 00Þds ¼ Ff 0 � d

ds
Ff 00

� �
d f j�0þ

þ Ff 00df 0j�0 þ
ð�
0

Ff � d

ds
Ff 0 þ d2

ds2
Ff 00

� �
dfds

(8.127)
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Making the above functional stationary, noticing that d~f ¼ 0, yield the following

stationary conditions:

dfn : Ff ðs; �; fn; f 0n; f 00n Þ �
d

ds
Ff 0 ðs; �; fn; f 0n; f 00n Þ

þ d2

ds2
Ff 00 ðs; �; fn; f 0n; f 00n Þ ¼ 0

df 0n : Ff 00 ðs; �; f n; f 0n; f 00n Þ
���
0
¼ 0

dfn : 1þ Ff 0 � d

ds
Ff 0

� �����
�

0

¼ 0 (8.128)

The Lagrange multiplier therefore can be readily identified from Eq. 8.128. For

Eqs. 8.123 and 8.124 the correction functional becomes

fnþ1ð�Þ ¼ fnð�Þ þ
ð�
0

lðs; �Þ sf 00n ðsÞ
� þ f 0nðsÞ þ ks

þ2b ~f 03nðsÞ þ 3s~f 02nðsÞ ~f 00n ðsÞ�gds



(8.129)

The stationary conditions (8.128) in the case of Eq. 8.123 are

@lðs; nÞ
@s

þ s
@2lðs; �Þ

@s2
¼ 0 (8.130)

1� lðs; �Þ � s
@lðs; �Þ

@s

� �
s¼�

¼ 0 (8.131)

lðs; �Þjs¼� ¼ 0 (8.132)

As a result, we obtain the following iteration formula [166]

fnþ1ð�Þ ¼ fnð�Þ þ
ð�
d

1� �

s

� �
sf 00nðsÞf þ f 0nðsÞþ

þ ksþ 2b f 0n
3ðsÞ þ 3sf 0n

2ðsÞf 00nðsÞ
h io

ds

(8.133)

Integrating part by part, from Eq. 8.133 we obtain the following two identities

ð�
d

1� �

s

� �
sf 00nðsÞ þ f 0nðsÞ½ �ds ¼ ��

ð�
d

1

s
f 0nðsÞds (8.134)

ð�
d

1� �

s

� �
sf 0n

3ðsÞ þ 3sf 0n
2ðsÞf 00nðsÞ

h i
ds ¼ ��

ð�
d

1

s
f 0n

3ðsÞds (8.135)
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From Eqs. 8.134, 8.135 and 8.133 we obtain

fnþ1ð�Þ ¼ fnð�Þ � �

ð�
d

1

s
f
0
nðsÞ þ 2bf

0
n

3ðsÞ
h i

� 1

2
kðd � �Þ2 (8.136)

By differentiating into Eq. 8.136, we obtain the following iteration formula

f
0
nþ1ð�Þ ¼ kðd � �Þ � 2bf

03
n ð�Þ �

ð�
d

1

s
f
0
nðsÞ þ 2bf

0
n

3ðsÞ
h i

ds (8.137)

For n ¼ 0 into Eq. 8.137 we have

f
0
1ð�Þ ¼ kðd � �Þ � 2bf

0
0ð�Þ �

ð�
d

1

s
f
0
0ðsÞ þ 2bf

0
0

3ðsÞ
h i

ds (8.138)

where f
0
0ð�Þis the initial approximation which must satisfy the boundary conditions

(8.124):

f0ð1Þ ¼ 0; f
0
0ðdÞ ¼ 0 (8.139)

The initial approximation f
0
0ð�Þ is chosen such as it depends on several unknown

constants. For example, if we take into account only the linear part of Eq. 8.123, we

can write

nf 00 þ f 0 þ k� ¼ 0; f 0ðdÞ ¼ 0 (8.140)

Therefore, we obtain from Eq. 8.140

f
0
0 ¼

k

2

d2

�
� �

� �
(8.141)

The initial approximation f
0
0which appears in the right side of Eq. 8.138 is chosen

in the form

f
0
0ð�Þ ¼ C1

d2

�
� �

� �
þ C2

d2

�
� �

� �2

þ C3

d2

�
� �

� �3

(8.142)

Alternatively, this initial approximation can be chosen in the form:

f
0
0ð�Þ ¼C1

d2

�
� �

� �
þC2

d2

�
� �

� �3

þC3

d2

�
� �

� �5

þC4

d2

�
� �

� �7

(8.1421)

or

f
0
0ð�Þ ¼ C1

d2

�
� �

� �
þ C2

d2

�
� �

� �2

þ C3

d2

�
� �

� �4

(8.1422)
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and so on. At this moment, the constants C1, C2 and C3 which appear in Eq. 8.142

are unknown.

Having in view Eq. 8.138, from Eq. 8.142 we obtain:

f
0
0ðsÞ þ 2bf

03
0 ðsÞ ¼ C1

d2

s
� s

� �
þ C2

d2

s
� s

� �2

ðC3 þ 2bC3
1Þ

d2

s
� s

� �3

þ

þ6bC2
1C2

d2

s
� s

� �4

þ 2bðC1C
2
2 þ C2

1C3Þ d2

s
� s

� �
þ 2bC3

2

d2

s
� s

� �6

þ

þ6bðC1C
2
3 þ C2

2C3Þ d2

s
� s

� �7

þ 6bC2C
2
3

d2

s
� s

� �8

þ 2bC3
3

d2

s
� s

� �9

(8.143)

and therefore

ð�
d

1

s
½f 00ðsÞ þ 2bf

03
0 ðsÞ�ds ¼ C1 2d � � � d2

�

� �
þ C2 d2ð1þ 2 ln dÞ � 2d2��


� �2

2
� d4

2�2

�
þ ðC3 þ 2bC3

1Þ � d6

3�3

�
þ 3d4

�
þ 3d2� � �3

3
� 16d2

3

�
þ

þ 6bC2
1C2 � d8

4�2
þ 2d6

�2
þ 6d4 ln �

�
� 2d2�2 þ �4

4
� 6d4

�
þ 2bðC1C

2
2þ

þ C2
1C3Þ � d10

5�5

�
þ 5d8

3�3
� 10d6

�
� 10d4� þ 5d2

3
�3 � �5

5
þ 256d5

15

�
þ

þ 2bC3
2 � d12

6�6

�
þ 3d10

2�4
� 15d8

2�2
� 20d6 ln � þ 15

2
d4�2 � 3

2
d2�4þ

þ �4

6
þ 20d6

�
þ 2bðC1C

2
3 þ C2

2C3Þ � d14

7�7
þ 7d12

5�5

�
� 7d10

�3
þ 35d8

�
þ

þ 35d6� � 21d4�3 þ 7d2�5 � �7

7
� 1754d7

35

�
þ 6bC2C

2
3 � d16

8�8
þ

�

þ 4d14

3�6
� 14d12

3�4
þ 28d10

�2
þ 70d8 ln � � 28d6�2 þ 7d4�4 � 4

3
d2�6þ

þ �8

8
� 7

3
d8 � 70d8 ln d

�
þ 2bC3

3 � d18

9�4

�
þ 9d16

7�7
� 36d14

5�5
þ 28d12

�3
�

� 126d10

�
� 126d8� þ 28d6�3 � 36

5
d4�5 þ 9

7
d2�7 � �9

9
þ 64536d9

315

�
(8.144)
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Substituting Eq. 8.144 into Eq. 8.138 we obtain

f1ð�Þ ¼ C1

d2

�
þ ðC1 � kÞ� þ ðk � 2C1Þd þ C2

d4

2�2
þ �2

2
þ 2d ln ��

�

� d2ð1þ 2 ln dÞ� � 2bC3
1

d2

�
� �

� �3

þ 6bC3
1C2

d2

�
� �

� �4

�

� 2bðC1C
2
2 þ C2

1C3Þ d2

�
� �

� �5

� 2bC3
2

d2

�
� �

� �6

� 6bðC1C
2
3þ

þ C2
2C3

d2

�
� �

� �7

þ ðC3 þ 2bC3
1Þ

d6

3�3

�
� 3d4

�
� 3d2� þ �3

3
þ 16d2

3

�
þ

þ 6bC2
1C2

d8

4�2
� 2d6

�2
� 6d4 ln �þ

�
2d2�2 � �4

4
þ 6d4

�
þ 2bðC1C

2
2þ

þ C2
1C3Þ d10

5�5

�
� 5d8

3�3
þ 10d6

�
þ 10d4� � 5d2

3
�3 þ �5

5
� 256d5

15

�
þ

þ 2bC3
2

d12

6�6

�
� 3d10

2�4
þ 15d8

2�2
þ 20d6 ln � � 15

2
d4�2 þ 3

2
d2�4�

� �4

6
� 20d6

�
þ 2bðC1C

2
3 þ C2

2C3Þ d14

7�7
� 7d12

5�5

�
þ 7d10

�3
� 35d8

�
�

� 35d6� þ 21d4�3 � 7d2�5 þ �7

7
þ 1754d7

35

�
þ ::: (8.145)

The residual functional J given by Eq. 8.85 is

J ¼
ðd
1

� f 001ð�Þ þ f 01ð�Þ þ k� þ 2b½ f 013ð�Þþ
n

3� f 01
2ð�Þf 001ð�Þ�

o2

d� (8.146)

The constants C1, C2 and C3 are determined from Eq. 8.86 and thus from the

conditions (m ¼ 0, n ¼ 3):

@J

@C1

¼ @J

@C2

¼ @J

@C3

¼ 0 (8.147)

The explicit analytic expression given by Eq. 8.145 contains the parameters C1,

C2 and C3 which give the convergence region and rate of approximation for the

OVIM. In order to prove the efficiency of the OVIM we consider different cases for

some values of the parameters k, b and d [166].

(a) The case k ¼ 1, b ¼ 1

Form the system (8.147) we obtain

C1 ¼ 0:5;C2 ¼ 0:00001127;C3 ¼ 0:74789281
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In Tables 8.3 and 8.4 are presented some comparisons between the present

solution obtained from formula (8.145) and the exact solution of Eq. 8.123 for

d ¼ 1.02 and d ¼ 1.04 respectively. It can be seen that the solution obtained by the

present method is identical with that given by the exact solution, demonstrating a

very good accuracy.

Figures 8.11 and 8.12 present a comparison between the present solution given

by Eq. 8.145 and the exact solution of Eq. 8.123 for d ¼ 1.02 and d ¼ 1.04,

respectively.

(b) The case k ¼ 1, b ¼ 1.5

In this case we obtain

C1 ¼ 0:5;C2 ¼ 0:000012321;C3 ¼ 0:74791023

Table 8.3 Comparison between the present solution (8.145) and the exact solution for k ¼ b ¼ 1,

d ¼ 1.02

� �f 0given by Eq. 8.145 f 0exact
1 0.020183555 0.020183555

1.005 0.015105047 0.015105047

1.007 0.013079437 0.013079437

1.01 0.010047475 0.010047475

1.0105 0.009542918 0.009542918

1.0108 0.009240289 0.009240289

Table 8.4 Comparison between the present solution (8.145) and the exact solution for k ¼ b ¼ 1,

d ¼ 1.04

Z �f 0given by (8.145) f 0exact
1 0.040665504 0.040665504

1.008 0.032439661 0.032439661

1.016 0.024254926 0.024254926

1.023 0.017131195 0.017131195

1.03 0.010046515 0.010046515

1.038 0.00200191 0.00200191

Fig. 8.11 Comparison

between the present solution

(8.145) of Eq. 8.123 and the

numerical solution for k ¼ 1,

b ¼ 1, d ¼ 1.02, ________

numerical integration results;

_ _ _ _ _ _ approximate

results
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In Tables 8.5 and 8.6 are presented some comparisons between the present

solution (8.145) and the exact solution for d ¼ 1.02 and d ¼ 1.04, respectively.

It is easy to verify the accuracy of the obtained solutions if we graphically

compare these analytical solutions with the exact ones (Figs. 8.13 and 8.14).

The results obtained through the proposed method reveal very good agreement

with the exact solution. It is to observe that we need only one iteration to obtain a

remarkable good accuracy.

8.6 Dynamic Analysis of a Rotating Electric Machine

Rotating electric machines are elastic systems exhibiting nonlinear vibrations in

their working regime. From the engineering point of view it is important to

accurately predict the behaviour of such a system. This prediction is the key to

Fig. 8.12 Comparison

between the present solution

(8.145) of Eq. 8.123 and the

numerical solution for k ¼ 1,

b ¼ 1, d ¼ 1.04, ________

numerical integration results;

_ _ _ _ _ _ approximate

results

Table 8.5 Comparison between the present solution (8.145) and the exact solution for k ¼ 1,

b ¼ 1.5, d ¼ 1.02

� �f 0given by Eq. 8.145 f 0exact
1 0.020175363 0.020175363

1.005 0.015101608 0.015101607

1.007 0.013077203 0.013077203

1.01 0.010046462 0.010046462

1.0105 0.009542049 0.009542049

1.0108 0.009239501 0.009239501

Table 8.6 Comparison between the present solution (8.145) and the exact solution for k ¼ 1,

b ¼ 1.5, d ¼ 1.04

Z �f 0given by Eq. 8.145 f 0exact
1 0.040599239 0.040599241

1.008 0.032405844 0.032405844

1.016 0.024240732 0.024240731

1.023 0.017126181 0.017126181

1.03 0.010045502 0.010045502

1.038 0.002001902 0.002001901

292 8 The Optimal Variational Iteration Method



the design of high-performance electric machines with higher speeds or longer

periods between downtimes. The main causes that determine the occurrences of

undesirable vibration in these dynamic systems are the nonlinear bearings, which

support the rotating machine, the unbalanced forces, the mechanical looseness or

misalignments. All these factors can affect the integrity of the system, therefore

being highly detrimental [167].

In this section, a rotating electrical machine supported by nonlinear bearings is

investigated. The main sources of undesirable nonlinear vibration for this dynamic

system are the nonlinear bearings, which support the rotating machine, the unbal-

anced forces and misalignments. All these factors can affect the integrity of the

system, being therefore highly detrimental. The rotating machine under study is

modelled as a 2-DOF system, assuming that the rotor mass is lumped at the

midpoint, the rotor speed is constant, the axial and torsional vibrations and the

mass of the shaft are negligible, as well as the damping. In these simplifying

hypotheses, the equations of motion describing the dynamic behaviour of the

system are:

€x1 þ 1

s21
þ 1

2cs2

� �
x1 þ a

s2
x31 ¼ 0

€y1 þ
1

s21
þ 1

2cs2

� �
y1 þ a

s2
y31 þ

f

s2
¼ 0

(8.148)

Fig. 8.13 Comparison

between the present solution

(8.145) of the Eq. 8.123 and

the numerical solution for

k ¼ 1, b ¼ 1.5, d ¼ 1.02,

________ numerical

integration results; _ _ _ _ _ _

approximate results

Fig. 8.14 Comparison

between the present solution

(8.145) of the Eq. 8.123 and

the numerical solution for

k ¼ 1, b ¼ 1.5, d ¼ 1.04,

________ numerical

integration results; _ _ _ _ _ _

approximate results
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where x1 is the horizontal and y1 the vertical displacement and s1, s, c, a and f are
known parameters.

Using the notations

B1 ¼ 1

s21
þ 1

2cs2
; B2 ¼ a

s2
; B3 ¼ f

s2
(8.149)

we can rewrite Eq. 8.148 as a system of differential equations

€x1 þ O2
1x1 þ ðB1 � O2

1Þx1 þ B2x
3
1 ¼ 0

€y1 þ O2
2y1 þ ðB1 � O2

2Þy1 þ B2y
3
1 þ B3 ¼ 0

(8.150)

where O1 and O2 are the frequencies of x1 and y1 respectively. The following

variational formulas can be obtained

x1;nðtÞ ¼ x1;0ðtÞ þ 1

O1

ðt
0

sinO1ðs� tÞf1ðx1;0Þds

y1;nðtÞ ¼ y1;0ðtÞ þ 1

O2

ðt
0

sinO2ðs� tÞf2ðy1;0Þds
(8.151)

where

f1ðx10Þ ¼ ðB1 � O2
1Þx10 þ B2x

3
10

f2ðy10Þ ¼ ðB1 � O2
2Þy10 þ B2y

3
10 þ B3

(8.152)

We start with the initial approximations

x10ðtÞ ¼ C1 cosO1tþ C2 cos 3O1tþ C3 cos 5O1t

y10ðtÞ ¼ C4 cosO2tþ C5 cosO2tþ C6 cos 5O2t
(8.153)

where C1, C2,. . .,C6 are unknown constants at this moment.

Substituting Eq. 8.153 into Eq. 8.152 we obtain the following results:

f1ðx10Þ ¼ ½C1ðB1 � O2
1Þ þ

3

4
B2ðC3

1 þ C2
1C2 þ 2C1C

2
2 þ 2C1C

2
3þ

þ C2
2C3 þ 2C1C2C3Þ� cosO1tþM3 cos 3O1tþM5 cos 5O1tþ

þM7 cos 7O1tþM9 cos 9O1tþM11 cos 11O1tþ
þM13 cos 13O1tþM15 cos 15O1t

(8.154)

f2ðy10Þ ¼ ½C4ðB1 � O2
2Þ þ

3

4
B2ðC3

4 þ C2
4C5 þ 2C4C

2
5 þ 2C4C

2
6þ

þ C2
5C6 þ 2C4C5C6Þ� cosO2tþ N3 cos 3O2tþ N5 cos 5O2tþ

þ N7 cos 7O2tþ N9 cos 9O2tþ N11 cos 11O2tþ
þ N13 cos 13O2tþ N15 cos 15O2tþ B3

(8.155)
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where

M3 ¼ ðB1 � O2
1ÞC2 þ 1

4
B2ðC3

1 þ 3C3
2 þ 6C2

1C2 þ 3C2
1C3 þ 6C2C

2
3 þ 6C1C2C3Þ

M5 ¼ ðB1 � O2
1ÞC3 þ 3

4
B2ðC3

3 þ C2
1C2 þ C1C

2
2 þ 2C2

1C3 þ 2C2
2C3Þ

M7 ¼ 3

4
B2ðC1C

2
2 þ C2

1C3 þ C2C
2
3 þ 2C1C2C3Þ

M9 ¼ 3

4
B2ðC1C

2
3 þ C3

2 þ 2C1C2C3Þ

M11 ¼ 3

4
B2ðC1C

2
3 þ C2

2C3Þ; M13 ¼ 3

4
B2C2C

2
3; M15 ¼ 1

4
B2C

3
3

N3 ¼ ðB1 � O2
2ÞC5 þ 1

4
B2ðC3

4 þ 3C3
5 þ 6C2

4C5 þ 3C2
4C5 þ 6C5C

2
6 þ 6C4C5C6Þ

N5 ¼ ðB1 � O2
2ÞC6 þ 3

4
B2ðC3

6 þ C2
4C5 þ C4C

2
5 þ 2C2

4C6 þ 2C2
5C6Þ

N7 ¼ 3

4
B2ðC4C

2
5 þ C2

4C6 þ C5C
2
6 þ 2C4C5C6Þ

N9 ¼ 3

4
B2ðC4C

2
6 þ C2

5 þ 2C4C5C6Þ; N11 ¼ 3

4
B2ðC4C

2
6 þ C2

5C6Þ

N13 ¼ 3

4
B2C5C

2
6; N15 ¼ 1

4
B2C

3
6 (8.156)

Avoiding the presence of secular terms in the right-hand side of Eq. 8.151, we

obtain the frequencies

O2
1 ¼ B1 þ 3B2

4C1

ðC3
1 þ C2

1C2 þ 2C1C
2
2 þ 2C1C

2
3 þ 2C2

2C3 þ 2C1C2C3Þ (8.157)

O2
2 ¼ B1 þ 3B2

4C4

ðC3
4 þ C2

4C5 þ 2C4C
2
5 þ 2C4C

2
6 þ 2C2

5C6 þ 2C4C5C6Þ (8.158)
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Finally, the first iteration (n ¼ 1 into Eq. 8.151) results in

x1;1ðtÞ ¼ C1 cosO1tþ C2 cos 3O1tþ C3 cos 5O1tþ M3

8O2
1

ðcos 3O1t�

� cosO1tÞ þ M5

24O2
1

ðcos 5O1t� cosO1tÞ þ M7

48O2
1

ðcos 7O1t� cosO1tÞþ

þ M9

80O2
1

ðcos 9O1t� cosO1tÞ þ M11

120O2
1

ðcos 11O1t� cosO1tÞþ

þ M13

168O2
1

ðcos 13O1t� cosO1tÞ þ M15

224O2
1

ðcos 15O1t� cosO1tÞ

(8.159)

y1;1ðtÞ ¼ C4 cosO2tþ C5 cos 3O2tþ C6 cos 5O2tþ N3

8O2
2

ðcos 3O2t�

� cosO2tÞ þ N5

24O2
2

ðcos 5O2t� cosO2tÞ þ N7

48O2
2

ðcos 7O2t� cosO2tÞþ

þ N9

80O2
2

ðcos 9O2t� cosO2tÞ þ N11

120O2
2

ðcos 11O2t� cosO2tÞþ

þ N13

168O2
2

ðcos 13O2t� cosO2tÞ þ N15

224O2
2

ðcos 15O2t� cosO2tÞþ

þ B3

O2
2

ðcosO2t� 1Þ

(8.160)

Applying x1;1ð0Þ ¼ A1; _x1;1ð0Þ ¼ 0; y1;1ð0Þ ¼ A2; _y1;1ð0Þ ¼ 0 as initial

conditions on the approximate solutions (8.159) and respectively (8.160), we obtain

the following system of algebraic equations:

x1;1ð0Þ ¼ C1 þ C2 þ C3 ¼ A1; y1;1ð0Þ ¼ C4 þ C5 þ C6 ¼ A2 (8.161)

From stationary conditions and Eq. 8.161 we can obtain the following system of

equations with the unknown C1, C2,. . .,C6

C3 ¼ A1 � C1 � C2; C6 ¼ A2 � C4 � C5

@J

@C1

¼ @J

@C2

¼ 0;
@J

@C4

¼ @J

@C5

¼ 0 (8.162)

where

JðC1;C2; :::;C6Þ ¼
ðT1
0

½x001;1 þ O2
1x1;1 þ f1ðx1;1Þ�2dsþ

þ
ðT2
0

½y001;1 þ O2
2y1;1 þ f2ðy1;1Þ�2ds

(8.163)
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In this way, the approximate solutions (8.159) and (8.160) are well-determined.

In order to assess the advantages and the accuracy of OVIM for solving this

nonlinear problem, some numerical applications were performed for a certain

working regime characterized by s1 ¼ 0.756829, s ¼ 2.07797, a ¼ 6.96429,

c ¼ 0.5, f ¼ 0.013734. In these conditions, we obtained for the constants C1. . .C6

the values:

C1 ¼ 0:299582; C2 ¼ 0:000188573; C3 ¼ 0:00022966; C4 ¼ 0:40038;

C5 ¼ 0:000585701; C6 ¼ �0:000965953

which must be replaced in Eqs. 8.159 and 8.160 to obtain the analytic solutions

x1 ¼ 0.299582 cos[1.35982 t]þ 0.000188573cos[4.07946 t]þ
þ 0.000646829 ( - cos[1.35982 t]þ cos[4.07946 t])þ
þ 0.00022966 cos[6.79911 t] (8.164)

y1 ¼ 0.40038 cos[1.3872 t]þ 0.000585701 cos[4.16159 t]þ
þ 0.00147327 (cos[4.16159 t]� cos[1.3872 t]) -

� 0.000965953 cos[6.93599 t] - 0:000165287616 (8.165)

In order to assess the validity and accuracy of the obtained results, a comparison

between the approximate results and the results obtained through a fourth-order

Runge–Kutta method was developed. Figures 8.15 and 8.16 show this comparison,

where one can observe that analytical and numerical results are nearly identical.

8.7 Oscillators with Fractional-Power Nonlinearities

Among nonlinear oscillators, an interesting category is represented by the

oscillators with fractional-power nonlinearities which were studied using different

procedures [168].

Fig. 8.15 Displacement x1(t)
given by Eq. 8.164: _ _ _ _

approximate results; ______

numerical integration results

for Eq. 8.150

8.7 Oscillators with Fractional-Power Nonlinearities 297



The purpose of this section is to construct accurate approximations to periodic

solutions and frequencies of nonlinear oscillators with fractional-power restoring

force by using the OVIM. In order to develop an application of the proposed

method, we consider the nonlinear oscillator with fractional-power restoring force:

€uþ o2
0uþ a2u uj jn�1 � f cosOt ¼ 0 (8.166)

where o0, a, f, O are constants and n > 0 rational.

Initial conditions are given by

uð0Þ ¼ a; _uð0Þ ¼ 0 (8.167)

There exists no small parameter in the equation and therefore the traditional

perturbation methods cannot be applied directly.

It can be shown that

u uj jn�1 ¼ uj jnsignu (8.168)

so that Eq. 8.166 can be rewritten as

€uþ o2uþ ðo2
0 � o2Þuþ a2 uj jnsignu� f cosOt ¼ 0 (8.169)

where o is the frequency of the system.

The Eq. 8.169 describes a system oscillating with the unknown frequency o and

the period T, we switch to a scalar timet ¼ 2pt
T ¼ ot. Under the transformation

t ¼ ot (8.170)

we can rewrite Eq. 8.169 in the form

u00ðtÞ þ uðtÞ þ hðt; uðtÞÞ ¼ 0 (8.171)

Fig. 8.16 Displacement y1(t)

given by Eq. 8.165: _ _ _ _

approximate results; _______

numerical integration results

for Eq. 8.150
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where prime denotes differentiation with respect to t and

h t; uðtÞð Þ ¼ o2
0

o2
� 1

� �
uþ a2

o2
uj jnsignu� f

o2
cos

O
o
t (8.172)

As an initial approximation for u0ðtÞwe choose:

u0ðtÞ ¼ C1 cos tþ C2 cos 3tþ C3 cos 5tþ C4 cos 7t (8.173)

where C1, C2, C3 and C4 are unknown constants which partially can be determined

from Eq. 8.167:

C1 þ C2 þ C3 þ C4 ¼ a (8.174)

It is known that if g is an analytic function, then

gðyþ pÞ ¼ gðyÞ þ p

1!
g0ðyÞ þ p2

2!
g00ðyÞ þ ::::; k! ¼ 1 � 2 � 3 � :::: � k (8.175)

for any real y and p, where prime denotes differentiation with respect to y.
In our case:

gðuÞ ¼ uj jnsignu; g0ðuÞ ¼ n uj jn�1;

y ¼ C1 cos t; p ¼ C2 cos 3tþ C3 cos 5tþ C4 cos 7t
(8.176)

From Eq. 8.8 for n ¼ 0 it is obtained:

u1ðtÞ ¼ u0ðtÞ þ
ðt
0

sinðs� tÞhðs; u0ðsÞÞds (8.177)

where h s; u0ðsÞð Þ is obtained substituting Eq. 8.173 into Eq. 8.172. On the other

hand, using only the first two terms into Eq. 8.175, we can approximate g in the

form:

g u0ðsÞð Þ ¼ gðC1 cos sÞ þ ðC2 cos 3sþ C3 cos 5sþ C4 cos 7sÞg0ðC1 cos sÞ (8.178)

For gðC1 cos sÞ, we obtain the following Fourier series expansions:

gðC1 cos sÞ ¼ Cn
1ða1n cos sþ a3n cos 3sþ a5n cos 5sþ a7n cos 7sþ :::Þ (8.179)

where

a2jþ1;n ¼ 4

p

ðp2
0

ðcos sÞn cosð2jþ 1Þsds; j ¼ 0; 1; 2; :::n 2 < (8.180)
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The last term in Eq. 8.178 can be written in the form

ðC2 cos 3sþ C3 cos 5sþ C4 cos 7sÞg0ðC1 cos sÞ ¼
¼ nC�1

1 ðC1 cos sÞn½C2ð2 cos 2s� 1Þþ
þ C3ð2 cos 4s� 2 cos 2sþ 1Þ þ C4ð2 cos 6s� 2 cos 4sþ 2 cos 2s� 1Þ�

(8.181)

From Eqs. 8.179 and 8.181 we obtain

ðC2 cos 3sþ C3 cos 5sþ C4 cos 7sÞg0ðC1 cos sÞ ¼
¼ nCn�1

1 fða3nC2 þ a5nC3 þ a7nC4Þ cos sþ
þ ½a1nC2 þ a3nðC3 � C2Þ þ a5nðC2 � C3 þ C4Þ þ a7nðC3 � C4Þ� cos 3sþ
þ ½a1nC3 þ a3nðC2 � C3 þ C4Þ þ a5nðC3 � C2 � C4Þ þ a7nðC2�
� C3 þ C4Þ� cos 5sþ ½a1nC4 þ a3nðC3 � C4Þ þ a5nðC2 � C3 þ C4Þþ
þ a7nðC3 � C2 � C4Þ� cos 7sþ ½a3nC4 þ a5nðC3 � C4Þþ
þ a7nðC2 � C3 þ C4Þ� cos 9sþ ½a5nC4 þ a7nðC3 � C4Þ� cos 11sþ
þ a7nC4 cos 13sg

(8.182)

Substituting Eqs. 8.182 and 8.179 into Eq. 8.178 and then substituting Eq. 8.178

in Eq. 8.172, we obtain

h s; u0ðsÞð Þ ¼ o2
0

o2
� 1

� ��
C1 þ a2

o2
ða1nCn

1 þ na3nC
n�1
1 C2þ

þna5nC
n�1
1 C3 þ na7nC

n�1
1 C4Þ� cos sþ H:O:T:

(8.183)

Avoiding the presence of secular terms in the right-hand side of Eq. 8.177, we

obtain from Eq. 8.183 the frequency o as

o2 ¼ o2
0 þ a2Cn�2

1 ða1nC1 þ na3nC2 þ na5nC3 þ na7nC4Þ (8.184)

With this requirement, Eq. 8.183 becomes

h s; u0ðsÞð Þ ¼ A cos 3sþ B cos 5sþ C cos 7sþ D cos 9sþ
þ E cos 11sþ F cos 13s� f

o2
cos

O
o
s

(8.185)

where:

A ¼ o2
0

o2
� 1

� �
C2 þ a2Cn�1

1

o2
½a3nC1 þ nða1n � a3n þ a5nÞC2þ

þ nða3n � a5n þ a7nÞC3 þ nða5n � a7nÞC4�
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B ¼ o2
0

o2
� 1

� �
C3 þ a2Cn�1

1

o2
½a5nC1 þ nða3n � a5n þ a7nÞC2þ

þnða1n � a3n þ a5n � a7nÞC3 þ nða3n � a5n þ a7nÞC4�

C ¼ o2
0

o2
� 1

� �
C4 þ a2Cn�1

1

o2
½a7nC1 þ nða5n � a7nÞC2þ

þ nða3n � a5n þ a7nÞC3 þ nða1n � a3n þ a5n � a7nÞC4�

D ¼ a2

o2
nCn�1

1 ½a7nC2 þ ða5n � a7nÞC3 þ ða3n � a5n þ a7nÞC4�

E ¼ a2

o2
nCn�1

1 ½a7nC3 þ ða5n � a7nÞC4�; F ¼ a7nnC
n�1
1 C4 (8.186)

Substituting Eqs. 8.185 and 8.170 into Eq. 8.177 yields:

u1ðtÞ ¼ C1 cosotþ C2 cos 3otþ C3 cos 5otþ C4 cos 7otþ
þ A

8
ðcos 3ot� cosotÞ þ B

24
ðcos 5ot� cosotÞþ

þ C

48
ðcos 7ot� cosotÞ þ D

80
ðcos 9ot� cosotÞþ

þ E

120
ðcos 11ot� cosotÞ þ F

168
ðcos 13ot� cosotÞ þ GðtÞ

(8.187)

where o is given by Eq. 8.184 and

GðtÞ ¼
fO

oðo2�O2Þ 1� cos o�Oð Þt½ �; if o 6¼O

2f

o2eð2þ eÞ sin
1

2
eotsinðoþ1

2
eoÞt, if O¼oð1þ eÞ; 0<e<<1

8>><
>>: (8.188)

At this moment the first approximation given by Eq. 8.187 depends on the

parameters C1, C2, C3 and C4. If Rðt;C1;C2;C3;C4Þ is the residual obtained

substituting the first approximation (8.187) into Eq. 8.166:

Rðt;C1;C2;C3;C4Þ ¼ €u1 þ o0u1 þ a2u1 u1j jn�1 � f cosOt (8.189)

then the constants C1, C2, C3 and C4 can be determined from Eq. 8.174 and by

means of the collocation method:

Rðt1;C1;C2;C3;C4Þ ¼ Rðt2;C1;C2;C3;C4Þ ¼ Rðt3;C1;C2;C3;C4Þ ¼ 0 (8.190)
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where ti, i ¼ 1,2,3 are three arbitrary values, such that

0<ti<
2p
o

; i ¼ 1; 2; 3 (8.191)

We illustrate the accuracy of the OVIM by comparing the previously obtained

approximate solutions (8.187) with the numerical integration results obtained by a

fourth-order Runge–Kutta method.

I. In the first case we consider n ¼ 1
3
and from Eq. 8.180 it is obtained

a1;13 ¼ 1:159595266; a3;13 ¼ �0:231919053;

a5;1
3
¼ 0:115959526; a7;1

3
¼ �0:073792426

(a) For a ¼ 5, a ¼ 1, o0 ¼ 0, f ¼ 0, from Eqs. 8.174 and 8.190 we obtain

C1 ¼ 5:083874107; C2 ¼ 0:005746695; C3 ¼ �0:057474928;

C4 ¼ �0:032145873

The first-order approximate solution (8.187) becomes:

u1ðtÞ ¼ 5:194375003 cosot� 0:12115924 cos 3ot�
� 0:034843933 cos 5ot� 0:038371881 cos 7otþ 0:000007998 cos 9ot

(8.192)

where o ¼ 0:6269145.
(b) For a ¼ 5, a ¼ 1, o0 ¼ 1, f ¼ 0, the following results are obtained:

C1 ¼ 5:018214118;C2 ¼ 0:01968471;C3 ¼ �0:015158401;C4 ¼ �0:022740428

u1ðtÞ ¼ 5:05176786 cosot� 0:016254795 cos 3ot�
� 0:011945177 cos 5ot� 0:023567886 cos 7otþ 0:000006078 cos 9ot

(8.193)

where o ¼ 1:1817241.
(c) For a ¼ 5, a ¼ 1, o0 ¼ 1, f ¼ 0.1, O ¼ 1, it is obtained

C1 ¼ 5:020224969;C2 ¼ 0:018260618;C3 ¼ 0:007441779;C4 ¼ �0:045927367

u1ðtÞ ¼ 5:053982615 cosot� 0:01779699 cos 3otþ
þ 0:010444517 cos 5ot� 0:046645334 cos 7otþ 0:000020455 cos 9otþ
þ 0:223011649ð1� cos 0:17537309tÞ

(8.194)

where o ¼ 1:17537309.
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II. In the second case we consider n ¼ 2. From Eq. 8.180 it is obtained:

a1;2 ¼ 0:848826363; a3;2 ¼ 0:169765272; a5;2 ¼ �0:02425218; a7;2 ¼ 0:00808406

(a) For a ¼ 5, a ¼ 1, o0 ¼ 0, f ¼ 0, we have

C1 ¼ 4:929081167;C2 ¼ 0:000890717;C3 ¼ 0:030884506;C4 ¼ 0:039143609

u1ðtÞ ¼ 4:79659747 cosotþ 0:12566055 cos 3otþ
þ 0:032727712 cos 5otþ 0:044810445 cos 7otþ 0:000203823 cos 9ot

(8.195)

where o ¼ 2:045312.
(b) For a ¼ 5, a ¼ 1, o0 ¼ 1, f ¼ 0, we obtain

C1 ¼ 4:952586959;C2 ¼ �0:015000551;C3 ¼ 0:034838155;C4 ¼ 0:027575436

u1ðtÞ ¼ 4:8543132899 cosotþ 0:085782596 cos 3otþ
þ0:030887963 cos 5otþ 0:028913121 cos 7otþ 0:000103034 cos 9ot

(8.196)

where o ¼ 2:2807431.
(c) For a ¼ 5, a ¼ 1, o0 ¼ 1, f ¼ 0.1, O ¼ 1, we have

C1 ¼ 4:936194326;C2 ¼ �0:025541995;C3 ¼ 0:059682125;C4 ¼ 0:029665543

u1ðtÞ ¼ 4:837168737 cosotþ 0:075535083 cos 3otþ
þ 0:056053186 cos 5otþ 0:031232993 cos 7otþ 0:000091955 cos 9otþ
þ 0:010503799ð1� cos 1:2764321tÞ

(8.197)

where o ¼ 2:2764321.
III. In the third case, we considern ¼ 5

3
. From Eq. 8.187 it is obtained:

a1;5
3
¼ 0:891467659; a3;5

3
¼ 0:127352522;

a5;5
3
¼ �0:025470504; a7;5

3
¼ 0:009796347

(a) For a ¼ 2, a ¼ 1, o0 ¼ 0, f ¼ 0, we have:

C1 ¼ 1:971343187;C2 ¼ 0:020411906;C3 ¼ 0:001490562;C4 ¼ 0:006754343
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u1ðtÞ ¼ 1:958991 cosotþ 0:0334889 cos 3otþ 0:000654408 cos 5otþ
þ 0:0068656 cos 7otþ 0:000001134 cos 9ot

(8.198)

where o ¼ 1:1854322.
(b) For a ¼ 2, a ¼ 1, o0 ¼ 1, f ¼ 0, it is obtained

C1 ¼ 1:985630001;C2 ¼ 0:00505791;C3 ¼ 0:0000205581;C4 ¼ 0:00929309

u1ðtÞ ¼ 1:977958874 cosotþ 0:013179562 cos 3ot�
� 0:000490736 cos 5otþ 0:009346505 cos 7otþ 0:000008539 cos 9ot

(8.199)

where o ¼ 1:553241.
(c) For a ¼ 2, a ¼ 1, o0 ¼ 1, f ¼ 0.1, O ¼ 1, we obtain:

C1 ¼ 1:975849538;C2 ¼ 0:037915719;C3 ¼ 0:0:013202094;

C4 ¼ �0:026967352

u1ðtÞ ¼ 1:904864454 cosotþ 0:01624387 cos 3otþ
þ 0:047954663 cos 5otþ 0:031098074 cos 7otþ 0:000019391 cos 9otþ
þ 0:047282731ð1� cos 0:540437tÞ

(8.200)

where o ¼ 1:540437.

Figures 8.17–8.25 show the comparison between the present solutions and the

numerical integration results obtained by a fourth-order Runge–Kutta method in the

above cases.

It is clear that the solutions obtained by OVIM are nearly identical with the

solutions given by the numerical method.

Fig. 8.17 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 1/3, a ¼ 5, o0 ¼ 0,

f ¼ 0, a ¼ 1: ______

numerical solution;_ _ _ _

approximate solution (8.192)
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8.8 A Boundary Layer Equation in Unbounded Domain

In this section we apply the OVIM to solve a boundary layer equation in unbounded

domain [169–172]:

f 000ðxÞ þ ðn� 1Þf ðxÞf 00ðxÞ � 2n½f 0ðxÞ�2 ¼ 0; n>0 (8.201)

Fig. 8.18 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 1/3, a ¼ 5, o0 ¼ 1,

f ¼ 0, a ¼ 1: ______

numerical solution; _ _ _ _

approximate solution (8.193)

Fig. 8.19 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 1/3, a ¼ 5, o0 ¼ 1,

f ¼ 0.1, a ¼ 1, O ¼ 1:

______ numerical solution;

_ _ _ _ approximate solution

(8.194)

Fig. 8.20 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 2, a ¼ 5, o0 ¼ 0, f ¼ 0,

a ¼ 1: ______ numerical

solution; _ _ _ _ approximate

solution (8.195)
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Fig. 8.21 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 2, a ¼ 5, o0 ¼ 1, f ¼ 0,

a ¼ 1: ______ numerical

solution; _ _ _ _ approximate

solution (8.196)

Fig. 8.22 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 2, a ¼ 5, o0 ¼ 1,

f ¼ 0.1, a ¼ 1, O ¼ 1:

_______ numerical solution;

_ _ _ _ approximate solution

(8.197)

Fig. 8.23 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 5/3, a ¼ 2, o0 ¼ 0,

f ¼ 0, a ¼ 1: ______

numerical solution; _ _ _ _

approximate solution (8.198)

Fig. 8.24 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 5/3, a ¼ 2, o0 ¼ 1,

f ¼ 0, a ¼ 1: ______

numerical solution; _ _ _ _

approximate solution (8.199)
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with boundary conditions:

f ð0Þ ¼ 0; f 0ð0Þ ¼ 1; f 0ð1Þ ¼ 0 (8.202)

This equation appears in boundary layers in fluid mechanics, wheref 00ð0Þ<0. An

analytic treatment combined with numerical computations will be approached to

find the numerical values of f 00ð0Þfor several values of x.
It is interesting to point out that Kuiken [169] investigated this problem for three

cases of n, namely for 0 < n < 1, n ¼ 1 and for n > 1. Kuiken gave such an

asymptotic expression

f ðxÞ ¼ ðx� x0Þa
XN
i¼0

C1�i
0

�Ciðx� x0Þ�ið1þaÞ; a ¼ 1� n

1þ n
(8.203)

where the coefficients �Ci are given by recursive formulas and the coefficients C0, x0
are determined by an iterative numerical approach. Thus, rigorously speaking,

Kuiken’s solution is a semi-numerical one. Besides, the above expression is valid

only for x> > x0 + 1. It was shown in [172] that the algebraic behaviour at the

outer edge of a boundary layer in fluid mechanics can sometimes be allowed in

regions of non-vanishing extent.

To solve this problem by OVIM, we make the transformation df
dx ¼ g, dg

dx ¼ h and
thus we can rewrite Eq. 8.201 as a system of differential equations

df

dx
¼ gðxÞ

dg

dx
¼ hðxÞ

dh

dx
¼ 2ng2ðxÞ þ ð1� nÞf ðxÞhðxÞ

8>>>>>><
>>>>>>:

(8.204)

Fig. 8.25 Comparison

between the approximate

solution and numerical results

obtained for Eq. 8.166 in case

n ¼ 5/3, a ¼ 2, o0 ¼ 1,

f ¼ 0.1, a ¼ 1, O ¼ 1:

______ numerical solution;

_ _ _ _ approximate solution

(8.200)
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The following Variational Iteration Algorithm – II can be obtained from the

Eqs. 8.204 and 8.17:

fnþ1ðxÞ ¼ f0ðxÞ þ
ðx
0

gnðsÞds (8.205)

gnþ1ðxÞ ¼ g0ðxÞ þ
ðx
0

hnðsÞds (8.206)

hnþ1ðxÞ ¼ h0ðxÞ þ
ðx
0

2ng2nðsÞ þ ð1� nÞfnðsÞhnðsÞ

 �

ds (8.207)

From the initial conditions (8.202) it is natural to express f(x) from (8.201) by the

set of base functions

xme�lnx
��m � 0; n � 0; l>0

� �
(8.208)

in the form

f ðxÞ ¼
X
m;n�0

am;nx
me�lnx (8.209)

where am,n and lare unknown coefficients.

We start with the initial approximations:

f0ðxÞ ¼ C1e
�lx þ C2xe

�2lx;

g0ðxÞ ¼ C3e
�2lx þ C4xe

�3lx;

h0ðxÞ ¼ C5e
�3lx þ C6xe

�lx

(8.210)

where C1, C2,. . ..C6 and l > 0 are unknown coefficients at this moment.

Substituting Eq. 8.210 into 8.205, 8.206 and 8.207, we obtain the following

results (n ¼ 0):

f1ðxÞ ¼ C4

9l2
þ C3

2l
þ C1e

�lx þ C2x� C3

2l

� �
e�2lx � 3lC4xþ C4

9l2
e�3lx (8.211)
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g1ðxÞ ¼ C5

3l
þ C6

l2
� lC6xþ C6

l2
e�lx þ C3e

�2lx þ C4x� C5

3l

� �
e�3lx (8.212)

h1ðxÞ ¼ 2n
C2
3

4l
þ 2C3C4

25l2
þ C2

1

108l3

� �
þ ð1� nÞ C1C6

4l2
þ 2C2C6

27l3
þ C1C5

4l
þ

�

þ C2C5

25l2

�
þ C6xe

�lx þ C1C6ðn� 1Þð2lxþ 1Þ
4l2

e�2lxþ

þ
�
C5þC2C6ðn� 1Þð9l2x2 þ 6lxþ 2Þ

27l3

�
e�3lx þ C1C5ðn� 1Þ

4l
� nC2

3

2l

� �
e�4lxþ

þ C2C5ðn� 1Þ � 4C3C4n

5l2
ð5lþ 1Þe�5lx � nC2

4

108l3
ð36l2x2 þ 12lxþ 1Þe�6lx

(8.213)

For the second iteration, (n ¼ 1) we obtain the following results:

f2ðxÞ ¼ C5

3l
þ C6

l2

� �
xþ C3

2l
þ C4

9l2
� C5

9l2
� 2C6

l3
þ C6

l2

�
xþ C1þ

þ 2C6

l3

�
e�lx þ C2x� C3

2l

� �
e�2lx þ �C4

3l
xþ C5 � C4

9l2

� �
e�3lx

(8.214)

g2ðxÞ ¼ 2n
C2
3

4l
þ 2C3C4

25l2
þ C2

4

108l3

� �
þ ð1� nÞ C1C6

4l2
þ 2C2C6

27l3
þ

� ��

þ C1C5

4l
þ C2C5

25l

��
xþ ðn� 1Þ C1C6

4l3
þ 2C2C6

27l4
þ C1C5

16l2
þ 2C2C5

125l3

� �
�

� n
C2
3

8l2
þ 8C3C4

125l3
þ C2

4

108l4

� �
þ C5

3l
þ C6

l2
� C6

l
xþ C6

l2

� �
e�lxþ

þ C1C6ð1� nÞ
4l2

xþ C3 þ C1C6ð1� nÞ
4l3

� �
e�2lxþ

þ C2C6ð1� nÞ
9l2

x2 þ C4 þ 4C2C6ð1� nÞ
27l3

� �
xþ 2C2C6ð1� nÞ

27l4
� C5

3l

� �
e�3lxþ

þ 2nC2
3 þ C1C5ð1� nÞ

16l2
e�4lx þ 4C3C4nþ C2C5ð1� nÞ

25l2
xþ 2

5l

� �
e�5lxþ

þ nC2
4

18l2
x2 þ nC2

4

27l3
xþ nC2

4

108l4

� �
e�6lx

(8.215)
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Finally, the third iteration result in (n ¼ 2):

f3ðxÞ ¼ n
C2
3

4l
þ 2C3C4

25l2
þ C2

4

108l3

� �
þ 1� n

2

C1C6

4l2

�
þ 2C2C6

27l3
þ C1C5

4l
þ

�

þ C2C5

25l2

��
x2 þ C5

3l
þ C6

l2
þ ðn� 1Þ C1C6

4l3
þ 2C2C6

27l4
þ C1C5

16l2
þ 2C2C5

25l3

� �
�

�

� n
C2
3

8l2
þ 8C3C4

125l3
þ C2

4

108l4

� ��
xþ n

C2
3

32l3
þ 12C3C4

625l4
þ C2

4

324l5

� �
þ

þ ð1� nÞ 3C1C6

16l4
þ 4C2C6

81l3
þ C1C5

64l3
þ 3C2C5

625l4

� �
þ C3

2l
� 2C6

l3
� C5

9l2
þ C4

9l2
þ

þ C6

l2
xþ C1 þ 2C6

l3

� �
e�lx þ C2 þ C1C6ðn� 1Þ

8l3

� �
xþ 3C1C6ðn� 1Þ

16l4
�

�

� C3

2l

�
e�2lx þ C2C6ðn� 1Þ

27l3
x2 þ 2C2C6ðn� 1Þ

27l4
� C4

3l

� �
xþ

�

þ 4C2C6ðn� 1Þ
81l5

þ C5

9l2
� C4

9l2

�
e�3lx þ C1C5ðn� 1Þ � 2nC2

3

64l3
e�4lxþ

þ C2C5ðn� 1Þ � 4C3C4n

125l3
xþ 3

5l

� �
e�5lx � nC2

4

108l3
x2 þ x

l
þ 1

3l2

� �
e�6lx

(8.216)

Applying the boundary conditions (8.202) on the approximate solution (8.216),

we obtain the following algebraic system with unknowns C1, C2,. . .C6 and l:

C1 ¼ 0 (8.217)

� lC1 þ C2 þ C3 ¼ 1 (8.218)

2n
C2
3

4l
þ 2C3C4

25l2
þ C2

4

108l3

� �
þ

þ ð1� nÞ C1C6

4l2
þ 2C2C6

27l3
þ C1C5

4l
þ C2C5

25l2

� �
¼ 0

(8.219)

n
C2
3

8l2
þ 8C3C4

125l3
þ C2

4

108l4

� �
� C4

3l
� C6

l2
þ

þ ð1� nÞ C1C6

4l3
þ 2C2C6

27l3
þ C1C5

16l2
þ 2C2C5

125l3

� �
¼ 0

(8.220)

From Eqs. 8.217, 8.218, 8.219 and 8.220 we can obtain C2, C5 and C6 as

functions of l, C3 and C4.

From the residual functional:

J ¼
ð1
0

f
000
3 ðsÞ þ ðn� 1Þf3ðsÞf 003 ðsÞ � 2nf

0
3

2ðsÞ
h i2

ds (8.221)
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we can obtain the following three equations:

@J

@l
¼ @J

@C3

¼ @J

@C4

¼ 0 (8.222)

In this way, approximate solution (8.216) is obtained with the parameters C1,

C2, . . . C6 and l given by the system of Eqs. 8.217, 8.218, 8.219, 8.220 and 8.222.

In order to assess the advantages and accuracy of OVIM for solving nonlinear

problems, some numerical applications were performed for several distinct values

of n, as shown in Table 8.7.

In Table 8.8 we compare the results obtained for f 00ð0Þthrough the proposed

procedure with the results available in the literature, obtained by Homotopy Pertur-

bation Method (HPM) [170], Padé approximants [171], Homotopy-Padé approach

[172] and Homotopy Analysis Method (HAM) [172].

Different from other classical perturbation techniques, the proposed procedure is

independent upon small parameters and provides us with a convenient way to

control and adjust the convergence region, when necessary. OVIM can be

employed to efficiently approximate a nonlinear problem by choosing different

sets of base functions.

Table 8.8 Comparison of the results obtained for f 00ð0Þthrough our procedure with results

obtained using different methods, for several values of n

n HPM [170] Padé [171] Homotopy-Padé
[172]

HAM

[172]

OVIM

(present results)

1/3 - �0.5614491934 �0.56144919 �0.56145 �0.56078

4 �2.5568 �2.483954 – – �2.5174906

10 �4.0476 �4.026385 – – �4.030582

100 �12.8501 �12.84334 – – �12.846640

1,000 �40.6556 �40.65538 – – �40.655400

5,000 �90.9127 �104.8420 – – �104.08070

Table 8.7 The coefficients C1, C2, . . . C6 and l given by OVIM for several values of n

n C1 C2 C3 C4 C5 C6 l

1/3 0 0.924589 0.0754107 0.0027517 �0.003321 �5.53e-15 0.145537

4 0 1.0217901520 �0.021790 0.1 0 0 0.6473200694

10 0 1.007896023 �0.007896 0.0999958 0.0000852 �0.000383 1.0286048

100 0 0.9258295575 0.0741704 0.0662164 0.0126234 �0.225463 3.35582155

1,000 0 0.9862411165 0.0137588 0.0873533 0.0014285 �0.084459 10.256605438

5,000 0 0.9956307348 0.0043692 0.0949307 0.0003390 �0.043459 26.101014908
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Chapter 9

Optimal Parametric Iteration Method

9.1 Short Considerations

The most common and most widely studied methods for determining analytical

approximate solutions of a nonlinear dynamical system are iteration methods.

These methods, in principle, do not require the presence of a parameter e which
should be small. Several researchers have studied different nonlinear problems by

means of iteration procedures [173–179].

Firstly, consider a nonlinear conservative oscillator described as

€uþ f ðuÞ ¼ 0 uð0Þ ¼ A; _uð0Þ ¼ 0 (9.1)

where f(u) is an odd function and its derivative near u ¼ 0 is positive. Equation 9.1

can be written as

€uþ o2u ¼ o2u� f ðuÞ :¼ gðuÞ (9.2)

where o is a priori unknown frequency of the periodic solution u(t) being sought.

The original Mickens procedure is given as [173]

€uk þ o2uk ¼ gðo; uk�1Þ; k ¼ 1; 2; ::: (9.3)

where the input of starting function is

u0ðtÞ ¼ A cosot (9.4)

This iteration scheme was used to solve many nonlinear oscillating equations

[173–178]. Lim et al. [175] proposed a modified iteration scheme

€ukþ1 þ o2ukþ1 ¼ gðo; uk�1Þ þ guðo; uk�1Þðuk � uk�1Þ; k ¼ 0; 1; 2; ::: (9.5)

V. Marinca and N. Herisanu, Nonlinear Dynamical Systems in Engineering,
DOI 10.1007/978-3-642-22735-6_9, # Springer-Verlag Berlin Heidelberg 2011
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with the inputs of starting functions as

u�1ðtÞ ¼ u0ðtÞ ¼ A cosot (9.6)

where gu ¼ @g
@u
. In principle, the approximations can be obtained to any desired

order. However, more and more complicated nonlinear algebraic equations in

o have to be solved. Chen et al. [177] proposed a new iteration scheme, considering

o as ok:

€uk þ o2
k�1uk ¼ gðok�1; uk�1Þ; k ¼ 1; 2; ::: (9.7)

where the right-hand side of Eq. 9.7 can be expanded in the Fourier series:

gðok�1; uk�1Þ ¼
X’ðkÞ
i¼1

ak�1;iðok�1Þ cosðiok�1tÞ (9.8)

where the coefficients ak-1,i are functions of ok-1 and ’(k) is a positive integer. The
(k-1) th-order approximation ok-1 is obtained by eliminating the so-called secular

terms, i.e. letting

ak�1;1ðok�1Þ ¼ 0; k ¼ 1; 2; ::: (9.9)

Equation 9.9 is always a linear algebraic equation in o2
k�1.

In a different manner, J.H. He [179] proposed a new iteration scheme consider-

ing the following nonlinear oscillator:

€uþ uþ ef ðu; _uÞ ¼ 0; uð0Þ ¼ A; _uð0Þ ¼ 0 (9.10)

We rewrite Eq. 9.10 in the following form

€uþ uþ eugðu; _uÞ ¼ 0 (9.11)

where gðu; _uÞ ¼ f ðu; _uÞ
u .

J.H. He has constructed an iteration formula for the above equation

€ukþ1 þ ukþ1 þ eukþ1gðuk; _ukÞ ¼ 0 (9.12)

For nonlinear oscillation, Eq. 9.12 is of Mathieu type. This technique is called

iteration perturbation method.

At the begging of this section, we consider two variants of iteration schemes.
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9.1.1 A Combination of Mickens and He Iteration Methods

Consider the following, in general nonlinear oscillation:

€uþ o2u ¼ f ðu; _u; €uÞ; uð0Þ ¼ A; _uð0Þ ¼ 0 (9.13)

We rewrite Eq. 9.13 in the following form:

€uþ O2u ¼ u O2 � o2 þ f ðu; _u; €u
u

� �
:¼ ugðu; _u; €uÞ (9.14)

where O is a priori unknown frequency of the periodic solution u(t) being sought.

The proposed iteration scheme is [180]:

€unþ1 þ O2unþ1 ¼ un�1½gðun�1; _un�1; €un�1Þþ
þ guðun�1; _un�1; €un�1Þðun � un�1Þþ
þ g _uðun�1; _un�1; €un�1Þð _un � _un�1Þþ
þ g€uðun�1; _un�1; €un�1Þð€un � €un�1Þ�, n ¼ 0; 1; 2; 3;::: (9.15)

where the inputs of starting functions are [175]:

u�1ðtÞ ¼ u0ðtÞ ¼ A cosOt (9.16)

It is further required that for each n, the solution to Eq. 9.15, is to satisfy the

initial conditions

unð0Þ ¼ A; _unð0Þ ¼ 0; n ¼ 1; 2; 3; ::: (9.17)

Note that for given un�1ðtÞ and unðtÞ, Eq. 9.15 is a second order, inhomogeneous

differential equation for unþ1ðtÞ. Right side of Eq. 9.15 can be expanded into the

following Fourier series:

un�1½gðun�1; _un�1; €un�1Þ þ guðun�1; _un�1; €un�1Þðun � un�1Þþ
þ g _uðun�1; _un�1; €un�1Þð _un � _un�1Þ þ g€uðun�1; _un�1; €un�1Þð€un � €un�1Þ� ¼

¼ a1ðA;O;oÞ cosOtþ
XN
n¼2

anðA;O;oÞ cos nOtþ

þ b1ðA;O;oÞ sinOtþ
XN
n¼2

bnðA;O;oÞ sin nOt (9.18)
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where the coefficients anðA;O;oÞ and bnðA;O;oÞ are known, and the integer N
depends upon the function gðu; _u; €uÞ on the right hand side of Eq. 9.14. In Eq. 9.18,
the requirement of no secular term needs

a1ðA;O;oÞ ¼ 0; b1ðA;O;oÞ ¼ 0 (9.19)

The solution of the Eq. 9.15 with the initial conditions (9.17) is taken to be:

unþ1ðtÞ ¼A cosOt�
XN
n¼2

anðA;O;oÞ
ðn2 � 1ÞO2

ðcos nOt� cosOtÞ�

�
XN
n¼2

bnðA;O;oÞ
ðn2 � 1ÞO2

ðsin nOt� n sinOtÞ (9.20)

Equation 9.19 allows the determination of the frequency O as a function of A
and o. This procedure can be performed to any desired iteration step n. As we will
show in the following examples, an excellent approximate analytical representation

to the exact solution, valid for small as well as large values of oscillation amplitude

is obtained.

(a) The motion of a simple pendulum
When damping is neglected, the differential equation governing the free oscilla-

tion of the mathematical pendulum is given by

ml€yþ mg sin y ¼ 0 (9.21)

or

€yþ a sin y ¼ 0 (9.22)

Here m is the mass, l the length of the pendulum, g the gravitational acceleration
and a ¼ g/l. The angle y designates the deviation from the vertical equilibrium

position.

We rewrite Eq. 9.22 in the form

€yþ O2y ¼ y O2 � a
sin y
y

� �
(9.23)

where O is an unknown frequency of the periodic solution. Here the initial

conditions are yð0Þ ¼ A, _yð0Þ ¼ 0, the inputs of starting function are

y�1ðtÞ ¼ y0ðtÞ ¼ A cosOt and gðt; y; _y; €yÞ ¼ O2 � a sin y
y .

The first iteration is given by the equation:

€y1 þ O2y1 ¼ O2A cosOt� a sin A cosOtð Þ (9.24)
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The term sin A cosOtð Þ can be expanded in the power series:

sinðA cosOtÞ ¼ A cosOt� A3cos3Ot
3!

þ A5cos5Ot
5!

� A7cos7Ot
7!

þ A9cos9Ot
9!

þ :::

(9.25)

We rewrite powers of cosOt in (9.25) in terms of the cosine of multiples of Ot
with the aid of the known identity

cos2nþ1Ot ¼ 1

4n

Xn
k¼0

2nþ 1

n� k

� �
cosð2k þ 1ÞOt (9.26)

By using Eq. 9.26, Eq. 9.25 may be expressed in the form

sinðA cosOtÞ ¼ A cosOt� A3

24
ðcos 3Otþ 3 cosOtÞþ

þ A5

1920
ðcos 5Otþ 5 cos 3Otþ 10 cosOtÞ�

� A7

322560
ðcos 7Otþ 7 cos 5Otþ 21 cos 3Otþ 35 cosOtÞþ

þ A9

92897280
ðcos 9Otþ 9 cos 7Otþ 36 cos 5Otþ 84 cos 3Otþ 126 cosOtÞ

(9.27)

Substituting Eq. 9.27 into Eq. 9.24, this can be rewritten as:

€y1 þ O2y1 ¼ AO2 � a A� A3

8
þ A5

192
� A7

9216
þ A9

737280
þ :::

� �� �
cosOt�

� A3

24
cos 3Otþ A5

1920
ðcos 5Otþ 5 cos 3OtÞ � A7

322560
ðcos 7Otþ 7 cos 5Otþ

þ 21 cos 3OtÞ þ A9

92897280
ðcos 9Otþ 9 cos 7Otþ 36 cos 5Otþ 84 cos 3OtÞ

(9.28)

No secular terms in y1 requires that

O2
1 ¼ a 1� A2

8
þ A4

192
� A6

9216
þ A8

737280
þ :::

� �
(9.29)

and solving Eq. 9.28 with the initial conditions y1ð0Þ ¼ A, _y1ð0Þ ¼ 0, we obtain
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y1ðtÞ ¼ A cosO1tþ A3

192O2
1

ðcos 3O1t� cosO1tÞ�

� A5

46080O2
1

ðcos 5O1t� cosO1tÞ � A5

3072O2
1

ðcos 3O1t� cosO1tÞþ

þ A7

15482880O2
1

ðcos 7O1t� cosO1tÞ þ A7

1105920O2
1

ðcos 5O1t� cosO1tÞþ

þ A7

122880O2
1

ðcos 3O1t� cosO1tÞ � A9

7431782400O2
1

ðcos 9O1t� cosO1tÞ�

� A9

495452160O2
1

ðcos 7O1t� cosO1tÞ � A9

61931520O2
1

ðcos 5O1t� cosO1tÞ�

� A9

8847360O2
1

ðcos 3O1t� cosO1tÞ

(9.30)

or

y1ðtÞ ¼ � A9

7431782400O2
1

cos 9O1tþ A7

15482880O2
1

�
 

� A9

495452160O2
1

!
cos 7O1tþ � A5

46080O2
1

þ A7

1105920O2
1

�
 

� A9

61931520O2
1

!
cos 5O1tþ A3

192O2
1

� A5

3072O2
1

þ A7

122880O2
1

�
 

� A9

8847360O2
1

!
cos 3O1tþ A� A3

192O2
1

þ A5

2880O2
1

� 141A7

15482880O2
1

þ
 

þ 61A9

464486400O2
1

!
cosO1t

(9.31)

The approximate period can be expressed from Eq. 9.29: Tapp ¼ 2p=O1 and we

obtain:

Tapp ¼ 2pffiffiffi
a

p 1þ A2

16
þ 5A4

1536
þ 13A6

73728
þ 239A8

23592960
þ :::

� �
(9.32)
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while the exact period reads:

Tex ¼ 4ffiffiffi
a

p
ðp2
0

dfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2sin2’

p ; k ¼ sin
A

2
(9.33)

A comparison with the exact period is shown in Table 9.1.

Figure 9.1 shows the comparison between the present solution obtained from

Eqs. 9.29 and 9.31 and the numerical integration results obtained by using a fourth-

order Runge-Kutta method

(b) Sliding mass
We consider the motion of a ring of mass m sliding freely on the wire described

by the parabola y ¼ qu2 which rotates with a constant angular velocity l about the

y-axis as shown in Fig. 9.2 [22].

The equation describing the motion of the ring is (see also Sect.5.12):

€uþ o2u ¼ �4quðu€uþ _u2Þ (9.34)

where o2 ¼ 2gq� l2 and the initial conditions are uð0Þ ¼ A, _uð0Þ ¼ 0.

In case q <<1, the traditional perturbation methods can be applied. In our study,

q does not need to be small, i.e. it follows 0 < q < +1. For n ¼ 0 into Eq. 9.15,

Table 9.1 Comparison between the approximate period Tapp given by Eq. 9.32 and the exact

solution Tex given by Eq. 9.33

A
p
10

p
9

p
8

p
7

p
4

p
3

p
2

Tapp
Tex

0.99999681 0.99999512 0.99999211 0.99976763 0.99961425 0.99951134 0.99830437

–0.8 –0.6 –0.4 –0.2

6

4

2

–2

–4

0.2 0.4 0.6 0.8

θ

θ

0

Fig. 9.1 Phase plane for

Eq. 9.22: a ¼ 100, A ¼ p/4:
- - - - - - present method,

Eq. 9.31 ; ________

numerical solution
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with initial functions u�1ðtÞ ¼ u0ðtÞ ¼ A cosOt and gðu; _u; €uÞ ¼ O2 � o2 � 4q�
�ðu€uþ _u2Þ we obtain first iteration as:

€u1 þ O2u1 ¼ A cosOt½O2 � o2 þ 4qðA2O2cos2Ot� A2O2sin2OtÞ�

which can be rewritten in a more convenient form as

€u1 þ O2u1 ¼ A cosOtðO2 � o2 þ 2qA2O2Þ þ 2qA3O2 cos 3OtÞ� (9.35)

In order to ensure that no secular terms appear in the next iteration, resonance

must be avoided. To do so, the coefficient of cosOt in Eq. 9.35 requires being zero
i.e.

O2
1 ¼

o2

1þ 2qA2
(9.36)

So, from Eq. 9.35, with initial conditions (9.17), we have the following first-

order approximate solution:

u1ðtÞ ¼ A cosOtþ 1

4
qA3ðcosOt� cos 3OtÞ (9.37)

For n ¼ 1 into Eq. 9.15, with the initial functions (9.16) and u1 given by (9.37)

we obtain the following differential equation for u2:

€u2 þ O2u2 ¼A cosOtðO2 � o2 þ 2qA2O2Þþ
þ ð2qA3O2 � 4q2A5O2Þ cos 3Ot� 4q2A5O2 cos 5Ot (9.38)

Avoiding the presence of a secular term needs

O2
2 ¼

o2

1þ 2qA2
(9.39)

Fig. 9.2 Particle on a

rotating parabola

320 9 Optimal Parametric Iteration Method



Solving Eq. 9.38 with the initial conditions (9.17), we obtain

u2ðtÞ ¼ A cosOtþ 1

4
qA3ðcosOt� cos 3OtÞþ

þ 1

6
q2A5ðcos 5Otþ 3 cos 3Ot� 4 cosOtÞ (9.40)

It is interesting to note that O1 and O2 are the same. The approximate period can

be expressed as

Tapp ¼ 2p
o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2qA2

p
(9.41)

while the exact period reads

Tex ¼ 4

o

ðp2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4qA2cos2t

p
dt (9.42)

As mentioned before, this method gives good approximations in case q <<1. But

our results are valid even in case of q tending to infinity. In the caseq ! 1, we have

lim
q!1

Tapp
Tex

¼ 2
ffiffiffi
2

p

p
¼ 0; 90031 (9.43)

Therefore, for any values of q, it can be easily seen that the maximal relative

error of the period (9.41) is less than 10%.

(c) Buckling of a column
Now, we consider the structure shown in Fig. 9.3 [22].

The mass m moves in the horizontal direction only. Neglecting the weight of all

but the mass, show that governing equation for the motion of m is

Fig. 9.3 Model for the

buckling of a column
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m€uþ k1 � 2p

l

� �
uþ k3 � p

l3

� �
u3 þ ::: ¼ 0

where the spring force is given by:

Fspring ¼ k1uþ k3u
3 þ :::

The governing equation of the motion of m can be put in the general form:

€uþ a1uþ a3u3 þ ::: ¼ 0 (9.44)

The oscillator with cubic elastic restoring force occupies an important place in

the theory of nonlinear systems, since it is the simplest oscillator displaying specific

nonlinear properties. On the other hand, it provides a first approximation for the

behaviour of a much larger class of oscillators.

For simplicity, we consider the well-known Duffing equation

€uþ uþ eu3 ¼ 0; uð0Þ ¼ A; _uðoÞ ¼ 0 (9.45)

In this case, the first iteration can be written in the form

(u�1ðtÞ ¼ u0ðtÞ ¼ A cosOt):

€u1 þ O2u1 ¼ A cosOtðO2 � 1� 3

4
eA2Þ � 1

4
eA3 cos 3Ot (9.46)

No secular terms in u1 requires that

O1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

4
eA2

r
(9.47)

From Eq. 9.46, we have the following first-order approximate solution:

u1ðtÞ ¼ A cosOtþ eA3

32O2
ðcos 3Ot� cosOtÞ (9.48)

The second iteration is obtained by substituting this result into Eq. 9.15 for

n ¼ 1:

€u2 þ O2u2 ¼ A cosOtðO2 � 1� 3

4
eA2 þ e2A4

32O2
Þ�

� eA3

4
cos 3Ot� e2A5

64O2
ðcos 5Otþ cos 3OtÞ (9.49)
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Avoiding the presence of a secular term needs:

O2
2 ¼

3eA2 þ 4þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7e2A4 þ 24eA2 þ 16

p

8
(9.50)

Solving Eq. 9.49 with the initial conditions (9.17), we obtain

u2ðtÞ ¼ A cosOtþ eA3

32O2
ðcos 3Ot� cosOtÞþ

þ e2A5

1536O4
ðcos 5Otþ 3 cos 3Ot� 4 cosOtÞ (9.51)

Substituting Eqs. 9.48 and 9.51 into Eq. 9.15, we have the third iteration (n ¼ 2):

€u3 þ O2u3 ¼ A 1� eA2

32O2

� �
cosOtþ eA3

32O2
cos 3Ot

� �
O2 � 1��

e A 1� eA2

32O2

� �
cosOtþ eA3

32O2
cos 3Ot

� �2
� 2e A 1� eA2

32O2

� �
�

�

� cosOtþ eA3

32O2
cos 3Ot

�
e2A5

1536O2
ðcos 5Otþ 3 cos 3Ot� 4 cosOt

� ��
(9.52)

In order to eliminate the secular term arising in the third iteration, the coefficient

of cosOt in this equation requires to be zero i.e.

O2
3 � 1� 25

32
eA2 þ eA2

32O2
3

þ 3e2A4

64O2
3

þ 3e3A6

4096O4
3

� 13e4A8

65536O6
3

þ 5e5A10

1048576O8
3

¼ 0

(9.53)

The exact frequency of the periodic motion of the Duffing equation is given by:

Oex ¼ p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ eA2

p ðp2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m sin2y

p

0
B@

1
CA

�1

;m ¼ eA2

2ð1þ eA2Þ (9.54)

For comparison between the exact frequency Oex obtained by integrating

Eq. 9.54 and the approximate frequencies O1, O2, O3 computed by Eqs. 9.47,

9.50 and 9.53, respectively, we have
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lim
eA2!1

O1

Oex
¼

ffiffiffi
3

p

p

ðp2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

2
sin2y

q ¼ 1:02223 (9.55a)

lim
eA2!1

O2

Oex
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ ffiffiffi

7
pp

2
ffiffiffi
2

p
p

ðp2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

2
sin2y

q ¼ 0:9935672 (9.55b)

lim
eA2!1

O3

Oex
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0; 719601

p
p

ðp2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

2
sin2y

q ¼ 0:999134 (9.55c)

On the other hand, for large value of eA2 in Eq. 9.53 we obtain

O2
3 � 1þ 0:719601eA2.

Therefore the approximate analytical solutions to the Duffing equation with

respect to the exact solution for the first, the second and the third iteration never

exceed 2.2, 0.64 and 0.08%, respectively.

Our result (9.51) is compared in Fig. 9.4 with the numerical integration results

obtained by using a fourth-order Runge-Kutta method.

(d) As last example, we consider a particle having mass m moving under the
influence of the central force field of magnitude k=r2nþ3. The equation of the orbit in

the polar coordinates (r,y) is

d2u

dy2
þ u ¼ �cu2nþ1

where k and c are constants and u ¼ 1=r. In this case, let us consider a family of

nonlinear differential equation (see Sect. 7.1.2):

–0.5

–0.5

0.5

1

–1

0.5 1
θ

θ

0–1

Fig. 9.4 Phase plane for

Eq. 9.45 : e ¼ 1/2, A ¼ 1:

- - - - - - present method, Eq.

9.51; _____ numerical

solution
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u00 þ auþ gu2nþ1 ¼ 0; a>0; g>0; n ¼ 1; 2; 3; . . . ;

uð0Þ ¼ A; u0ð0Þ ¼ 0 (9.56)

The corresponding exact period T is

Tex ¼ 4

ðp2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ g

nþ1
A2nð1þ sin2yþ sin4yþ :::þ sin2ny

q
Þ

(9.57)

In this case we have: gðuÞ ¼ O2 � a� gu2n; u�1ðtÞ ¼ u0ðtÞ ¼ A cosOt. The first
iteration becomes:

€u1 þ O2u1 ¼ A cosOtðO2 � 1� gA2ncos2nOtÞ (9.58)

By using (9.26), equation may be expressed in the form:

€u1 þ O2u1 ¼ A cosOt O2 � a� gA2n

4n
2nþ 1

n

� �� �
�

� 1

4n
gA2nþ1

Xn
k¼1

2nþ 1

n� k

� �
cosð2k þ 1ÞOt (9.59)

Avoiding the secular term needs that:

O1ðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ gA2n

4n
2nþ 1

n

� �s
(9.60)

The solution of Eq. 9.59 reads:

u1ðtÞ ¼ A cosOtþ gA2nþ1

4nþ1

Xn
k¼1

1

kðk þ 1Þ
2nþ 1

n� k

� �
½cosð2k þ 1ÞOt� cosOt� (9.61)

For n ¼ 1 in Eqs. 9.56, 9.60, 9.61 we recover Eqs. 9.45, 9.47 and 9.48 respec-

tively (a ¼ 1; g ¼ e). For n ¼ 2 in Eqs. 9.56 and 9.60 we obtain

O1ð2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 5

8
eA4

r
(9.62)

The same result is obtained in [181] using the variational iteration method. Its

approximate period can be calculated as follows
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T1app ¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 5eA4=8

p (9.63)

It should be specially pointed out that the iterative perturbation formula (9.63) is

valid not only for a small parameter, but also for a very large parameter: even in the

case eA4 ! 1, we have

lim
eA4!1

T1app
Tex

¼

¼ lim
eA4!1

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 5

8
eA4

q ðp2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ eA4

3
ð1þ sin2yþ sin4yÞ

q
0
B@

1
CA

�1

�

�
ffiffiffiffiffi
2

15

r
� p � 0; 87099 ¼ 0; 99916 (9.64)

Therefore, for any value of e it can be easily proved that the relative error of the

period (9.63) is less than 0.08%. This rather extraordinary virtue of this procedure

has first been exploited in this Section. And this might be the reason that the

obtained approximate solution is valid for all e>0.

For integer n, the approximate period in the first-order approximate is

Tapp ¼ 2p
O1ðnÞ ¼ 2p aþ gA2n

4n
2nþ 1

n

� �� ��1
2

(9.65)

Formula (9.65) is valid for any possible amplitudes and gives the maximum

errors as the dimensionless amplitude gA2n tends to infinity. Note that, even for

n ¼ 9, the maximum error given by (9.65) is less than 4% for amplitude A 2 ½0;1�:

lim
gA18!1

Tapp
Tex

�
16p

ffiffiffiffiffiffiffiffiffi
5

46189

q
0:5406369

� 0:967341 (9.66)

9.1.2 An Iteration Procedure with Application
to Van der Pol Oscillator

We consider the following nonlinear equation

€uþ o2u ¼ ef ðOt; u; _uÞ (9.67)
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where o and O are positive constants; in general f is assumed to be non-linear

function of both u and _u which may be expanded in a Fourier series, and _u ¼ du=dt
[182].

Assume that o � O and let us denote (s is detuning parameter):

O2 � o2 ¼ es ð0<e<<1Þ (9.68)

The Eq. 9.67 may then be written:

€uþ O2u ¼ e suþ f ðOt; u; _uÞ½ � (9.69)

For e ¼ 0, Eq. 9.69 has the solution u ¼ A cosðOtþ ’Þ, where A and ’ are

constants. For e 6¼ 0 we try the input of starting function as:

u0 ¼ A0 cosðOtþ ’0Þ (9.70)

We propose the following iteration formula for Eq. 9.69:

unðtÞ ¼An cosðOtþ ’nÞþ

þ e
O

ðt
0

sun�1ðtÞ þ f Ot; un�1ðtÞ; uxn�1ðtÞð Þ½ �dt, n ¼ 1; 2;:::
(9.71)

where An and ’n are constants and u0 is given by Eq. 9.70.

Expanding sun�1 þ f in a Fourier series, we have:

sun�1ðtÞ þ f Ot; un�1ðtÞ; u0n�1ðtÞð Þ ¼
XP
p¼0

an�1
p An�1; ’n�1;O; sð Þ cos pOtþ

þ
XR
r¼0

bn�1
r An�1; ’n�1;O; sð Þ sin rOt

(9.72)

and therefore, the approximation of n-th order (9.71) becomes:

unðtÞ ¼ An cosðOtþ ’nÞ þ
e
O

1

2
an�1
1 ðt sinOtÞþ

�

þ 1

2
bn�1
1 t cosOtþ 1

2O
sinOt

� �
þ an�1

0 þ

þ
XP
p¼2

an�1
p ðcosOt� cos pOtÞ

ðp2 � 1ÞO þ
XR
r¼2

bn�1
r ðr sinOt� sin rOtÞ

ðr2 � 1ÞO

#
(9.73)
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The solution (9.73) is chosen such that it contains no secular terms, which

requires that coefficients an�1
1 and bn�1

1 into (9.73) disappear, i.e.:

an�1
1 An�1; ’n�1;O; sð Þ ¼ 0;

bn�1
1 An�1; ’n�1;O; sð Þ ¼ 0

(9.74)

For real systems, the expansion of the function sun�1 þ f usually contains only a
small number of harmonics.

If we consider the nonlinear oscillator governed by the Van der Pol equation

€uþ u ¼ eð1� u2Þ _u (9.75)

in Eq. 9.71 we have o ¼ 1 and assuming O � 1, Eq. 9.69 becomes:

€uþ O2u ¼ eFðu; _uÞ; Fðu; _uÞ ¼ suþ _u� _uu2 (9.76)

Assuming that the input of starting function is (9.70), we obtain

Fðu0; _u0Þ ¼ sA0 cosðOtþ ’0Þ þ OA0

A2
0

4
� 1

� �
sinðOtþ ’0Þþ

þ 1

4
OA3

0 sinð3Otþ ’0Þ (9.77)

From the conditions (9.74) we have:

a01 ¼ sA0 ¼ 0; b01 ¼ OA0

A2
0

4
� 1

� �
¼ 0 (9.78)

and therefore

s ¼ 0; A0 ¼ 2 (9.79)

The solution u0(t) given by (9.70) becomes:

u0ðtÞ ¼ 2 cosðOtþ ’0Þ (9.80)

An additional condition to determine the constant ’0 of the homogenous solu-

tion (9.80) is simplified to _u0ð0Þ ¼ 0, such that ’0 ¼ 0. The solution (9.80) and

Fðu0; _u0Þ become respectively:

u0ðtÞ ¼ 2 cosOt; Fðu0; _u0Þ ¼ 2O sin 3Ot
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The solution (9.73) for n ¼ 1 is written in the form:

u1ðtÞ ¼ A1 cosðOtþ ’1Þ þ
3e
4

sinOt� e
4O

sin 3Ot

or

u1ðtÞ ¼ A0
1 cosðOtþ ’0

1Þ �
e
4O

sin 3Ot (9.81)

where A0
1 and ’0

1 are constants and

A0
1 cosðOtþ ’0

1Þ ¼ A1 cosðOtþ ’1Þ �
e
4O

sin 3Ot

The homogenous solution given by (9.81) is simplified to _u1hð0Þ ¼ 0, such that

’0
1 ¼ 0 and Eq. 9.81 becomes

u1ðtÞ ¼ A0
1 cosOt�

e
4O

sin 3Ot (9.82)

and therefore

Fðu1; _u1Þ ¼ sA0
1 þ eA0

12

16

� �
cosOtþ OA0

1

A0
12

4
� 1þ e2

32O2

� �
sinOtþ

þ 3

8
eA0

12�
3

4
eþ 3e3

256O2

� �
cos 3Otþ 1

4
OA0

13�
es
4O

� �
sin 3Otþ

þ 5

16
eA0

12 cos 5Ot�
5e2A0

1

64O
sin 5Ot� 7e2A0

1

64O
sin 7Ot� 3e3

256O2
cos 9Ot

(9.83)

Eliminating the secular terms in Eq. 9.83 needs

A0
1 ¼ 2� e2

32O2
� e4

4096O4
; s ¼ � 1

8
eþ e3

512O2
þ e5

65536O4
(9.84)

such that Eqs. 9.82 and 9.83 become respectively

u1ðtÞ ¼ 2� e2

32O2
� e4

4096O4

� �
cosOt� e

4O
sin 3Ot
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Fðu1; _u1Þ ¼ 3

4
e� 9e3

256O2

� �
cos 3Otþ

þ 2O� e2

16O
� e4

4096O3

� �
sin 3Otþ 5

4
e� 5e3

128O2

� �
cos 5Ot�

� 5e2

32O
� 5e4

2048O3

� �
sin 5Ot� 7e2

32O
� 7e4

2048O3

� �
sin 7Ot� 3e3

256O2
cos 9Ot

For n ¼ 2 into Eq. 9.73, we obtain:

u2ðtÞ ¼ A2 cosðOtþ ’2Þ þ
e
O

3

4
e� 9e3

256O2

� �
cosOt� cos 3Ot

8O
þ

�

þ 2O� e2

16O
� e4

4096O3

� �
3 sinOt� sin 3Ot

8O
þ

þ 5

4
e� 5e3

128O2

� �
cosOt� cos 5Ot

24O
� 5e2

32O
� 5e4

2048O3

� �
5 sinOt� sin 5Ot

24O
�

� 7e2

32O
� 7e4

2048O3

� �
7 sinOt� sin 7Ot

48O
� 3e3

256O2

cosOt� cos 9Ot
80O

�
(9.85)

We insist that _u2h ¼ 0 and it follows that:

u2ðtÞ ¼ A0
2 cosOt� 3e2

32O2
� 9e4

2048O4

� �
cos 3Ot�

� e
4O

� e3

128O3
� e5

32768O5

� �
sin 3Ot� 5e2

96
� 5e4

3072O4

� �
cos 5Otþ

þ 5e3

768O3
� 5e5

49152O5

� �
sin 5Otþ 7e3

1536O3
� 7e5

98304O5

� �
sin 7Otþ

þ 3e4

20480O4
cos 9Ot

(9.86)

and substituting u2(t) in (9.762), yields the result
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Fðu2; _u2Þ ¼
�
sA0

2 þ A02
2

e
16

	
� e3

512O2
� e5

131072O4

�
þ

þ A0
2 � 5e3

384O2
þ 5e5

294912O4

� �
þ 19e5

32768O4

�
cosOtþ

þ O
A0
23

4
� A0

2

� ��
þ A02

2 � 3e2

128O
þ 9e4

8192O3

� �
þ

þ A0
2

e2

32O
þ 115e4

18432O3

� �
þ 5e4

6144O3

�
sinOtþ H:O::T: (9.87)

Avoiding the secular terms in Eq. 9.87 requires that:

sA0
2 þ A02

2

e
16

� e3

512O2
� e5

131072O4

� �
þ

þ A0
2 � 5e3

384O2
þ 5e5

294912O4

� �
þ 19e5

32768O4
¼ 0

O
A03
2

4
� A0

2

� �
þ A0

2 � 3e2

128O
þ 9e4

8192O3

� �
þ

þ A0
2

e2

32O
þ 115e4

18432O3

� �
þ 5e4

6144O3
¼ 0

(9.88)

From Eq. 9.88 if we keep terms only up to 0(e6), we have:

O ¼ 1� e2

16
þ 37e4

6144
þ 0ðe6Þ (9.89)

A0
2 ¼ 2þ e2

64
þ 6265e4

73728
þ 0ðe6Þ (9.90)

which lead to:

u2ðtÞ ¼ 2þ e2

64
þ 6265e4

73728

� �
cosOt� 3e2

32

�
þ 15e4

2048

�
cos 3Ot� e

4

	
� e3

128
�

� 223e5

98304

�
sin 3Ot� 5e2

96

�
þ 5e4

1024

�
cos 5Otþ 5e3

768

�
þ

þ 5e5

24576

�
sin 5Otþ 7e3

1536

�
þ 7e5

49152

�
sin 7Otþ 3e4

20480
cos 9Ot

(9.91)

It is worthy pointing out that Mickens [183] and Chen et al. [184] obtained the

following result
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O ¼ 1� e2

16
þ 17e4

3072
þ 0ðe6Þ (9.92)

by using the classical Lindstedt-Poincaré method under the same initial conditions,

respectively by using a perturbation method in two variables.

Figures 9.5–9.8 illustrate that the displacements and velocities are very accurate,

when comparing to numerical results.

Figures 9.9–9.10 show the comparison in terms of the phase plane obtained for

e ¼ 0.6 and e ¼ 0.8, between the present solution given by Eq. 9.91 and numerical

integration results obtained using a fourth-order Runge-Kutta method.

It can be seen that the displacement-time curve and velocity-time curve of the

present solution are very close to the numerical solution.

Therefore one can conclude that adopting the present procedure for the solution

of the Van der Pol equation, satisfactory results are obtained even for moderate

values of the parameter e.

4

u2

2

–2

–4

0 2 4 6 8 10

t

Fig. 9.5 Solutions of the Van

der Pol Eq. 9.75 for e ¼ 0.6:

______ numerical solution,

- - - - - proposed method

(9.91)

4

u2

2

–2

–4

2 4 6 8 10

t

0

Fig. 9.6 Solutions of the Van

der Pol Eq. 9.75 for e ¼ 0.8:

______ numerical solution;

- - - - - proposed method

(9.91)
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4

2

–2

0 2 4 6 8 10

t

–4

u2

Fig. 9.8 Velocity-time

curves obtained from Eq. 9.75

for e ¼ 0.8: ______

numerical solution; - - - - -

proposed method (9.91)

4

u2

2

–2

2 4 6 8 10

t

–4

0

Fig. 9.7 Velocity-time

curves obtained from Eq. 9.75

for e ¼ 0.6: ______

numerical solution; - - - - -

proposed method (9.91)
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2

1

–2.5 –1.5 –1 –0.5 0

–1

–2

–3

0.5 1 1.5 2 2.5

t

u2Fig. 9.9 Phase plane for Van

der Pol Eq. 9.75, e ¼ 0.6:

______ numerical solution;

- - - - - proposed method

(9.91)
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9.2 Basic Idea of Optimal Parametric Iteration Method

We consider the nonlinear differential equation

LðuÞ þ Nðt; u; _u; €u; :::Þ � gðrÞ ¼ 0 (9.93)

with L a linear operator and N a nonlinear operator and g a known function.

Initial conditions are

Bðu; _uÞ ¼ 0 (9.94)

If a, b, g are real values, then applying the well-known Taylor formula for an

analytic function F, we obtain

Fðt; uþ a; _uþ b; €uþ g; :::Þ ¼ Fðt; u; _u; €u; :::Þ þ a
1!
Fuðt; u; _u; €u; :::Þþ

b
1!
F _uðt; u; _u; €u; :::Þ þ g

1!
F€uðt; u; _u; €u; :::Þ þ :::

(9.95)

where Fu ¼ @F=@u
Instead of solving the nonlinear differential Eq. 9.93, one can solve another

equation, making recourse to Eq. 9.95 and to the following scheme

Lðunþ1ðtÞÞ þ Nðt; un; _un; €un; :::Þ þ anðt;CiÞNuðt; un; _un; €un; :::Þþ
þ bnðt;CjÞN _uðt; un; _un; €un; :::Þ þ gnðt;CkÞN€uðt; un; _un; €un; :::Þ þ :::� gðrÞ ¼ 0;

Bðunþ1; _unþ1Þ ¼ 0

(9.96)

–3 –2 –1

–1

1

2

3 u2

–2

–3

0 1 2 3

t

Fig. 9.10 Phase plane for

Van der Pol Eq. 9.75,

e ¼ 0.8: ______ numerical

solution (9.91); - - - - -

proposed method
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where an, bn, and gn are auxiliary functions and the initial approximation u0ðtÞcan
be determined at least in the following two alternatives:

In the first alternative u0ðtÞ is the solution of the equation

L u0ðtÞð Þ � gðrÞ ¼ 0 Bðu0; _u0Þ ¼ 0 (9.97)

In the second alternative we can choose the initial approximation in the general

form

u0ðtÞ ¼
Xm
i¼1

Cifi (9.98)

where Ci are unknown constants, the function fi depends on the form of linear

operator L and also on the coefficients of given Eq. 9.93 andm is an integer number.

For both alternatives, the auxiliary functions aðt;CiÞ, bðt;CjÞ, gðt;CkÞ. . . can be

chosen such that the products anNu, bnN _u, gn;N€u,. . . and Nu, N _u, N€u, . . . be of the

same form, respectively. The auxiliary functions fi, an, bn, gn,. . . are not unique. In
this way, we obtain an approximation of the solution of Eq. 9.93 given by a

truncated series (9.96). To improve the order of convergence of the sequence

unðtÞ as given in Eq. 9.96 we propose that the constants C1, C2,. . . which appear

in Eq. 9.98 and in the auxiliary functions an, bn, gn,. . . (which are unknown at this

moment) be determined optimally (see Chaps. 6–8) using the least square method,

the Galerkin method, the Ritz method, the collocation method etc. In this way, the

solution of Eq. 9.96 is well-determined after only one iteration.

The basic ideas of the proposed procedure are the construction of a new iteration

scheme (9.96) and the involvement of the convergence-control constants Ci,

i ¼ 1,2,. . ., through the auxiliary functions and Eq. 9.98, which lead to an excellent
agreement between the approximate and exact solutions. The presence of a finite

number of initially unknown parameters Ci, which are optimally determined later

provides a rigorous way to control the convergence of the solution.

In what follows, we apply the optimal parametric iteration method (OPIM) to

some nonlinear problems using the above described alternatives.

9.3 Thin Film Flow of a Fourth Grade Fluid Down

a Vertical Cylinder

Consider the nonlinear differential equation with variable coefficients [166] (See

also Sects. 6.3, 7.5, 8.5)

�
d2f

d�2
þ df

d�
þ k� þ 2b

df

d�

� �3

þ 3�
df

d�

� �2 d2f

d�2

" #
¼ 0 (9.99)
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with the initial conditions

f ð1Þ ¼ 0; f 0ðdÞ ¼ 0 (9.100)

In this case a linear operator, known function and a nonlinear operator are

respectively

Lf ð�Þ ¼ �
d2f

d�2
þ df

d�
þ k�

f ðrÞ ¼ �k�

N
df

d�
;
d2f

d�2

� �
¼ 2b

df

d�

� �3

þ 3�
df

d�

� �2 d2f

d�2

" #
(9.101)

where k and b are known constants.

Using the first alternative, the initial approximation f0ð�Þ is given by Eq. 9.97

and thus

L f0ð�Þð Þ ¼ 0; f 00ðdÞ ¼ 0 (9.102)

where f 0 ¼ df=d�. In our case, Eq. 9.102 can be written as

�f 000 þ f 00 þ k� ¼ 0; f 0ðdÞ ¼ 0

It is obtained

f 00ð�Þ ¼
k

2

d2

�
� �

� �
(9.103)

The first-order approximate solution f1ð�Þis obtained from Eq. 9.96 for n ¼ 0:

�f 001 þ f 01 þ k� þ 2b½f 003 þ 3�f 00
2
f 000þ

þ að�;CiÞð3f 002 þ 6�f 00f
00
0Þ þ bð�;CjÞð3�f 002Þ� ¼ 0

f 01ðdÞ ¼ 0

(9.104)

The Eq. 9.104 can be written in the following form

ð�f 01Þ0 þ ðk
2
�2Þ0 þ 2bð�f 003Þ0þ

þ 6b½að�;CiÞð�f 002Þ0 þ bð�;CjÞð�f 002Þ� ¼ 0

(9.105)

The Eq. 9.105 can be easily solved if the functions að�;CiÞand bð�;CiÞare
chosen such as
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að�;CiÞð�f 002Þ0 þ bð�;CjÞð�f 002Þ ¼
¼ 1

3
ðC1�f

0
0
i þ C2�f

0
0
j þ C3�f

0
0
kÞ0

(9.106)

where C1, C2 and C3 are unknown constants and i, j, k are integers.
From Eq. 9.106 it is obtained:

að�;CiÞ ¼ 1

6
ðC1f

0
0
i�2 þ C2f

0
0
j�2 þ C3f

0
0
k�2Þ (9.107)

bð�;CiÞ ¼ 1

6�
ðC1f

0
0
i�2 þ C2f

0
0
j�2 þ C3f

0
0
k�2Þ (9.108)

From Eqs. 9.1042, 9.105, 9.107 and 9.108 we obtain

f 01ð�Þ ¼
k

2

d2

�
� �

� �
� 2b½f 003ð�Þ þ C1f

0
0
i þ C2f

0
0
j þ C3f

0
0
k� (9.109)

For i ¼ 4, j ¼ 5, k ¼ 6 and using Eq. 9.103, from Eq. 9.109 we obtain

f 01ð�Þ ¼
k

2

d2

�
� �

� �
� 1

4
bk3

d2

�
� �

� �3

� 1

8
bk4C1

d2

�
� �

� �4

�

� 1

16
bk5C2

d2

�
� �

� �5

� 1

32
bk6C3

d2

�
� �

� �6

(9.110)

The residual functional J given by Eq. 6.115 becomes:

J ¼
ðd
1

f�f 001ð�Þ þ f 01ð�Þ þ k� þ 2b½f 013ð�Þ þ 3�f 01
2ð�Þf 001ð�Þ�g2d� (9.111)

From Eq. 6.116 for b ¼ k ¼ 1 we obtain

C1 ¼ �0:00135812; C2 ¼ �5:98314207; C3 ¼ 0:02175281

Therefore, the explicit analytic expression given by Eq. 9.110 of the first-order

approximate solution becomes:

f 01ð�Þ ¼ 0:5
d2

�
� �

� �
� 0:25

d2

�
� �

� �3

þ 0:000169765
d2

�
� �

� �4

þ

þ 0:373946379
d2

�
� �

� �5

� 0:000679775
d2

�
� �

� �6
(9.112)
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Tables 9.2 and 9.3 present a comparison between the present solution obtained

from formula (9.112) and the exact solution of Eq. 9.99.

It can be seen that the solution obtained through the present method is identical

with that given by exact solution, demonstrating a very good accuracy.

9.4 Thermal Radiation on MHD Flow over a Stretching

Porous Sheet

The study of magnetohydrodynamic flow (MHD) and heat transfer of an electrically

conducted fluid finds useful applications in many engineering problems such as

nuclear power plants, gas turbines and various propulsion devices for aircraft,

missiles, satellites and space vehicles. It serves as the basis for understanding

some of the important phenomena occurring in heat exchanger devices. Magneto-

hydrodynamics can be regarded as a combination of fluid mechanics and electro-

magnetism. The effects of thermal radiation on MHD flow and heat transfer

problems have become more important industrially. At high operating temperature,

thermal radiation effects could be quite significant.

In this section we determine the approximate solution of thermal radiation

effects on MHD steady asymmetric flow of an electrically conducting fluid past a

stretching porous sheet.

Consider a steady two-dimensional incompressible flow caused by a moving

sheet, which is placed in a quiescent, electrically conducting fluid. A magnetic field

of uniform strength is applied perpendicular to the stretching sheet. The magnetic

Reynolds number is taken to be small enough so that the induced magnetic field can

Table 9.2 Comparison between the present solution (9.112) and the exact solution for d ¼ 1.02

Z �f 0 given by Eq. 9.112 f 0 exact
1 0.020183555 0.020183555

1.005 0.015105047 0.015105047

1.007 0.013079437 0.013079437

1.01 0.010047475 0.010047475

1.0105 0.009542918 0.009542918

1.0108 0.009240289 0.009240289

Table 9.3 Comparison between the present solution (9.112) and the exact solution for d ¼ 1.04

H �f 0 given by (9.112) f 0 exact
1 0.040665504 0.040665504

1.008 0.032439661 0.032439661

1.016 0.024254926 0.024254926

1.023 0.017131195 0.017131195

1.03 0.010046515 0.010046515

1.038 0.00200191 0.00200191
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be neglected. The equation governing the dimensionless temperature yð�Þ is given
by [185]:

y00ð�Þ þ bf ð�Þy0ð�Þ � bSf 0ð�Þyð�Þ ¼ 0 (9.113)

where � is the similarity variable, b ¼ 3RPr

4þ3R , R is the radiation parameter, Pr is the

modified Prandl number, S is the wall temperature parameter and f(�) is a dimen-

sionless stream given by the solution of nonlinear differential equation:

f 000ð�Þ þ f ð�Þf 00ð�Þ � f 02ð�Þ �Mf 0ð�Þ ¼ 0 (9.114)

where M is the magnetic parameter and prime denotes derivative with respect to�.
The boundary conditions for Eq. 9.114 are:

f ð0Þ ¼ l; f 0ð0Þ ¼ 1; f 0ð1Þ ¼ 0 (9.115)

where l is the injection/suction parameter.

In order to satisfy the above boundary conditions, the solution of Eq. 9.114 for

arbitrary M and l is sought in the form

f ð�Þ ¼ lþ 1

l
ð1� e�g�Þ (9.116)

where

g ¼ 1

2
ðlþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 4M þ 4

p
Þ (9.117)

Substituting Eq. 9.116 into Eq. 9.113 we obtain:

y00ð�Þ þ ða� be�g�Þy0ð�Þ � ce�g�yð�Þ ¼ 0 (9.118)

where

a ¼ blþ b
g
; b ¼ b

l
; c ¼ bS (9.119)

The boundary conditions are given by:

yð0Þ ¼ 1; yð1Þ ¼ 0 (9.120)

The exact solution of Eq. 9.118 with boundary conditions (9.120) is graphically

known (in terms of Kummer’s confluent hyper-geometric function) [186].

9.4 Thermal Radiation on MHD Flow over a Stretching Porous Sheet 339



For Eq. 9.118, which is a differential equation with variable coefficients, with

the conditions (9.120) we propose an approximate analytical solution by OPIM

using the first alternative.

For n ¼ 0 into Eq. 9.96 and with y0 ¼ 0from Eq. 9.97 we obtain the first-order

problem:

y001ð�Þ ¼ ce�g�að�;CiÞ þ ðbe�g� � aÞbð�;CjÞ (9.121)

y1ð0Þ ¼ 1; y1ð1Þ ¼ 0 (9.122)

If we choose

að�;CiÞ ¼ ðC1� þ C2Þe�k� þ C5

bð�;CjÞ ¼ ðC3� þ C4Þe�k�
(9.123)

where C1, C2, C3, C4, C5 and k > 0 are unknown constants at this moment, then

Eq. 9.121 can be written as

y001ð�Þ ¼ ce�g�ðC1� þ C2Þe�k� þ ðbe�g� � aÞðC3� þ C4Þe�k� þ cC5e
�g� (9.124)

Also, we can consider other expressions for a and b, because these functions

which appear in Eq. 9.121 are not unique. For example, one can choose

að�;CiÞ ¼ C�
1e

�k�;

bð�;CjÞ ¼ ðC�
2�

2 þ C�
3� þ C�

4Þe�k�
(9.125)

or

að�;CiÞ ¼ ðC0
1�

2 þ C
0
2�Þe�k�;

bð�;CjÞ ¼ C
0
3e

�k�
(9.126)

and so on.

Now, Eq. 9.124 can be written in the following form

y001ð�Þ ¼ ½ðcC1 þ bC3Þ� þ cC2 þ bC4�e�ðgþkÞ�þ
þ ð�aC3� � aC4Þe�k� þ cC5e

�g�
(9.127)

From Eq. 9.127, with the boundary conditions (9.122), we obtain the first-order

approximation
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y1ð�Þ ¼ cC1 þ bC3

ðgþ kÞ2 �

"
þ 2aC3

k3
þ aC4

k2
� c

g2
C5 þ 1

�
e�ðgþkÞ�þ

þ � aC3

k2
��

�
2aC3

k3
� aC4

k2

�
e�k� þ c

a2
C5e

�g� (9.128)

In accordance with Eq. 7.115, the residual functional J becomes

J ¼
ð1
0

½y001ð�Þ þ ða� be�l�Þy01ð�Þ � ce�g�yð�Þ�2d� (9.129)

The unknown constants k, C1, C3, C4 and C5 are given by the conditions (6.116)

@J

@k
¼ @J

@C1

¼ @J

@C3

¼ @J

@C4

¼ @J

@C5

¼ 0 (9.130)

The exact solution of Eq. 9.118 satisfying Eq. 9.119 in terms of Kummer’s

confluent hyper-geometric function 1F1ð�; �; �Þ is [186]

yð�Þ ¼ e�ag� 1F1ðd� s; dþ 1;� b
g2 e

�g�Þ
1F1ðd� s; dþ 1;� b

g2Þ
(9.131)

where d ¼ bð1þglÞ
g2 .

Consider Pr ¼ 0.71, l ¼ 0.1, s ¼ 1, R ¼ 1 and M ¼ 1. In this case, for the

above specified parameters it is obtained: g ¼ 1.465097, b ¼ 0.3042857,

a ¼ 0.238118, b ¼ 0.207689, c ¼ 0.304286.

From Eq. 9.130 it results

C1 ¼ 0.175774; C3 ¼ 0.00146048; C4 ¼ �0.230031; C5 ¼ �0.71168,

k ¼ 0.2381184

Therefore, the approximate solution (9.128) is well determined:

y1ð�Þ ¼ ð0:0185419� þ 2:01233875Þe�1:7032154�þ
þ ð�0:0014604� � 0:91145205Þe�0:2381184� � 0:100886713e�1:465097�

(9.132)

In Fig. 9.11 we compared the exact solution (9.131) and the approximate

solution (9.132) in the considered particular case, and a very good agreement can

be observed. In Fig. 9.12 the residual obtained from the initial equation using the

approximate solution (9.132) is given in the considered case. As it can be seen, a

very good error is achieved.
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9.5 The Oscillator with Cubic and Harmonic Restoring Force

Consider the nonlinear differential oscillator governed by the equation

€uþ uþ au3 þ b sin u ¼ 0 (9.133)

subject to the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (9.134)

If O is the frequency of the system described by (9.133) and introducing a new

independent variable

t ¼ Ot (9.135)

Fig. 9.11 Dimensionless

temperature for R ¼ 1,

Pr ¼ 0.71, l ¼ 0.1, s ¼ 1,

R ¼ 1 and M ¼ 1 ____ exact

solution (9.131); _ _ _

approximate solution (9.132)

of the Eq. 9.113

Fig. 9.12 The residual of the

initial equation (9.113)

obtained using (9.132) in the

above case
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then Eq. 9.133 becomes

u00 þ uþ NðuÞ ¼ 0 (9.136)

where 0 ¼ d=dt and

LðuÞ ¼ u00 þ u; NðuÞ ¼ 1

O2
� 1

� �
uþ a

O2
u3 þ b

O2
sin u; f ðrÞ ¼ 0 (9.137)

We use the second alternative. We consider the initial approximation and the

auxiliary function in the form [187, 188]

u0ðtÞ ¼ C1 cos t

aðt;C2;C3;C4Þ ¼ 2C2 cos 3tþ 2C3 cos 5tþ 2C4 cos 7t

bðtÞ ¼ gðtÞ ¼ ::: ¼ 0

(9.138)

where C1, C2, C3 and C4 are unknown constants at this moment.

For n ¼ 0 into Eq. 9.96 we obtain only one iteration given by

u001 þ u1 þ Nðu0Þ þ aðt;C2;C3;C4ÞNuðu0Þ ¼ 0 (9.139)

where

Nðu0Þ ¼ 1

O2
� 1

� �
C1 cos tþ a

O2
C3
1cos

3tþ b

O2
sinðC1 cos tÞ (9.140)

Nuðu0Þ ¼ 1

O2
� 1þ 3aC2

1

O2
cos2tþ b

O2
cosðC1 cos tÞ (9.141)

In Eq. 9.140 the terms cos3t and sinðC1 cos tÞcan be expanded in the power

series

cos3t ¼ cos 3tþ 3 cos t
4

(9.142)

sinðC1 cos tÞ ¼ C1 cos t� C3
1cos

3t
3!

þ C5
1cos

5t
5!

� C7
1cos

7t
7!

þ C9
1cos

9t
9!

þ ::: (9.143)

By using Eqs. 9.142 and 9.143 by simple manipulations, Eq. 9.140 can be

expressed in the form
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Nðu0Þ ¼ 1

O2
� 1

� �
C1 þ 3aC3

1

4O2
þ bC1

O2

�
1� C2

1

8

�
þ C4

1

192
� C6

1

9216
þ

þ C8
1

737280

��
cos tþ aC3

1

4O2

�
� bC3

1

O2

1

24
�

�
C2
1

384
þ C4

1

15360
�

� C6
1

1105920

��
cos 3tþ bC5

1

O2

�
1

1920
� C2

1

46080
þ

�

þ C4
1

2580480

��
cos 5tþ

�
� bC7

1

O2

1

322560

�
� C2

1

10321920

��
cos 7tþ

þ bC9
1

92897280

�
� cos 9tþ ::

(9.144)

The last term into Eq. 9.141 can be written as

cosðC1 cos tÞ ¼ 1� C2
1cos

2t
2!

þ C4
1cos

4t
4!

� C6
1cos

6t
6!

þ C8
1cos

8t
8!

þ ::::

or

cosðC1 cos tÞ ¼ 1� C2
1

4
þ C4

1

64
� C6

1

2304
þ C8

1

147456
þ �C2

1

4
þ C4

1

48
� C6

1

1536

�
þ

þ C8
1

92160
þ :::

�
cos 2tþ C4

1

192

�
� C6

1

3840
þ C8

1

184320

�
cos 4tþ � C6

1

23040

�
þ

þ C8
1

645120
þ :::

�
cos 6tþ C8

1

5160960
þ :::

� �
cos 8tþ :::

(9.145)

Therefore Eq. 9.141 becomes

Nuðu0Þ ¼ 1

O2
� 1þ 3a2C3

1

2O2
þ b

O2
1� C2

1

4

�
þ C4

1

64
� C6

1

2304
þ

þ C8
1

147456
þ :::

�
þ 3a2C3

1

2O2

�
þ bC2

1

4O2
�1þ C2

1

12

�
� C4

1

384
þ

þ C6
1

23040
þ :::

��
cos 2tþ bC4

1

192O2
1� C2

1

20
þ

�
C4
1

960
þ :::

��
cos 4tþ

þ � bC6
1

23040O2

�
1� C2

1

28
þ :::

� ��
cos 6tþ bC8

1

5160960

�
þ :::

�
cos 8t (9.146)

From (9.144) we remark that N(u0) is a combination of the functions cos t,
cos 3t, cos 5t,. . . and therefore we choose aðt;CiÞ such as the term aðt;CiÞNuðu0Þ
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from (9.96) to be of the same form like N(u0) (see Eq. 9.1382). In this way,

Eq. 9.139 can be written in the form:

u001 þ u1 þ 1

O2
� 1

� ��

C1 þ 3aC3

1

4O2
þ bC1

O2
1� C1

8

�
þ C4

1

192
� C6

1

9216
þ

þ C8
1

737280
þ :::

�
þ C2 � bC2

1

4O2

�
1� 5C2

1

48
þ 7C4

1

1920
�

�

� C6
1

15360
þ ::

��
þ C3

bC4
1

192O2

�
1� 7C2

1

120

�
þ 3C4

1

2240
þ :::

�
þ

þ C4 � bC6
1

23040O2

�
1� 9C2

1

224
þ :::

� ���
cos tþ H:O:T: ¼ 0 (9.147)

The solution of (9.147) is chosen that it contains no secular terms, which requires

that coefficient of cos t disappear, i.e.

O2 ¼ 1þ 3aC2
1

4
þ b 1� C2

1

8
þ C4

1

192
� C6

1

9216

�
þ C8

1

737280
þ :::

�
þ

þ C2

C1

� bC2
1

4

�
1� 5C2

1

48

�
þ 7C4

1

1920
� C6

1

15360
þ :::

��
þ

þ C3

C1

bC4
1

192

�
1� 7C2

1

120

�
þ 3C4

1

2240
þ :::

��
þ

þ C4

C1

� bC6
1

23040

�
1� 9C2

1

224
þ :::

� ��
(9.148)

The Eq. 9.147 becomes

u001 þ u1 þ ½a3 þ ð2b0 þ b6ÞC2 þ ðb2 þ b8ÞC3 þ b4C4� cos 3tþ
þ ½a5 þ ðb2 þ b8ÞC2 þ 2b0C3 þ b2C4� cos 5tþ ½a7 þ b4C2 þ b0C4� cos 7tþ
þ ½a9 þ b6C2 þ b4C3 þ b2C4� cos 9t ¼ 0

(9.149)

where

a3 ¼ aC3
1

4O2
� bC3

1

O2

1

24

�
� C2

1

384
þ C4

1

15360
� C6

1

1105920
þ ::::

�

a5 ¼ bC5
1

1920O2
1� C2

1

24

�
þ C4

1

1344
þ :::

�
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a7 ¼ � bC7
1

322560O2
1� C2

1

32
þ :::

��

a9 ¼ bC9
1

92897280O2

b0 ¼
1

O2
� 1þ b

O2
1� C2

1

4

�
þ C4

1

64
� C6

1

2304
þ C8

1

147456
þ :::

�
þ 3a2C3

1

2O2

b2 ¼
3a2C3

1

2O2
� bC2

1

4O2
1� C2

1

12

�
þ C4

1

384
� C6

1

23040
þ :::

�

b4 ¼
bC4

1

192O2
1� C2

1

20

�
þ C4

1

960
þ ::

�

b6 ¼ � bC6
1

2304O2
1� C2

1

28
þ :::

��

b8 ¼
bC8

1

5160960O2
þ ::: (9.150)

From Eq. 9.149, with initial conditions (9.134) we obtain the first-order approxi-

mate solution

u1ðtÞ ¼ A cosOtþ 1

8
½a3 þ ð2b0 þ b6ÞC2 þ ðb2 þ b8ÞC3þ

þ b4C4�ðcos 3Ot� cosOtÞ þ 1

24
½a5 þ ðb2 þ b8ÞC2 þ 2b0C3þ

þ b2C4�ðcos 5Ot� cosOtÞ þ 1

48
½a7 þ b4C2 þ b2C3 þ 2b0C4�ðcos 7Ot�

� cosOtÞ þ 1

80
½a9 þ b6C2 þ b4C3 þ b2C4�ðcos 9Ot� cosOtÞ

(9.151)

where O is given by Eq. 9.148

The parameters C1, C2, C3 and C4 can be determined optimally using several

procedures. Thus, such optimal value for the parameters Ci can be found imposing

that the residual functional given by

J ¼
ð2pO
0

½u001ðtÞ þ u1ðtÞ þ au31ðtÞ þ b sin u1ðtÞ�2dt (9.152)
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be minimum, i.e.

@J

@C1

¼ @J

@C2

¼ @J

@C3

¼ @J

@C4

¼ 0 (9.153)

or by means of a collocation-type method involving the residual R of the initial

equation:

Rðti;CiÞ ¼ 0; i ¼ 1; 2; 3; 4 ti 2 0;
2p
O

� �
(9.154)

In this way, solving the above system of algebraic equations, the solution (9.151)

in the first approximation is well-determined.

We will illustrate the applicability, accuracy and effectiveness of the proposed

approach by comparing the analytical approximate periodic solution with numeri-

cal integration results obtained using a fourth-order Runge-Kutta method.

The comparison was made in terms of displacements, phase plane and residuals

of original equation. These comparisons are presented in the Figs. 9.13–9.24 for

several cases, where the constants Ci were determined from Eq. 9.154. An error

analysis is graphically performed plotting ErðtÞ ¼ uRKðtÞ � uappðtÞ, where uRK is

the numerical solution of Eq. 9.133 obtained using a Runge-Kutta algorithm and

uapp is the approximate solution given by (9.151)

Case (a) For a ¼ 1, b ¼ 1, A ¼ 1, following the procedure described above we

obtain the optimal values of the unknown parameters:

C1 ¼ 0:99614;C2 ¼ 0:0165173; C3 ¼ 0:00555482;C4 ¼ �0:00603017 (9.155)

and therefore O ¼ 1.61911.

Taking into account these optimal parameters, in Fig. 9.13 is presented a

comparison between the approximate solution and the solution obtained through

numerical simulations. Moreover, Fig. 9.14 presents a comparison between the

approximate solution (9.151) and the numerical results in terms of phase plane.

In order to provide a comprehensive evidence of the accuracy of the results, the

error between the numerical and approximate solution has been computed.

A graphical representation of this error for the case (a) is presented in Fig. 9.15.

Case (b) For a ¼ 1, b ¼ 1, A ¼ 2, following the same procedure we obtain:

C1 ¼ 1:9768;C2 ¼ 0:0066599;C3 ¼ 0:00831937;C4 ¼ �0:00835391 (9.156)

and therefore O ¼ 2.12459. Comparisons between the approximate and numerical

results for case (b) are presented in Figs. 9.16–9.18.
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Fig. 9.13 Comparison

between the approximate

solution (9.151) and

numerical solution of

Eq. 9.133 in case (a):

a ¼ b ¼ A ¼ 1:

_____numerical solution;

_________ approximate

solution

Fig. 9.14 Comparison

between the approximate

solution (9.151) and

numerical results of Eq. 9.133

in terms of phase plane in

case (a) a ¼ b ¼ A ¼ 1:

_____numerical solution;

_________approximate

solution

Fig. 9.15 The error between

the numerical and

approximate solution (9.151)

in case (a) a ¼ b ¼ A ¼ 1

Fig. 9.16 Comparison

between the approximate

solution (9.151) and

numerical solution of

Eq. 9.133 in case (b)

a ¼ b ¼ 1, A ¼ 2:

_____numerical solution;

________approximate

solution
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Fig. 9.17 Comparison

between the approximate

solution (9.151) and

numerical results of Eq. 9.133

in terms of phase plane in

case (b) a ¼ b ¼ 1, A ¼ 2:

_____numerical solution;

_________approximate

solution

Fig. 9.18 The error between

the numerical and

approximate analytical

solution (9.151) in case (b)

a ¼ b ¼ 1, A ¼ 2

Fig. 9.19 Comparison

between the approximate

solution (9.151) and

numerical solution of

Eq. 9.133 in case (c) a ¼ 2,

b ¼ 1, A ¼ 1.5:

_____numerical solution;

_______approximate solution

Fig. 9.20 Comparison

between the approximate

solution (9.151) and

numerical results of Eq. 9.133

in terms of phase plane in

case (c) a ¼ 2, b ¼ 1,

A ¼ 1.5: _____numerical

solution; _________

approximate solution
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Fig. 9.22 Comparison

between the approximate

solution (9.151) and

numerical solution of

Eq. 9.133 in case (d)

a ¼ b ¼ 2, A ¼ 2.5:

_____numerical solution;

______approximate solution

Fig. 9.24 The error between

the numerical and

approximate analytical

solution (9.151) in case (d)

a ¼ b ¼ 2, A ¼ 2.5

Fig. 9.23 Comparison

between the approximate

solution (9.151) and

numerical results of Eq. 9.133

in terms of phase plane in

case (d) a ¼ b ¼ 2, A ¼ 2.5:

_____numerical solution;

_________approximate

solution

Fig. 9.21 The error between

the numerical and

approximate analytical

solution (9.151) in case (c)

a ¼ 2, b ¼ 1, A ¼ 1.5
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Case (c) For a ¼ 2, b ¼ 1, A ¼ 1.5, we obtain:

C1 ¼ 1:49429;C2 ¼ 0:000614432;C3 ¼ 0:00157958;C4 ¼ �0:00128292 (9.157)

and therefore O ¼ 2.25718. Comparisons between the approximate results and

numerical simulations results for case (c) are presented in Figs. 9.19–9.21.

Case (d) For a ¼ 2, b ¼ 2, A ¼ 2.5, we obtain:

C1 ¼ 2:45728; C2 ¼ 0:0140962;C3 ¼ 0:0178149; C4 ¼ 0:0108985 (9.158)

and therefore O ¼ 3.29742. Comparisons between the approximate results and

numerical simulations results for case (d) are presented in Figs. 9.22–9.24.

It can be seen from Figs. 9.13–9.24 that the results obtained using OPIM are

nearly identical with those obtained through numerical simulations for different

initial amplitudes.

9.6 Oscillations of a Uniform Cantilever Beam Carrying

an Intermediate Lumped Mass and Rotary Inertia

For the nonlinear oscillator described by the equation (see Sects. 6.7 and 8.4)

€uþ uþ au2€uþ au _u2 þ bu3 ¼ 0 (9.159)

subject to the initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (9.160)

we introduce a new independent variable

t ¼ Ot (9.161)

Equations 9.159 and 9.160 become

u00 þ uþ 1

O2
� 1

� �
uþ au2u00 þ auu02 þ b

O2
u3 ¼ 0 (9.162)

uð0Þ ¼ A; u0ð0Þ ¼ 0 (9.163)

where the prime denotes derivative with respect to the new variable t
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Having in view the second alternative of OPIM, we consider the following

functions to construct the iteration (9.96)

u0ðtÞ ¼ C1 cos t

aðt;CiÞ ¼ C2 cos 3t

bðt;CjÞ ¼ C3 cos 5t

gðt;CkÞ ¼ C4 cos 7t

(9.164)

Equation 9.96 can be expressed for n ¼ 0 in the form

u001 þ u1 þ NðC1 cos tÞ þ ðC2 cos 3tÞNuðC1 cos tÞþ
þ ðC3 cos 5tÞN _uðC1 cos tÞ þ ðC4 cos 7tÞN€uðC1 cos tÞ ¼ 0

(9.165)

where

Nðu; _u; €uÞ ¼ au2€uþ auu2 þ bu3 (9.166)

By simple manipulations, Eq. 9.165 can be written as

u001 þ u1 � 1� 1

O2

� �
C1 þ 1

2
aC3

1 þ
3b

4O2
C2
1C2 � C3

1

� �þ 3

4
aC2

1C2

� �
cos tþ

� 1

2
aðC3

1 � C2
1C3Þ � b

4O2
C3
1 þ 1� 1

O2
þ 1

2
aC2

1 �
3b

2O2
C2
1

� �
C2

� �
cos 3tþ

� 1

4
að3C2

1C2 � C2
1C4Þ þ 3b

4O2
C2
1C2

� �
cos 5t� 1

2
aðC2

1C3 � C2
1C4Þ cos 7t�

þ 1

4
aC2

1C4 cos 9t ¼ 0

(9.167)

The solution of Eq. 9.167 is chosen so that it contains no secular terms, which

requires that the coefficient of cos t disappears from this equation, i.e.

O2 ¼ 4þ 3bðC2
1 � C1C2Þ

4þ að2C2
1 þ 3C1C2Þ (9.168)
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From Eq. 9.167 we obtain the first-order approximate solution

u1ðtÞ ¼ a cos tþ b sin tþ � 1

16
aðC3

1 � C2
1C3Þþ

�
b

32O2
C3
1�

� 1

8
1� 1

O2
þ 1

2
aC2

1 �
3b

2O2
C2
1

� �
C2

�
cos 3tþ

þ � 1

96
að3C2

1C2 � C2
1C4Þ � b

32O2
C2
1C2

� �
cos 5t�

� 1

96
aðC2

1C3 � C2
1C4Þ cos 7tþ 1

320
aC2

1C4 cos 9t (9.169)

where a and b are constants.

From the initial conditions (9.163) and from Eq. 9.161, the first-order approxi-

mate solution (9.169) becomes

u1ðtÞ ¼ A� g1 � g2 � g3 � g4ð Þ cosOtþ g1 cos 3Otþ
þ g2 cos 5Otþ g3 cos 7Otþ g4 cos 7Ot (9.170)

where O is given by Eq. 9.168 and the parameters gi, i ¼ 1,2,3,4 are:

g1 ¼ � 1

16
aðC3

1 � C2
1C3Þ þ b

32O2
C3
1�

� 1

8
1� 1

O2
þ 1

2
aC2

1 �
3b

2O2
C2
1

� �
C2

g2 ¼ � 1

96
að3C2

1C2 � C2
1C4Þ � b

32O2
C2
1C2

g3 ¼ � 1

96
aðC2

1C3 � C2
1C4Þ

g4 ¼
1

320
aC2

1C4

(9.171)

The parameters C1, C2, C3 and C4 can be determined optimally, i.e. the residual

functional J given by

J ¼
ðT
0

u001 þ u1 � 1� 1

O2

� �
u1 þ au21u

00
1 þ au1u

0
12þ

b

O2
u31

� �2
dt;T ¼ 2p

O
(9.172)

be minimized:

@J

@C1

¼ @J

@C2

¼ @J

@C3

¼ @J

@C4

¼ 0 (9.173)
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From Eqs. 9.173 and 9.168, one can determine the parameters C1, C2, C3, C4 and

the frequency O. In this way, the solution (9.170) in the first approximation is well-

determined.

This procedure is tested for solving Eqs. 9.159 and 9.160 in different conditions.

We consider different values of a, b and A, and we compare our results with known

results from the literature [51] and also with the numerical integration results

obtained using a fourth-order Runge-Kutta method.

Case (a) When a ¼ 1, b ¼ 1, A ¼ 5 it is obtained:

C1 ¼ 3:1445891; C2 ¼ �0:348612116; C3 ¼ 1:537425988; C4 ¼ 1:208556244

u1ðtÞ ¼ 5:282603026 cosOt� 0:578012411 cos 3Otþ
þ 0:291938471 cos 5Ot� 0:033875093 cos 7Otþ 0:037346051 cos 9Ot

(9.174)

where O ¼ 1.343011012.

The approximate solution obtained in [51] is

uwðtÞ ¼ 5:479790632 cosot� 0:479790632 cos 3ot (9.175)

where o ¼ 1.389279655.

Case (b) When a ¼ 2, b ¼ 2, A ¼ 5 it is obtained:

C1 ¼ 0:2493232; C2 ¼ �0:840897196;

C3 ¼ �85:34186347; C4 ¼ 10:02682709

u1ðtÞ ¼ 5:473754321 cosOt� 0:619143788 cos 3Otþ
þ 0:017987348 cos 5Otþ 0:123506543 cos 7Otþ 0:003895551 cos 9Ot

(9.176)

where O ¼ 1.372149301.

The approximate solution obtained in [51] in this case is

uwðtÞ ¼ 5:532121689 cosot� 0:532121689 cos 3ot (9.177)

where o ¼ 1.335870935.

Case (c) When a ¼ 1, b ¼ 2, A ¼ 5 it is obtained:

C1 ¼ 2:89302478; C2 ¼ �0:390415451;

C3 ¼ 1:152442491; C4 ¼ 0:997740614

u1ðtÞ ¼ 5:329628381 cosOt� 0:589431231 cos 3Otþ
þ 0:247194381 cos 5Ot� 0:013487413 cos 7Otþ 0:026095882 cos 9Ot

(9.178)

where O ¼ 1.874934651.
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The approximate solution obtained in [51] is

uwðtÞ ¼ 5:518356604 cosot� 0:5183566 cos 3ot (9.179)

where o ¼ 1.846429459.

It is easy to assess the accuracy of the obtained results if we graphically compare

these solutions with the numerical simulation results, or with other results known in

the literature. Figures 9.25–9.27 show the comparison between the present

solutions, the numerical integration results obtained using a fourth-order Runge-

Kutta method and the results obtained in [51].

It can be seen from Figs. 9.25–9.27 that the solutions obtained through the

proposed procedure are nearly identical with the numerical solutions obtained

using a fourth-order Runge-Kutta method. Moreover, the analytical solutions

obtained through our procedure prove to be more accurate than other known results

obtained by combining the linearization of the governing equation with the method

of harmonic balance [51].

u(t)

4

2

2 3 4

t

1

–2

–4

Fig. 9.25 Comparison

between the results obtained

for Eq. 9.159 in the case (a),

a ¼ b ¼ 1, A ¼ 5, ____

numerical simulation; _ _ _ _

present method (9.174);

_____ uw(t) given in [51]

4

2

–2

–4

1 2 3 4

t

u(t)

Fig. 9.26 Comparison between the results obtained for Eq. 9.159 in the case (b), a ¼ b ¼ 2,

A ¼ 5, ____ numerical simulation, _ _ _ _ present method (9.176), _____ uw given in [51]
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9.7 A Modified Van der Pol Oscillator

The self-excited systems have a long history in the field of mechanics [22]. A self-

excited oscillator is a system which has some external energy sources. Recently,

self-excited systems have been proposed as fundamental tools for control and

reduction of friction [189]. A modified Van der Pol oscillator has been proposed

to describe a self-excited body sliding on a periodic potential [188]. This autono-

mous modified Van der Pol oscillator is described by the following equation [189]:

€uþ uþ eðu2 � 1Þ _uþ D sin u ¼ 0 (9.180)

with initial conditions

uð0Þ ¼ A; _uð0Þ ¼ 0 (9.181)

where e and D are positive parameters.

Equation 9.180 can be written in the following form

€uþ O2uþ NðuÞ ¼ 0 (9.182)

where O is the frequency of the system (9.180) and

Nðu; _uÞ ¼ ð1� O2Þuþ D sin uþ eðu2 � 1Þ _u (9.183)

In this case we consider the second alternative with

4

2

–2

–4

0.5 1 1.5 2 2.5 3

t

u(t)

Fig. 9.27 Comparison between the results obtained for Eq. 9.159 in the case (c), a ¼ 1, b ¼ 2,

A ¼ 5, ____ numerical simulation; _ _ _ _ present method (9.178); _____ uw given in [51]
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u0ðtÞ ¼ C1 cosOt

aðtÞ ¼ C2 cosOtþ C3 cos 3Ot

bðtÞ ¼ C4 cos 3Otþ C5 cos 5Ot

(9.184)

where C1, C2, C3, C4 and C5 are unknown constants.

For n ¼ 0 into Eq. 9.96 we obtain:

€u1 þ O2u1 þ N C1 cosOt;�OC1 sinOtð Þþ
þ C2 cosOtþ C3 cos 3Otð ÞNu C1 cosOt;�OC1 sinOtð Þþ
þ C4 cos 3Otþ C5 cos 5Otð ÞN _u C1 cosOt;�OC1 sinOtð Þ ¼ 0 (9.185)

From Eqs. 9.183 and 9.184 we obtain:

N C1 cosOt;�OC1 sinOtð Þ ¼ C1 1� O2
� �

cosOtþ D sin C1 cosOtð Þþ
þ e C2

1cos
2Ot� 1

� �
C1O sinOt: (9.186)

The term sin C1 cosOtð Þ can be expanded as:

sin C1 cosOtð Þ ¼ C1 cosOt� C3
1cos

3Ot
3!

þ C5
1cos

5Ot
5!

�

� C7
1cos

7Ot
7!

þ C9
1cos

9Ot
9!

(9.187)

We rewrite the powers of cosOt in Eq. 9.187 in terms of multiples of Ot:

cos2nþ1Ot ¼ 1

4n

Xn
k¼0

2nþ 1

n� k

� �
cos 2k þ 1ð ÞOt (9.188)

By using Eqs. 9.187 and 9.188, Eq. 9.186 can be expressed as:

N C1 cosOt;�OC1 sinOtð Þ ¼
h
1� O2
� �

C1 þ DC1 � DC3
1

8
þ DC5

1

192
� DC7

1

9216
þ

þ DC9
1

737280
þ :::

�
cosOt� DC3

1

24
� DC5

1

384
þ DC7

1

15360
� DC9

1

1105920
þ :::

� �
cos 3Otþ

þ DC5
1

1920
� DC7

1

46080
þ DC9

1

2580480
� :::

� �
cos 5Ot�

� DC7
1

322560
� DC9

1

10321920
þ :::

� �
cos 7Otþ DC9

1

92897280
þ :::

� �
cos 9Otþ

þ eC1 4� C2
1

� �
O

4
sinOt� eC3

1O
4

sin 3Otþ :::

(9.189)
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and Nu and N _u are respectively:

Nu C1 cosOt;�OC1 sinOtð Þ ¼ 1� O2 þ D� DC2
1

4
þ DC4

1

64
� DC6

1

2304
þ

þ DC8
1

147456
þ :::� DC2

1

4
� DC4

1

48
þ DC6

1

1536
� DC8

1

9210
þ :::

� �
cos 2Otþ DC4

1

192

�
�

� DC6
1

3840
þ DC8

1

184320
� :::

�
cos 4Ot� DC6

1

23040
� DC8

1

645120
þ :::

� �
cos 6Otþ

þ DC8
1

5160960
þ :::

� �
cos 8Ot� eC2

1O sin 2Otþ :::

(9.190)

N _u C1 cosOt;�OC1 sinOtð Þ ¼ 1� C2
1

2
� C2

1

2
cos 2O (9.191)

Substitution of Eqs. 9.189, 9.190 and 9.191 into Eq. 9.185 results in:

€u1 þ O2u1 � O2 � 1
� �

C1

�
� DC1 þ DC3

1

8
� DC5

1

192
þ DC7

1

9216
� DC9

1

737280
þ :::

þ C2 O2 � 1� Dþ 3DC2
1

8
� 5DC4

1

192
þ 7DC6

1

9216
� DC8

1

81920
þ :::

� �
þ

þ C3

DC2
1

8
� 5DC4

1

384
þ 7DC6

1

15360
� DC8

1

122880
þ :::

� �
� eC2

1C4

4

�
cosOt�

� DC3
1

24

�
� DC5

1

384
þ DC7

1

15360
� DC9

1

1105920
þ :::þ C2

DC2
1

8
� 5DC4

1

384
þ

�

þ 7DC6
1

15360
þ� DC8

1

122880
þ :::

�
þ C3 O2 � 1� Dþ DC2

1

4

�
� DC4

1

64
þ 7DC6

1

15360
�

� 39DC8
1

5160960
þ :::

�
þ e 1� C2

1

2

� �
C4 � eC2

1C5

4

�
cos 3Ot� � DC5

1

1920
þ

�

þ DC7
1

46080
� DC9

1

2580480
þ :::þ C2

DC5
1

384
þ 7DC7

1

46080
� DC9

1

386720
þ :::

� �
þ

þ C3

DC2
1

8
� DC4

1

96
þ DC6

1

3072
� 57DC8

1

10321920
þ :::

� �
� eC2

1C4

2
þ

þ e 1� C2
1

2

� �
C5

�
cos 5Ot� DC7

1

322560
� DC9

1

10321920

�
þ C2

7DC6
1

46080
� DC8

1

1146880

� �
þ

þ C3 �DC4
1

384
þ DC6

1

7680
� DC8

1

368640
þ :::

� ��
cos 7Ot� DC9

1

92897280
� DC8

1

10321920

�
C2þ

þ C3

DC6
1

46080
� DC8

1

1290240

� ��
cos 9Otþ DC8

1

10321920
C3 cos 11Ot�

� e
4

C2
1 � 4

� �
OC1 þ e

2
C2
1O C2 � C3ð Þ

h i
sinOt�

� e
4
C2
1O C1 þ 2C2ð Þ sin 3Otþ e

2
C2
1OC3 sin 5Ot ¼ 0

(9.192)
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The solution of Eq. 9.192 chosen so that do not contain secular terms, requires

that the coefficients of cosOt and sinOt to disappear, i.e.:

C3 ¼ C2 þ C2
1 � 4

2C1

(9.193)

O2 ¼ 1

C1 þ C2

C1 1þ D� DC2
1

8
þ DC4

1

192
� DC6

1

9216
� DC8

1

737280

� ��
þ

þ C2 1þ D� 3DC2
1

8
þ 5DC4

1

192
� 7DC6

1

9216
� DC8

1

81920

� �
þ

þ C3 �DC2
1

8
þ 5DC4

1

284
� 7DC6

1

15360
� DC8

1

122880

� �
þ e
4
C2
1C4

i
: (9.194)

Assuming the initial conditions:

uð0Þ ¼ 2; _uð0Þ ¼ 0 (9.195)

from Eq. 9.192 we obtain the first-order approximate solutions :

u1ðtÞ ¼ 2 cosOtþ a13
8O2

cosOt� cos 3Otð Þ þ a15
24O2

cosOt� cos 5Otð Þþ

þ a17
48O2

cosOt� cos 7Otð Þ þ a19
80O2

cosOt� cos 9Otð Þþ

þ a11
120O2

cosOt� cos 11Otð Þ þ eC2
1

32O
3 sinOt� sin 3Otð Þþ

þ eC2
1C3

48O
5 sinOt� sin 5Otð Þ: (9.196)

where Ω is given by Eq. 9.194 and the parameters a1i are :

a13 ¼ DC3
1

24
� DC5

1

384
þ DC7

1

15360
� DC9

1

1105920
þ C2

DC2
1

8
� 5DC4

1

384
þ 7DC6

1

15360
�

�

� DC8
1

122880

�
þ C3 O2 � 1� Dþ DC2

1

4
� DC4

1

64
þ 7DC6

1

15360
� 39DC8

1

5160960

� �
þ

þ e 1� C2
1

2

� �
C4 � eC2

1C5

4
;

a15 ¼ � DC5
1

1920
þ DC7

1

46080
� DC9

1

2580480
þ C2 �DC4

1

384
þ 7DC6

1

46080
� DC8

1

286720

� �
þ

þ C3

DC2
1

8
� DC4

1

96
þ DC6

1

3072
� 57DC8

1

10321920
þ :::

� �
� eC2

1C4

2
þ e 1� C2

1

2

� �
C5;

(9.197)
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a17 ¼ DC7
1

322560
� DC9

1

10321920
þ C2

DC6
1

46080
� DC8

1

1146880

� �
þ

þ C3 �DC4
1

384
þ DC6

1

7680
� DC8

1

368640

� �
� e
4
C2
1C5;

a19 ¼ DC9
1

92897280
� DC8

1

10321920
C2 þ C3

DC6
1

46080
� DC8

1

1290240

� �

a1;11 ¼ � DC8
1

10321920
C3:

The parameters C1,C2,. . .,C5 can be optimally determined, putting the condition

that the residual functional J, given by :

J ¼
ðT
0

€u1 þ u1 þ e u21 � 1
� �

_u1 þ D sin u1

 �2

dt; T ¼ 2p
O

(9.198)

be minimum:

@J

@Ci
¼ 0; i ¼ 1; 2; 4; 5 (9.199)

and also using the Eq. 9.193.

From Eqs. 9.193, 9.194 and 9.199 the parameters and the frequency Ω are

determined. In this way the solution (9.196), in the first approximation, is well-

determined.

The initial approximation and the functions aðtÞ; bðtÞ into Eq. 9.196 are not

unique. We can consider other expressions for u0; aðtÞand bðtÞ,

u0 ¼ C0
1 cosOtþ C0

2 cos 3Ot; aðtÞ ¼ C0
3 cosOt; bðtÞ ¼ C0

4 cos 3Ot

and so on. The new constants C0
1;C

0
2; :::;C

0
5 can be determined in the same way from

Eqs. 9.199 and 9.193.

In what follows we present some examples with analytical solutions and

frequencies to show the efficiency of the method described above for solving

Eq. 9.180. We consider different values of e and we compare our results with

numerical integration results obtained using a fourth-order Runge-Kutta method.

360 9 Optimal Parametric Iteration Method



Case (a) When e ¼ 0.2 and D ¼ 2, from Eq. 9.199 we obtained the following

parameters:

C1 ¼ 2:66323168751; C2 ¼ �1:68784445425; C3 ¼ �1:10719594442;

C4 ¼ �193:447730074; C5 ¼ 29:3463553689; a13 ¼ 0:704744879839;

a15 ¼ �0:174581669433; a17 ¼ 0:0660397909103;

a19 ¼ 0:508616351595; a1; 11 ¼ �0:00689002888449

T ¼ 4:38111631932; O ¼ 1:434204312

and the first-order approximate solution (9.195) under the form

u1ðtÞ ¼ 2:043022598 cosOt� 0:0212347494 sinOt� 0:042827221 cos 3Ot�
� 0:0309137 sin 3Otþ 0:003536432 cos 5Ot� 0:000668871 cos 7Ot�
� 0:003090852 cos 9Otþ 0:000027913 cos 11Ot

(9.200)

Case (b) For e ¼ 0.4 and D ¼ 2, we obtained

C1 ¼ 2:73599246755; C2 ¼ �1:33246558502; C3 ¼ �0:69546551579

C4 ¼ �88:8010396268; C5 ¼ 14:2051940821; a13 ¼ 0:769760657104

a15 ¼ �0:010667132613; a17 ¼ �0:122242192892

a19 ¼ 0:558572214112; a1;11 ¼ 0:401862599992

T ¼ 4:42073214804; O ¼ 1:421302197

and the first-order approximate solution (9.196) under the form

u1ðtÞ ¼ 2:051264747 cosOtþ 0:044884636 sinOt� 0:047631347 cos 3Ot�
� 0:0365834475 sin 3Otþ 0:000220021 cos 5Ot� 0:030523738 sin 5Otþ
þ 0:001260686 cos 7Ot� 0:00345634 cos 9Ot� 0:001657766 cos 11Ot

(9.201)

Case (c) For e ¼ 0.6 and D ¼ 2, we obtained

C1 ¼ 2:80282194949; C2 ¼ �1:10874387685; C3 ¼ �0:420899456115

C4 ¼ �48:9597206575; C5 ¼ 8:03360867586; a13 ¼ 0:569412682511

a15 ¼ 0:406915100929; a17 ¼ �0:0531640773192

a19 ¼ 0:54051554035; a1;11 ¼ 0:708213166982

T ¼ 4:43236399108; O ¼ 1:417610032
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and the first-order approximate solution (9.196) under the form

u1ðtÞ ¼ 2:049602464 cosOtþ 0:0165936117 sinOt� 0:03547963 cos 3Ot�
� 0:103904776 sin 3Ot� 0:008436824 cos 5Otþ 0:029155642 sin 5Otþ
þ 0:000551141 cos 7Ot� 0:003362053 cos 9Ot� 0:002936764 cos 11Ot

(9.202)

Case (d) For e ¼ 1 and D ¼ 2, we obtained

C1 ¼ 2:73692623845; C2 ¼ �0:706276028914; C3 ¼ �0:0685596765921

C4 ¼ �30:7921182188; C5 ¼ 4:56819087016; a13 ¼ �0:547828772763

a15 ¼ 1:35134428124; a17 ¼ 0:484031973056

a19 ¼ 0:493905284112; a1;11 ¼ 1:06513438702

T ¼ 4:44502154653; O ¼ 1:41400123

u1ðtÞ ¼ 2:006482621 cosOtþ 0:458814565 sinOtþ 0:034249582 cos 3Ot�
� 0:165548946 sin 3Ot� 0:028161461 cos 5Otþ 0:007566654 sin 5Ot�
� 0:005043514 cos 7Ot� 0:003087835 cos 9Ot� 0:004439392 cos 11Ot

(9.203)

Fig. 9.28 Comparison

between the results obtained

for Eq. 9.180 in case (a) for

e ¼ 0.2 and D ¼ 2,

_________ numerical

solution; _ _ _ _ _ _

approximate results obtained

from (9.200)

Fig. 9.29 Comparison

between the results obtained

for Eq. 9.180 in case (b) for

e ¼ 0.4 and D ¼ 2,

_________ numerical

solution; _ _ _ _ _ _

approximate results obtained

from (9.201)
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It is easy to verify the accuracy of the obtained results if we graphically compare

these analytical solutions with numerical ones. Figures 9.28–9.31 show the com-

parison between the present solutions and the numerical integration results obtained

using a fourth-order Runge-Kutta method.

9.8 Volterra’s Population Model

The study of Volterra integral equations originated with the work of Volterra in

population dynamics [190]. Scudo indicates that Volterra proposed a model for a

population ûðtÞ of identical individuals which can be written in the form:

dû

dt̂
¼ aû� bû2 � cû

ð̂t
0

ûðtÞdt; ûð0Þ ¼ û0 (9.204)

where û ¼ ûðtÞ and a > 0 is the birth rate coefficient, b > 0 is the crowding

coefficient and c > 0 is the toxicity coefficient. The coefficient c indicates the

Fig. 9.31 Comparison

between the results obtained

for Eq. 9.180 in case (d) for

e ¼ 1 and D ¼ 2, _________

numerical solution; _ _ _ _ _ _

approximate results obtained

from (9.203)

Fig. 9.30 Comparison

between the results obtained

for Eq. 9.180 in case (c) for

e ¼ 0.6 and D ¼ 2,

_________ numerical

solution; _ _ _ _ _ _

approximate results obtained

from (9.202)
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essential behaviour of the population evolution before its level falls to zero in the

long run. The last term contains the integral that indicates the “total metabolism” or

total amount of toxins produced since time zero.

Several scales and population scales may be employed [191]. However, we shall

scale time and population by introducing the non-dimensional variables

t ¼ ct̂

b
; u ¼ bû

a

producing the following differential equation:

b _u ¼ u� u2 �
ðt
0

uðxÞdx, u(0) ¼ a (9.205)

where b ¼ c

ab
, a ¼ bû0

a
.

In [191] Small showed that if b is large, where the populations are strongly

sensitive to toxins, the solution is proportional to sech2ðtÞ. In this case the solution

u(t) has a smaller amplitude. Furthermore, for small b, where populations are

weakly sensitive to toxins, the author showed that a rapid rise occurs along the

logistic curve (curve given by Eq. 9.204 with c ¼ 0) that will rich a peak and then

followed by a slow exponential decay.

Noticing

NðuÞ ¼ u2 � uþ
ðt
0

uðxÞdx (9.206)

Equation 9.96 can be written for n ¼ 0 in the form

b _u1 þ Nðu0Þ þ aðt;CiÞNuðu0Þ ¼ 0 (9.207)

where

u0 ¼ C1

ltþ 1ð Þ2 þ
C2

ltþ 1ð Þ3 ;

aðt;CiÞ ¼ C3

ltþ 1ð Þ2 þ
C4

ltþ 1ð Þ3 þ
C5

ltþ 1ð Þ4
(9.208)

with l, C1, C2, . . .C5 unknown constants at this moment.

The initial condition (9.2052) becomes

u1ð0Þ ¼ a (9.209)
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Equation 9.207 becomes

b _u1 þ N t;
C1

ltþ 1ð Þ2 þ
C2

ltþ 1ð Þ3
 !

þ

þ C3

ltþ 1ð Þ2
"

þ C4

ltþ 1ð Þ3 þ
C5

ltþ 1ð Þ4
#
Nu t;

C1

ltþ 1ð Þ2 þ
C2

ltþ 1ð Þ3
 !

¼ 0

(9.210)

where

N t;
C1

ltþ 1ð Þ2 þ
C2

ltþ 1ð Þ3
 !

¼ C1 � 2C2
1 þ C1C2

2l

� �
1

ltþ 1ð Þ2 þ

þ C2 þ 2C2
1 � 2C1C2 � C2

2

2l

� �
1

ltþ 1ð Þ3 þ �C2
1 þ

2C1C2

l

� �
1

ltþ 1ð Þ4 þ

þ �2C1C2 þ C2
2

l

� �
1

ltþ 1ð Þ5 � C2
2

1

ltþ 1ð Þ6
(9.211)

Nu t;
C1

ltþ 1ð Þ2 þ
C2

ltþ 1ð Þ3
 !

¼

¼ 1þ 2C1 þ C2

2l
� C1

l
1

ltþ 1
� 2C1 þ C2

2l

� �
1

ltþ 1ð Þ2 � 2C2

1

ltþ 1ð Þ3 (9.212)

By using Eqs. 9.211, 9.212, Eq. 9.210 can be expressed in the form

b _u1 � C1 þ C3 þ 2C1C3 þ C2C3 � 2C2
1 � C1C2

2l

� �
1

ltþ 1ð Þ2 �

� C2 þ C4 þ 2C2
1 � 2C1C2 � C2

2 þ 2C1C4 þ C2C4 � 2C1C3

2l

� �
1

ltþ 1ð Þ3�

� C5 � 2C1C3 � C2
1 þ

4C1C2 � 2C1C4 � C2C3 þ 2C1C5 þ C2C5

2l

� �
1

ltþ 1ð Þ4

� �2C1C2 � 2C1C4 � 2C2C3 þ 2C2
2 � 2C1C5 � C2C4

2l

� �
1

ltþ 1ð Þ5 þ

þ C2
2 þ 2C1C5 þ 2C2C4 þ C2C5

2l

� �
1

ltþ 1ð Þ6 � 2C2C5

1

ltþ 1ð Þ7 ¼ 0

(9.213)
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From the Eq. 9.213 and from the initial condition (9.209), the first order

approximate solution becomes

u1ðtÞ ¼ aþ A
1

ltþ 1
� 1

� �
þ B

1

ltþ 1ð Þ2 � 1

" #
þ C

1

ltþ 1ð Þ3 � 1

" #
þ

þ D
1

ltþ 1ð Þ4 � 1

" #
þ E

1

ltþ 1ð Þ5 � 1

" #
þ F

1

ltþ 1ð Þ6 � 1

" #
(9.214)

where

A ¼ 1

2bl2
2C2

1 þ C1C2 � 2C1C3 � C2C3 � 2lC1 � 2lC3

� �

B ¼ 1

4bl2
2C1C2 þ C2

2 þ 2C1C3 � 2C2
1 � 2C1C4 � C2C4 � 2lC2 � 2lC4

� �

C ¼ 1

6bl2
2C1C4 þ C2C3 þ 2C1C5 þ C2C5 � 4C1C2 þ 2lC2

1 þ 4lC1C3 þ 2lC5

� �

D ¼ 1

8bl2
C2C4 þ 2C1C5 þ 4lC1C4 þ 4lC1C2 þ 4lC2C3 � lC2

2

� �
(9.215)

E ¼ 1

5bl2
ðC2C5 þ 4lC1C5 þ 2lC2

2 þ 4lC2C4

F ¼ 1

3bl
C2C5ð Þ

The parameters l, C1, C2, C3, C4 and C5 can be determined optimally, i.e. the

residual functional J given by

J ¼
ð1
0

b _u1 � u1 þ u21 � u1

ðt
0

u1ðxÞdx
2
4

3
5
2

dt (9.216)

be minimized:

@J

@l
¼ @J

@C1

¼ @J

@C2

¼ @J

@C3

¼ @J

@C4

¼ @J

@C5

¼ 0 (9.217)

From Eq. 9.217 the parameters l and C1, C2, C3, C4, C5 are determined.
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We can also consider other expressions for u0 and a, such as:

u0ðtÞ ¼ C
0
1 exp �ltð Þ; aðt;CiÞ ¼ C

0
2 expð�2ltÞ þ C

0
3 expð�3ltÞ þ ::: (9.218)

and so on. The new constants C
0
1, C

0
2,C

0
3,. . . can be determined in the same way,

using Eq. 9.217.

In order to show the efficiency of the method described above, we present two

examples of obtaining some analytical solutions. We consider two values for b and

we compare our results with the numerical integration results obtained using a

fourth-order Runge-Kutta method.

Case (a) When a ¼ 0.1, b ¼ 0.1, we obtain from Eqs. 9.214, 9.215, 9.216 and

9.217 the following results:

l ¼ 1:1766462692; C1 ¼ 2:7532136036; C2 ¼ �1:6994761551;

C3 ¼ 0:6455659763; C4 ¼ �1:9115831695; C5 ¼ �0:8723926404 (9.219)

From Eq. 9.214, the first-order approximate solution is given by

u1ðtÞ ¼ �0:00384197 þ 0:1078859759

1:176646269285 � tþ 1
�

� 4:15358281

1:176646269285 � tþ 1ð Þ2 �
51:3816309336

1:176646269285 � tþ 1ð Þ4 þ

þ 17:717637583152

1:176646269285 � tþ 1ð Þ5 þ
4:200102526143

1:176646269285 � tþ 1ð Þ6 (9.220)

Case (b) When a ¼ 0.1, b ¼ 1, following the same procedure, we obtain

l ¼ 0:0704414; C1 ¼ �0:0246497; C2 ¼ 0:0101116;

C3 ¼ �1935:64; C4 ¼ 1658:46; C5 ¼ 2242:31

In this case, the first-order approximate solution becomes

u1ðtÞ ¼ �207:07þ 1397:26

0:0704414 � tþ 1ð Þ �
3689:750012

0:0704414 � tþ 1ð Þ2þ

þ 4707:21

0:0704414 � tþ 1ð Þ3 �
2791:44

0:0704414 � tþ 1ð Þ6þ

þ 476:608

0:0704414 � tþ 1ð Þ5 þ
107:292

0:0704414 � tþ 1ð Þ6

(9.221)

It is easy to verify the accuracy of the obtained results if we graphically compare

these analytically solutions with the numerical ones. Figures 9.32 and 9.33 show the
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comparison between the present solutions and the numerical integration results

obtained using a fourth-order Runge-Kutta method.

It can be seen from Figs. 9.32 and 9.33 that the solutions obtained by the

proposed procedure are nearly identical with the numerical solutions.

9.9 Thomas-Fermi Equation

We consider the nonlinear differential equation called the Thomas-Fermi equation

for the electron density around the nucleus of an atom which may be written as

[192, 193]

y00ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffi
y3ðxÞ
x

r
; yð0Þ ¼ 1; yð1Þ ¼ 0 (9.222)

This equation is also frequently used for calculating form factors and for

obtaining effective potentials which can be used as initial trial potentials in self-

consistent field calculations.

Fig. 9.32 Comparison

between the results obtained

for Eq. 9.205 in the case (a),

a ¼ b ¼ 0.1, _____

numerical simulation; _ _ _ _

present method (9.220)

Fig. 9.33 Comparison

between the results obtained

for Eq. 9.205 in the case (b),

a ¼ 0.1; b ¼ 1, _____

numerical simulation; _ _ _ _

present method (9.221)
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Because of the singularity at x ¼ 0, it is known that the solution of the Thomas-

Fermi equation is very sensitive to the value of the first derivative at x ¼ 0, which

ensures a smooth and monotonic decay of the solution from 1 at x ¼ 0 to 0 at x¼1.

It is very important to determine a highly accurate value for the initial slope of

the potential y’(0). The importance of the initial slope is that it plays a major role in

determining the energy of neutral atom in the Thomas-Fermi approximation

E ¼ 6

7

4

3
p

� �2
3

Z7=3y0ð0Þ (9.223)

where Z is the nuclear charge.

Equation 9.222 can be written in the form

xy002 � y3 ¼ 0 (9.224)

which can be rewritten in the more general form

y00 � l2y� Nðx; y; y00Þ ¼ 0 (9.225)

where

Nðx; y; y00Þ ¼ xy002 þ y00 � l2y� y3 (9.226)

is a nonlinear function.

If we consider the second alternative of OPIM:

y0 ¼ C1e
�lx; aðxÞ ¼ C2e

�lx þ C3e
�2lx

gðxÞ ¼ C4e
�lt þ C5e

�2lx þ C6e
�3lx; bðxÞ ¼ 0 (9.227)

then for n ¼ 0 into Eq. 9.96, we obtain

y001 � l2y1 � Nðx;C1e
�lx; l2C1e

�lxÞ�
� ðC2e

�lx þ C3e
�2lxÞNyðx;C1e

�lx; l2C1e
�lxÞ�

� ðC4e
�lx þ C5e

�2lx þ C6e
�3lxÞNy00 ðx;C1e

�lx; l2C1e
�lxÞ ¼ 0 (9.228)

y1ð0Þ ¼ 1; y1ð1Þ ¼ 0 (9.229)

From Eqs. 9.226 and 9.2271 we obtain

Nðx;C1e
�lx; l2C1e

�lxÞ ¼ l4C2
1xe

�2lx � C3
1e

�3lx (9.230)

Nyðx;C1e
�lx; l2C1e

�lxÞ ¼ �l2 � 3C2
1e

�2lx (9.231)
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Ny00 ðx;C1e
�lx; l2C1e

�lxÞ ¼ 1þ 2l2C1xe
�lx (9.232)

Substituting Eqs. 9.230, 9.231 and 9.232 into Eq. 9.228 we obtain

y001 � l2y1 � C4 � l2C2


 �
e�lx � C5 � l2C3 þ ðl4C2

1 þ 2l2C1C4Þx

 �

e�2lx�
� 2l2C1C5x� C3

1 � 3C2
1C2 þ C6


 �
e�3lx � 2l2C1C6x� 3C2

1C3


 �
e�4lx ¼ 0;

y1ð0Þ ¼ 1; y1ð1Þ ¼ 0

(9.233)

From Eq. 9.233 we obtain the first-order approximate solution of Thomas-Fermi

equation

y1ðxÞ ¼ ðAxþ BÞe�lx þ ðCxþ DÞe�2lxþ
þ ðExþ FÞe�3lx þ ðGxþ HÞe�4lx (9.234)

where

A ¼ l
2
C2 � 1

2l
C4

B ¼ 1� 4l
9
C2
1 �

8

9l
C1C4 þ 1

3
C3 � 1

3l2
C5 � 3

16l
C1C5þ

þ 3

8l2
C2
1C2 þ 1

8l2
C3
1 þ

1

5l2
C2
1C3 � 16

225l
C1C6 � 1

8l2
C6

C ¼ l2

3
C2
1 þ

2

3
C1C4; D ¼ 4l

9
C2
1 þ

8

9l
C1C4 � 1

3
C3 þ 1

3l2
C5

E ¼ 1

4
C1C5; F ¼ 3

16l
C1C5 � 3

8l2
C2
1C2 � 1

8l2
C3
1 þ

1

8l2
C6 (9.235)

G ¼ 2

15
C1C6; H ¼ 16

225l
C1C6 � 1

5l2
C2
1C3

The parameters l and C1, C2, C3, C4, C5, C6 can be determined optimally, which

means the residual functional J given by

J ¼
ð1
0

xy0012� y31

 �2

dx (9.236)
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can be minimized:

@J

@l
¼ @J

@C1

¼ @J

@C2

¼ ::: ¼ @J

@C6

¼ 0 (9.237)

The initial approximation y0 and the functions a(x) and b(x) are not unique.

We can consider other expressions for y0, a(x) and g(x), such as:

y0ðxÞ ¼ C
0
1e

�lx þ C
0
2e

�2lx

aðxÞ ¼ C
0
3e

�lx þ C
0
4e

�2lx þ C
0
5e

�3lx

bðxÞ ¼ C
0
6e

�lx þ C
0
7e

�2lx þ C
0
8e

�3lx þ C
0
9e

�4lx

(9.238)

and so on, with the constants l and C
0
1;C

0
2; :::;C

0
9, which can be determined in the

same way from Eq. 9.237.

Also, Eq. 9.224 can be written as

y00 � 2

ðlxþ 1Þ2 y� N�ðx; y; y00Þ ¼ 0

where

N�ðx; y; y00Þ ¼ xy002 þ y00 � 2

lxþ 1ð Þ2 y� y3

In this case, the initial approximation and the functions a(x) and b(x) can be

chosen in the form

y0 ¼ C1

lxþ 1
; y000 ¼

2l2C1

ðlxþ 1Þ3

aðxÞ ¼ C2

lxþ 1
þ C3

ðlxþ 1Þ2

bðxÞ ¼ C4

lxþ 1
þ C5

ðlxþ 1Þ2 þ
C6

ðlxþ 1Þ3

We follow the procedure described above to find numerical results:

l ¼ 0:8142096804743827; C1 ¼ �0:1463669113967;

C2 ¼ �417:8208014694533; C3 ¼ �855:9241157162435;

C4 ¼ �281:4804345074634; C5 ¼ �735:7393406374861;

C6 ¼ 95:01941123786105

(9.239)
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From Eqs. 9.239 and 9.235, the coefficients A, B, C, D, E, F, G and H are

determined as follows:

A ¼ 2.7581329751336514; B ¼ �11:451371899334289;

C ¼ 27.47101530791185; D ¼ �39:64505180499373;

E ¼ 26.92197372053835; F ¼ 47:77913460422296;

G ¼ �1.8543596994158142; H ¼ 4:317289100105105

(9.240)

In this way, the first-order approximate solution (9.234) of Thomas-Fermi

equation is well determined.

From Eq. 9.234 we obtain

y00 ¼ Aþ Cþ Eþ G� lðBþ 2Dþ 3Fþ 4HÞ (9.241)

From Eqs. 9.240 and 9.241, the approximate initial slope y01ð0Þbecomes

y01ð0Þ ¼ �1:5880659888022421 (9.242)

and therefore the energy neutral atom given by Eq. 9.223 is well-determined.

Kobayasi [192] gave the numerical result for the same problem as

y’1ð0Þ ¼ �1:588071. A comparison between different approximations of the initial

slop y’1ð0Þis presented in Table 9.4. It is clear that the present result for the initial

slope is better than those given by Liao’s method [193].

Figure 9.34 presents a comparison between our first-order approximate solution

(9.234) and Liao’s results [193]. The first-order analytic approximate solution y(x)

for x 2 [0,1) given by Eq. 9.234 is compared with the 60 th-order approximation

obtained by Liao [193]. From Fig. 9.34 it can be seen that the solution obtained

through the proposed procedure (after only one iteration) is nearly identical with the

60 th-order approximation of the series solution obtained by means of the homotopy

analysis method for the same problem.

Table 9.4 Comparison between different approximations of the initial slope y’1ð0Þ:
Order of

approximation

Liao [81] Liao [193] Present work (first-order

approximation)

Kobayashi [192]

10 �1.28590 �1.50014

�1.5880659888 �1.588071

20 �1.40932 �1.54093

30 �1.46306 �1.55595

40 �1.49236 �1.56373

50 �1.51063 �1.56848

60 �1.52309 �1.57168

70 �1.53211 �1.57399

80 �1.53895 �1.57572

90 �1.54430 �1.57708

100 �1.54860 �1.57816
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To the best of our knowledge, it is the first time then such an explicit analytic

approximate solution to the Thomas-Fermi equation is given. Some series solutions

were reported, without providing an explicit analytical solution in the traditional

meaning of the word “analytical”.

We remark that very good approximations are obtained in only a few terms. Our

procedure provides a very accurate solution after only one iteration, unlike Liao’s

procedure [81, 193], which converges to an accurate solution upwards of the 60-th

order of approximation.

The proposed solution and Kobayashi’s solution [192] are both more accurate

that Liao’s [81, 193] in terms of the initial slope. Besides, the present solution is an

explicit analytic approximate solution and to the best of out knowledge this is the

first explicit analytic solution reported in the literature to the Thomas-Fermi

equation.

9.10 Swirling Flow Downstream of a Turbine Runner

Theoretical analysis of swirling flows can employ tools ranging from simplified

axisymmetric, inviscid steady or unsteady flow models to full 3D laminar or

turbulent numerical simulation. Several simplifications must be admitted and the

results must be interpreted accordingly. We consider a steady mean flow with axial

and circumferential velocity profiles derived from experimental data. An inviscid

incompressible fluid is considered, since our swirling flow representation does not

account for the boundary layers near the wall.

If c is a perturbation of the base of a Francis turbine runner and k is the axial

wave number of this perturbation, then the equation

Fig. 9.34 Comparison between the first-order approximate solution (9.234) and Liao’s 60th-order

approximation [193]: ♦-♦-♦-♦- present results; ▪-▪-▪-▪- Liao’s results [193]

9.10 Swirling Flow Downstream of a Turbine Runner 373



@2c
@y2

� F0ðyÞc ¼ k2

2y
c (9.243)

defines a generalised eigenvalue problem. The eigenvalue k2 can be computed

numerically once the problem is discretised [194]. The Eq. 9.243 is equivalent

with the equation

€cðyÞy2 � FðyÞ þ k2

2
y

� �
cðyÞ ¼ 0 (9.244)

where the expression of F(y) can be evaluated once an analytical swirl representa-

tion is available. The boundary conditions are

cð0Þ ¼ 0; cðaÞ ¼ 0 (9.245)

and the function F is given by the expression

FðyÞ ¼ F0ðyÞy2 ¼ l21u1e
�l1y þ l22u2e

�l2y

u0 þ u1e�l1y þ u2e�l2y
y2�

�
2 O0yþ O1

l1
1� e�l1y
� �þ O2

l2
1� e�l2y
� �h i

O0 þ O1e
�l1y þ O2e

�l2y

 �

u0 þ u1e�l1y þ u2e�l2yð Þ2
(9.246)

where a,O0,O1,O2, u0, u1, u2, l1 and l2 are known from experimental investigations.

Equation 9.244 is a linear differential equation with variable coefficients. In this

case the optimal parametric iteration method is applied in a particular form, as

follows.

Consider the homogenous linear differential equation whit constant coefficients:

a0u
ðnÞðyÞ þ a1u

ðn�1ÞðyÞ þ :::þ anuðyÞ ¼ 0 (9.247)

where all the coefficients ai are constants. The so-called characteristic equation can
be written in the form.

a0k
n þ a1k

n�1 þ :::þ an�1k þ an ¼ 0 (9.248)

Thus, the general solution of Eq. 9.247 is of the form:

uðyÞ ¼
Xm
i¼1

C0i þ C1iyþ C2iy
2 þ ::: þ Cai�1y

ai�1
� �

expðkiyÞ (9.249)

where Csi are arbitrary constants, m is the number of distinct roots ki of the

characteristic Eq. 9.248 and ai is the multiplicity of the root ki.
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The problem of integrating homogeneous linear differential equations (with

variable coefficients), of the n th-order, reduces to choosing n or at least n-1 linearly
independent particular solutions. However, particular solutions are readily selected

only in exceptional cases. In more involved cases, particular solutions are sought in

the form of a sum of certain series
P1
i¼1

bifiðxÞ, often in the form of the sum of

products of coefficients bi and power series ’i(x). The conditions, under which

there exist solutions of this form, are ordinarily established by methods of the

theory of functions of a complex variable. In concrete problems the most used

procedure is to choose such series that formally satisfies the differential equation.

Having formally obtained a solution in the form of a series, the next step is to

investigate the convergence and the possibility of n-fold termwise differentiation.

In the region where the series converges and admits an n-fold termwise differentia-

tion, it not only formally satisfies the equation, but its sum is indeed the desired

solution.

In this context, we try to choose an approximate solution of Eq. 9.244 in the form

of a truncated series:

�cðyÞ ¼
Xm
i¼1

Ci1 þ Ci2yþ Ci3y
2 þ ::::þ Ciny

n
� �

expð�hiyÞ (9.250)

where m, n are two arbitrarily integer positive numbers, hi and Cij are unknown

parameters. The approximate solution �c given by Eq. 9.250 is not unique, because

the integers m and n are not unique.

The parameters Cij and hi that appear in Eq. 9.250 can be determined optimally

i.e. by considering the residual functional

Jðhi;CijÞ ¼
ða
0

€�cðyÞy2 � FðyÞ þ k2

2
y

� �
�cðyÞ

� �2
dy (9.251)

and minimizing this functional:

@J

@hi
¼ 0;

@J

@Cij
¼ 0; i ¼ 1; 2; :::;m; j ¼ 1; 2; :::; n (9.252)

The parameters hi and Cij can also be determined optimally by using other

procedures. For example, if yi 2 (0,a), i ¼ 1,2,. . .,2 m + n, then by substituting yi
into the residual of the initial equation obtained for the approximate solution

(9.250),

RðyÞ ¼ €�cðyÞy2 � FðyÞ þ k2

2
y

� �
�cðyÞ (9.253)
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we have a system of nonlinear algebraic equations

Rðy1;CijÞ ¼ Rðy2;CijÞ ¼ ::: ¼ Rðy2mþn�2;CijÞ ¼ 0;

i ¼ 1; 2; :::;m; j ¼ 1; 2; :::; n; cð0Þ ¼ 0; cðaÞ ¼ 0
(9.254)

which can be solved to obtain the optimal values of the parameters hi and Cij.

Alternatively, the least squares method, the Galerkin method, the Ritz method, the

Kantorovich method or the collocation method can be used.

The solution of Eq. 9.244 can immediately be determined by using the optimal

values of the parameters Cij, once these are known.

In short, the idea of the proposed procedure is to construct a solution (9.250) by

means of some unknown constants Cij and hi, which can be determined optimally so

that the convergence of the approximate solution can be easily controlled.

We illustrate the accuracy of our procedure on some particular examples. The

analytical results given by Eq. 9.250 are compared whit the numerical integration

results obtained using a fourth-order Runge-Kutta method.

Case (a) For O0 ¼ 0.26675, O1 ¼ �0.79994, O2 ¼ 3.3512, u0 ¼ 0.31501,

u1 ¼ 0.07324, u2 ¼ �0.29672, l1 ¼ 15.14557522, l2 ¼ 231.0418175, k2 ¼ 125,

a ¼ 0.55125 and the discharge coefficient 0.360, from Eq. 9.254 we obtain:

h1 ¼ 105:43721461; h2 ¼ 125:1513718;C11 ¼ 0:0001;

C12 ¼ 0:021646321;C21 ¼ 0:000006613;C22 ¼ �0:009531734;

C23 ¼ 3:272949511;C24 ¼ �361:9985675;C25 ¼ 7090:637654

(9.255)

From Eqs. 9.250 and 9.255, an approximate solution in this case becomes

�cðyÞ¼ð0:021646321yþ0:0001Þe�105:43721461�yþð7090:637654y4Þ�361:9985675y3

þ3:272949511y2�0:009531734yþ0:000006613Þeð�125:1513718yÞ

(9.256)

Figure 9.35 shows a comparison between the present solution and the numerical

integration results obtained using a fourth-order Runge-Kutta method.

Fig. 9.35 Comparison

between analytical and

numerical results obtained for

Eq. 9.244: _ _ _ _ _ _ _

analytical results given by

Eq. 9.256; ________

numerical results
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Case (b) In the second case O0 ¼ 0.27113, O1 ¼ �0.80310, O2 ¼ 3.4960,

u0 ¼ 0.31991, u1 ¼ 0.08710, u2 ¼ �0.27350, l1 ¼ 9.192995429,

l2 ¼ 117.420092, a ¼ 0.55125, k2 ¼ �11 we obtain:

h1 ¼ 4:8248639; h2 ¼ 8:759791538; h3 ¼ 14:2149713;

C11 ¼ 0:000087706; C12 ¼ 0:012776622; C21 ¼ 1:2 � 10�7;

C22 ¼ �0:000066696; C23 ¼ 0:067607239; C24 ¼ �0:912298988;

C25 ¼ 4:087586517; C26 ¼ �6:039667426; C31 ¼ �0:00002459;

C32 ¼ 0:267102602; C33 ¼ �1:080928642; C34 ¼ 18:14814559;

C35 ¼ �157:9759977; C36 ¼ 766:5114418; C37 ¼ �2076:606273;

C38 ¼ 2915:08435; C39 ¼ �1639:370297

(9.257)

This yields an approximate solution

�cðyÞ ¼ e�4:8248639�yð0.012776622 yþ 0:000087706Þ�
� 6:039667426e�8:759791538yðy5�0:67679 y4 þ 0:151051196 y3�
�0:011193868 y2 þ 0.000011043 y) - 1639:370297e�14:2148713�yðy8�
�1:778173214 y7 þ 1:26670971 y6�0:467564554 y5 þ 0:096363828 y4�
�0:011070193 y3 þ 0:000659356 y2�0.000016293 yþ 0:000000015Þ

(9.258)

Figure 9.36 presents the comparison between analytical and numerical results in

this case.

Case (c) In the last case we consider O0 ¼ 0.31765, O1 ¼ �0.62888,

O2 ¼ 2.2545, u0 ¼ 0.30697, u1 ¼ 0.01056, u2 ¼ �0.31889, l1 ¼ 14.38208782,

l2 ¼ 289.9684333, a ¼ 0.55125, k2 ¼ 10000, we obtain:

h1 ¼ 1994:365369;C11 ¼ 3:07 � 10�9;C12 ¼ 0:734753857 (9.259)

Fig. 9.36 Comparison

between analytical and

numerical results obtained

for Eq. 9.244 in case (b):

_ _ _ _ _ _ _ analytical results

given by Eq. 9.258; ________

numerical results
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In this case the approximate solution of Eq. 9.243 is given by:

�cðyÞ ¼ 0:734753857ye�1994:365369�y (9.260)

Figure 9.37 shows the graphical comparison between analytical and numerical

results in this case.

It can be seen from Figs. 9.35–9.37 that the solutions obtained through the

proposed procedure are nearly identical with the numerical solutions obtained

using a fourth-order Runge-Kutta method.

9.11 Lotka-Volterra Model with Three Species

Systems of nonlinear differential equations arise in many scientific models such as

biological systems and are used in various fields as engineering, chemistry, ecology

and so on. In 1925, A.J. Lotka [195] developed the motion of an evolutionary

system based on two fundamental changes, those involving matter between

components of a system and those involving exchanges of energy. In 1926, V.

Volterra [196] developed the well-known mathematical models of multispecies

interaction. These models, the predator, prey and competition models are known

today as Lotka-Volterra models. Lotka-Volterra equations describe variations of

population densities of few species that compete for the same resources. However,

the ecological system is often affected by environmental changes and other human

activities. In many practical situations, it is often the case that one of the species

maybe suffers a significant loss or increase in density for some reason at some

transitory time slots. These models, for instance can describe the competing fish

species which are exploited by human activities, can also describe the dynamics of

normal and tumour cells in a changing environment under the effects of the

chemotherapy. These models are also applicable in case we are interested in

the existence and stability of tumour-free solution and how treatment affects the

Fig. 9.37 Comparison

between analytical and

numerical results obtained for

Eq. 9.244 in case (c): _ _ _ _ _

_ _ analytical results given by

Eq. 9.260; ________

numerical results
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interaction of tumour and normal cells. Although simplistic, these few models are

still used as the foundation for mathematical models in biology. These models can

also describe the time history of a biological system and are used in various fields as

engineering, chemistry, biology or mathematics. In fact the Lotka-Volterra model is

one of the most popular ones to demonstrate a simple nonlinear control system. The

accurate solutions of the Lotka-Volterra equations may become a difficult task

either if the equations are stiff or when the number of species is large.

In what follows we consider a nonlinear differential equation described by the

following time dependent Lotka-Volterra model with three species:

_x ¼ xð1� x� ay� bzÞ
_y ¼ yð1� bx� y� azÞ
_z ¼ zð1� ax� by� zÞ

(9.261)

were dot denotes derivative with respect to time t, a and b are known parameters not

necessary small. Initial conditions are

xð0Þ ¼ a; yð0Þ ¼ b; zð0Þ ¼ c (9.262)

In accordance with OPIM procedure in the first alternative, we consider the

following iteration formulas:

_xnþ1 ¼ f ðxn; yn; znÞ þ m1ðt;CiÞfxðxn; yn; znÞþ
þ n1ðt;CiÞfyðxn; yn; znÞ þ p1ðt;CiÞfzðxn; yn; znÞ

_ynþ1 ¼ gðxn; yn; znÞ þ m2ðt;CjÞgxðxn; yn; znÞþ
þ n2ðt;CjÞgyðxn; yn; znÞ þ p2ðt;CjÞgzðxn; yn; znÞ

_znþ1 ¼ hðxn; yn; znÞ þ m3ðt;CkÞhxðxn; yn; znÞþ
þ n3ðt;CkÞhyðxn; yn; znÞ þ p3ðt;CkÞhzðxn; yn; znÞ

(9.263)

where

f ðx; y; zÞ ¼ xð1� x� ay� bzÞ
gðx; y; zÞ ¼ yð1� bx� y� azÞ
hðx; y; zÞ ¼ zð1� ax� by� zÞ

(9.264)

and fx ¼ @f=@x, n ¼ 0,1,2. . ., and Ci, Cj, Ck, i, j, k ¼ 1,2,. . .. are unknown

constants at this moment. There are many possibilities to choose the auxiliary

functions meðt;CiÞ, neðt;CjÞ and peðt;CkÞ, e ¼ 1,2,3. Basically, the shape of

me, ne and pe must follow the terms appearing in Eq. 9.263. Therefore, we try to
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choose the auxiliary functions so that in Eq. 9.263 the products meFx be of the same

shape with the function Fx, where F 2 ff ; g; hg.
We present an example to show the efficiency of the method described in the

previous section for solving Eq. 9.26.

Taking into account the initial conditions (9.262) we choose the initial

approximations as functions of the form:

x0 ¼ ae�t; y0 ¼ be�t; z0 ¼ ce�t (9.265)

For n ¼ 0 into Eq. 9.263 we can construct the following iteration formulas:

_x1 ¼ x0 � x20 � ax0y0 � bx0z0 þ m1ðt;CiÞ½1� ð2x0 þ ay0 þ bz0Þ�þ
þ n1ðt;CiÞð�ax0Þ þ p1ðt;CiÞð�bx0Þ

_y1 ¼ y0 � bx0y0 � y20 � ay0z0 þ m2ðt;CjÞð�by0Þþ
þ n2ðt;CjÞ½1� ðbx0 þ 2y0 þ az0Þ� þ p2ðt;CiÞð�ay0Þ

_z1 ¼ z0 � ax0z0 � by0z0 � z20 þ m3ðt;CkÞð�az0Þ þ n3ðt;CkÞð�bz0Þþ
þ p3ðt;CkÞ½1� ðax0 þ by0 þ 2z0Þ�

(9.266)

For the auxiliary functions mi, ni, pi, i ¼ 1,2,3 we choose the expressions:

m1ðt;CiÞ ¼ ðC1tþ C2Þe�t; n1ðt;CiÞ ¼ C3tþ C4;

p1ðt;CiÞ ¼ ðC5tþ C6Þe�t; m2ðt;CjÞ ¼ C7tþ C8;

n2ðt;CjÞ ¼ ðC9tþ C10Þe�t; p2ðt;CjÞ ¼ ðC11tþ C12Þe�2t

m3ðt;CkÞ ¼ ðC13tþ C14Þe�t; n3ðt;CkÞ ¼ ðC15tþ C16Þe�2t;

p3ðt;CkÞ ¼ ðC17tþ C18Þe�t

(9.267)

Alternatively, we can consider either other expressions for the initial

approximations and the auxiliary function, such as:

x0 ¼ ae�2t; y0 ¼ b; z0 ¼ ce�t; m1(t,C
0
iÞ ¼ C0

1e
�2t;

n1(t,C
0
iÞ ¼ ðC0

2tþ C0
3Þe�t; p1(t,C

0
iÞ ¼ ðC0

4tþ C5Þe�2t;

m2(t,C
0
jÞ ¼ ðC0

6tþ C0
7Þe�t; n2(t,C

0
jÞ ¼ C0

8e
�2t;

p2(t,C
0
jÞ ¼ ðC0

9tþ C0
10Þe�t; m3(t,C

0
kÞ ¼ C0

11e
�t;

n3(t,C
0
kÞ ¼ C0

12tþ C0
13; p3(t,C

0
kÞ ¼ ðC0

14tþ C0
15Þe�2t

(9.268)

and so on.

Now, substituting Eqs. 9.265 and 9.267 into Eq. 9.266, we obtain the equations

in _x1, _y1 and _z1, respectively:
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_x1 ¼ ð�aaC3tþ a� aaC4Þe�t þ ½ðC1 � baC5Þtþ C2 � baC6�
� ða2 þ aabþ bacÞ�e�2t � ð2aþ abþ bcÞðC1tþ C2Þe�3t

_y1 ¼ ½ðC9t� bbC7Þtþ b� bbC8 þ C10�e�t � ½ðbaþ 2bþ acÞC9tþ
þ babþ b2 þ abcþ ðbaþ 2bþ acÞC10�e�2t � ðabC11tþ abC12Þe�3t

_z1 ¼ ðC17tþ C18 þ cÞe�t � f½ðaaþ bcþ 2cÞC17 þ acC13�tþ aacþ bbcþ
þ c2 þ acC14 þ ðaaþ bcþ 2cÞC18ge�2t � ðbcC14tþ bcC16Þe�3t

(9.269)

The solutions of Eq. 9.269 with the initial conditions

x1ð0Þ ¼ a; y1ð0Þ ¼ b; z1ð0Þ ¼ c (9.270)

can be written in the form

x1ðtÞ ¼ aþ aaC3te
�t þ ða� aaC3 � aaC4Þð1� e�tÞ�

� 1

2
ðC1 � baC5Þte�2t þ 1

4
½ðC1 � baC5 þ 2ðC2 � baC6Þ�

� 2ða2 þ aabþ bacÞ�ð1� e�2tÞ þ 1

3
ð2aþ abþ bcÞC1te

�3t�

� 1

9
ð2aþ abþ bcÞðC1 þ 3C2Þð1� e�3tÞ (9.271)

y1ðtÞ ¼ bþ ðb� bbC8 þ C10Þð1� e�tÞ þ ðbbC7 � C9Þte�t�
� 1

4
½ðbaþ 2bþ acÞC9 þ 2ðbabþ b2 þ abcÞþ

þ 2ðbaþ 2bþ acÞC10�ð1� e�2tÞ þ 1

2
ðbaþ 2bþ acÞC9te

�2t�

� 1

9
abðC11 þ 3C12Þð1� e�3tÞ þ 1

3
abC11te

�3t (9.272)

z1ðtÞ ¼ cþ ðC17 þ C18 þ cÞð1� e�tÞ � C17te
�t � 1

4
½2ðaacþ bbcþ c2Þþ

þ 2acC14 þ 2ðaaþ bcþ 2cÞC18 þ acC1 þ ðaaþ bcþ 2cÞC17�ð1� e�2tÞþ
þ 1

2
½acC13 þ ðaaþ bcþ 2cÞC17�te�2t þ 1

3
bcC15te

�3t�

� 1

4
bcðC15 þ 3C16Þð1� e�3tÞ

(9.273)
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By substituting Eqs.9.271–9.273 into Eq. 9.261 it results the residuals:

R1ðt;CiÞ ¼ _x1 � x1ð1� x1 � ay1 � bz1Þ (9.274)

R2ðt;CiÞ ¼ _y1 � y1ð1� bx1 � y1 � az1Þ (9.275)

R3ðt;CiÞ ¼ _z1 � z1ð1� ax1 � by1 � z1Þ (9.276)

Making collocation in the arbitrary points ti, i ¼ 1,2,. . .,6

R1ðt1;CiÞ ¼ R1ðt2;CiÞ ¼ ::: ¼ R1ðt6;CiÞ ¼ 0 (9.277)

R2ðt1;CiÞ ¼ R2ðt2;CiÞ ¼ ::: ¼ R2ðt6;CiÞ ¼ 0 (9.278)

R3ðt1;CiÞ ¼ R3ðt2;CiÞ ¼ ::: ¼ R3ðt6;CiÞ ¼ 0 (9.279)

we obtain the optimal values of the constants C1, C2,. . ..,C18 and therefore the

solution (9.271–9.273) in the first approximation is well-determined.

In the case when a ¼ 0.2, b ¼ 0.3, c ¼ 0.5, a ¼ 0.1, b ¼ 0.1, from

Eqs. 9.277–9.279 we obtain

C1 ¼ 1:669841466; C2 ¼ �0:452081708; C3 ¼ 0:899181851;

C4 ¼ 2:361528973; C5 ¼ �1:940901217; C6 ¼ 0:582517076;

C7 ¼ 1033:008542; C8 ¼ �540:7564632; C9 ¼ 30:90993616;

C10 ¼ �14:59841284; C11 ¼ 29:8078082; C12 ¼ 94:01456893;

C14 ¼ 53:21346396; C15 ¼ �22:21139178; C16 ¼ �35:8538265

C17 ¼ �0:345181562; C18 ¼ 0:993490199

(9.280)

By substituting Eq. 9.280 into Eqs. 9.271–9.273 we obtain after only one

iteration, the following expression for the first-order approximate solution of

Lotka-Volterra equations in three species (9.261):

x1ðtÞ ¼ 0:8281811� ð0:452081708tþ 1:669841466Þe�tþ
þ ð2:361528973t� 0:899181851Þe�2t þ ð0:582517076tþ 1:940902217Þe�3t

(9.281)

y1ðtÞ ¼ 0:83333001þ ð0:08032009t� 1:924281055Þe�tþ
þ ð1:715501457tþ 0:342446025Þe�2t þ ð0:298078082tþ 1:04850505Þe�3t

(9.282)
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z1ðtÞ ¼ 0:836102311þ ð0:345181562t� 1:148308637Þe�tþ
þ ð0:001606241tþ 1:532769033Þe�2t � ð0:370189863tþ 0:720960396Þe�3t

(9.283)

It is easy to verify the accuracy of the obtained solution if we graphically

compare the analytical solution with the numerical one. Figures 9.38–9.40 show

Fig. 9.39 Comparison

between the approximate

solution (9.282) and

numerical results obtained for

Eq. 9.261 in case a ¼ 0.2,

b ¼ 0.3, c ¼ 0.5, a ¼ 0.1,

b ¼ 0.1: ______ numerical

solution; _ _ _ _ approximate

solution

Fig. 9.40 Comparison

between the approximate

solution (9.283) and

numerical results obtained for

Eq. 9.261 in case a ¼ 0.2,

b ¼ 0.3, c ¼ 0.5, a ¼ 0.1,

b ¼ 0.1: ______ numerical

solution; _ _ _ _ approximate

solution

Fig. 9.38 Comparison

between the approximate

solution (9.281) and

numerical results obtained for

Eq. 9.261 in case a ¼ 0.2,

b ¼ 0.3, c ¼ 0.5, a ¼ 0.1,

b ¼ 0.1: ______ numerical

solution; _ _ _ _ approximate

solution
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the comparison between the present solutions and the numerical integration results

obtained by a fourth-order Runge-Kutta method.

It can be seen from Figs. 9.38–9.40 that the solution obtained by OPIM is in very

good agreement with numerical integration results. Our method gives analytic

solutions valid globally in time unlike other known methods, for instance Adomian

decomposition method, which unfortunately does not guarantee analytic solutions

valid globally in time as proved by Repaci [197].
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53. X.M. Tian, L.J. Feng, C. Delin, Non-linear vibration by a new method. J. Sound Vib. 215,

475–487 (1998)

54. J. Guckenheimer, P.J. Holmes, Non-linear Oscillations, Dynamical Systems and Bifurcations
of Vector Fields (Springer, Berlin, 1983)

55. N.N. Bogolyubov, Yu.A. Mitropolsky, Asymptotic Methods in the Theory of Nonlinear
Oscillations (Gordon and Breach/Hindustan Publ., New York/Delhi, 1961)

56. Yu.A. Mitropolsky, Problems of the Asymptotical Theory of Nonstationary Oscillations
(Izdat Nauka, Moscow, 1964) (in Russian)

57. V. Marinca, An approximate solution for one-dimensional weakly nonlinear oscillations. Int.

J. Nonlin. Sci. Num. Simul. 3, 107–120 (2002)

58. M.P. Cartmell, S.W. Ziegler, R. Khanin, DIM Forehand – multiple scales analyses of the

dynamics of weakly nonlinear mechanical systems. Appl. Mech. Rev. 56(5), 455–492 (2003)

59. R. Khanin, M.P. Cartmell, Parallelization of perturbation analysis: Application to large-scale

engineering problems. J. Symbol. Comput. 31(4), 461–473 (2001)

60. C.L. Lee, C.T. Lee, A higher order method of multiple scales. J. Sound Vib. 202(2), 284–287

(1997)

61. Z. Rahman, T.D. Burton, A higher – order methods of multiples scales in non-linear

oscillations-periodic steady-state response. J. Sound Vib. 133(3), 369–379 (1989)

62. A. Luongo, G. Rega, F. Vestroni, On nonlinear dynamics of planar shear indeformable

beams. ASME. J. Appl. Mech. 53(3), 619–624 (1986)

63. A. Hassan, Use of transformations with the higher order method of multiple scales to

determine the steady state periodic response of harmonically excited nonlinear oscillators.

Part.I Transformation of derivative. J. Sound Vibration. 178, 21–40 (1994), Part. II: Trans-

formation of detuning. J. Sound Vibration. 178, 1–19 (1994)

64. B.A. Huberman, J.P. Crutchfield, Chaotic states on anharmonic systems in periodic fields.

Phys. Rev. Lett. 43, 1743–1747 (1979)

65. Z. Rahman, T.D. Burton, Large amplitude primary and superharmonic resonances in the

Duffing oscillator. J. Sound Vib. 110, 363–380 (1986)

66. A.H. Nayfeh, N.E. Sanchez, Bifurcations in a forced softening Duffing oscillator. Int.

J. Non-Linear Mech. 24(6), 483–497 (1989)

67. N.E. Sanchez, A.H. Nayfeh, Prediction on bifurcations in a parametrically excited Duffing

oscillator. Int. J. Non-Linear Mech. 25, 163–176 (1990)

68. L.D. Zavodney, A.H. Nayfeh, N.E. Sanchez, The response of a single-degree-of freedom

system with quadratic and cubic non-linearities to a principal parametric resonance. J. Sound

Vib. 129(3), 417–442 (1989)

69. C.A. Holmes, R.H. Rand, Coupled oscillators as a model for nonlinear parametric excitation.

Mech. Res. Commun. 8, 263–268 (1981)

70. S. Yano, Parametric excitation in a self-excited vibration system (3 rd report, the influence of

cubic non-lineary). Bull. Jpn. Soc. Mech. Eng. 27, 1264–1271 (1984)

71. A.H. Nayfeh, Response of two-degree-of-freedom systems to multifrequency parametric

excitations. J. Sound Vib. 88, 1–10 (1983)

72. L.D. Zavodney, A.H. Nayfeh, The response of a single-degree-of-freedom system with

quadratic and cubic nonlinearities to a fundamental parametric resonance. J. Sound Vib.

120, 63–69 (1988)

73. A.H. Nayfeh, K. Asfar, Nonstationary parametric oscillations. J. Sound Vib. 124, 529–537

(1988)

74. K. Asfar, K.K. Masoud, Damping of parametrically excited single-degree-of-freedom

systems. Int. J. Non-Linear Mech. 29(3), 421–428 (1994)

75. K. Asfar, A.H. Nayfeh, K. Barash, A nonlinear oscillator, Lanchester damper. J. Vibr.

Acoust. Stress Reliability Des. 109, 343–347 (1987)

76. T.M. Wu, A new formula of solving nonlinear equations by Adomian decomposition method

and homotopy methods. Appl. Math. Comput. 172, 903–907 (2006)

References 387



77. A.P. Morgan, Solving Polynomial Systems using Continuation for Engineering and Scientific

Problems (Prentice Hall, Englewood, NY 1987)

78. C.B. Garcia, W.S. Zangwill, Pathways to Solutions, Fixed Points and Equilibrum (Prentice-

Hall, Englewood Cliffs, 1981)

79. E.L. Allgower, K. Georg, Numerical Continuation Methods, an Introduction (Springer,

New York, 1990)

80. S.J. Liao, The proposed homotopy analysis technique for the solution of nonlinear problems,

Ph.D. thesis, Shanghai Jiao Tong University, 1992

81. S.J. Liao, Beyond Perturbation: Introduction to the Homotopy Analysis Method (Chapman

and Hall/CRC Press, Boca Raton, 2003)

82. S.J. Liao, Notes on the homotopy analysis method: Some definitions and theorems. Commun.

Nonlin. Sci. Numer. Simul. 14, 983–997 (2009)
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187. V. Marinca, N. Herişanu, An optimal iteration method for a class of strongly nonlinear

oscillators. Sci. Bul. Politehnica Univ. Timişoara Trans. Mech. 54(68), 1–8 (2009)
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Poincaré, 1–6, 9, 13

Principle of minimal sensitivity, 111, 165,

176–177, 209

Q

Quadratic damping, 53–60

Quadratic nonlinearity, 96–97, 264–269

R

Rational harmonic balance, vi, 40–45

Residual functional, 229, 275, 278, 284, 290,

310–311, 337, 341, 346–347, 360, 366,

370–371, 375

Resonance, 3, 4, 26, 61, 66–72, 75–76, 79–82,

84, 92, 96, 97, 168, 191, 218, 221, 265,

277, 320

curve, 81, 92

Resonant term, 100

Rotary inertia, 35, 143–150, 281–286,

351–356

Rotating electric machine, 240, 252–257,

292–297

Runge–Kutta method, 38, 115, 120, 125, 130,

133, 148, 150, 155, 160, 167, 173, 182,

188, 190, 196, 222, 250, 256, 267, 269,

274, 278, 285, 286, 297, 302, 304, 319,

324, 332, 347, 354, 355, 360, 363,

367–368, 376, 378, 383–384

S

Secular term, 10, 13, 20, 22, 26, 49, 74, 78, 84,

85, 87, 92–93, 110, 113, 145, 153, 164,

170, 176, 187, 193, 216, 221, 224–226,

243, 245, 247, 266, 268, 271, 272, 283,

295, 300, 320, 323, 325, 329, 331, 359

Sliding mass, 319–321

Small parameter, vi, 2–4, 17–19, 25, 27, 29, 54,

61, 104, 211, 214, 276, 311, 326

Softening nonlinearity, 89–96

Solvability solution, 85, 90, 91, 98

Square residual error, 108

Static type nonlinearity, 35, 144

Steady-state, 76, 92, 95

Swirling flow downstream, 373–378

Synchronization, 3, 4

T

Taylor series expansion, 228

Temperature distribution, 131–132

Thermal radiation, 338–342

Thin film flow, 116–120, 234–240, 286–292,

335–338

Thomas-Fermi equation, 368–373

Transformation, 15, 20, 25, 41, 77, 79, 82, 104,

109, 112, 121, 144, 147, 151–152, 156,

160, 162, 168, 175, 178, 188, 192, 208,

298, 307

U

Unbounded motion, 89

V

Van der Pol, B. 2, 4, 47, 48, 222, 224, 227,

326–334, 356–363

Variational iteration method, 7, 136, 259–275,

308, 325–326

Viscous damping, 72, 77, 79, 87–88

Volterra’s population model, 363–368,

378–384

W

Weakly nonlinearity, 5, 7, 9, 27, 47, 60–82

Z

Zeroth-order deformation equation, 105

Index 395


	Cover
	Nonlinear Dynamical Systems in Engineering

	ISBN 9783642227349
	Preface
	Contents
	Chapter 1: Introduction
	Chapter 2: Perturbation Method: Lindstedt-Poincaré
	2.1 The Oscillator with Cubic Elastic Restoring Force
	2.1.1 The Exact Solution of Duffing Equation
	2.1.2 Use of the Perturbation Method for Duffing Oscillator with Small Parameter
	2.1.3 Use of the Perturbation Method for Duffing Oscillators with Strong Parameter


	Chapter 3: The Method of Harmonic Balance
	3.1 Free Vibrations of Cantilever Beam
	3.2 Rational Harmonic Balance Method

	Chapter 4: The Method of Krylov and Bogolyubov
	4.1 Oscillator with Linear and Cubic Elastic Restoring Force and Weak Asymmetric Quadratic Damping
	4.2 Use of the Method of Krylov-Bogolyubov and Iteration Method to Weakly Nonlinear Oscillators
	4.2.1 ``Nonresonance´´ Case 

	4.2.2 ``Resonance´´ Case

	4.2.3 Numerical Examples


	Chapter 5: The Method of Multiple Scales
	5.1 Duffing Oscillator with Softening Nonlinearity
	5.2 A Parametric System with Cubic Nonlinearity Coupled with a Lanchester Damper

	Chapter 6: The Optimal Homotopy Asymptotic Method
	6.1 Basic Idea of OHAM
	6.2 Duffing Oscillator
	6.2.1 Numerical Examples

	6.3 Thin Film Flow of a Fourth Grade Fluid Down a Vertical Cylinder
	6.4 Damped Oscillator with Fractional-Order Restoring Force
	6.4.1 Numerical Examples

	6.5 Nonlinear Equations Arising in Heat Transfer
	6.5.1 Cooling of a Lumped System with Variable Specific Heat
	6.5.2 The Temperature Distribution Equation in a Thick Rectangular Fin Radiation to Free Space

	6.6 Blasius´ Problem
	6.7 Oscillations of a Uniform Cantilever Beam Carrying an Intermediate Lumped Mass and Rotary Inertia
	6.8 Oscillations of an Electrical Machine
	6.9 Oscillations of a Mass Attached to a Stretched Elastic Wire
	6.10 Nonlinear Oscillator with Discontinuities
	6.11 Nonlinear Jerk Equations
	6.12 The Motion of a Particle on a Rotating Parabola
	6.13 Nonlinear Oscillator with Discontinuities and Fractional-Power Restoring Force
	6.14 Oscillations of a Flexible Cantilever Beam with Support Motion
	6.15 The Jeffery-Hamel Flow Problem
	6.15.1 Numerical Examples


	Chapter 7: The Optimal Homotopy Perturbation Method
	7.1 Homotopy Perturbation Method
	7.2 Modified Homotopy Perturbation Method
	7.3 Basic Idea of Optimal Homotopy Perturbation Method and Some Applications
	7.4 A Heat Transfer Problem
	7.5 Thin Film Flow of a Fourth Grade Fluid Down a Vertical Cylinder
	7.6 Nonlinear Dynamics of an Electrical Machine Rotor-Bearing System
	7.7 A Non-conservative Oscillatory System of a Rotating Electrical Machine

	Chapter 8: The Optimal Variational Iteration Method
	8.1 The Variational Iteration Method and Applications
	8.1.1 Nonlinear Oscillator with Quadratic and Cubic Nonlinearities
	8.1.2 A Family of Nonlinear Differential Equations
	8.1.3 The Duffing Equation

	8.2 Mathematical Description of the Optimal Variational Iteration Method
	8.3 Duffing-Harmonic Oscillator
	8.4 Oscillations of a Uniform Cantilever Beam Carrying an Intermediate Lumped Mass and Rotary Inertia
	8.5 Thin Film Flow of a Fourth-Grade Fluid Down a Vertical Cylinder
	8.6 Dynamic Analysis of a Rotating Electric Machine
	8.7 Oscillators with Fractional-Power Nonlinearities
	8.8 A Boundary Layer Equation in Unbounded Domain

	Chapter 9: Optimal Parametric Iteration Method
	9.1 Short Considerations
	9.1.1 A Combination of Mickens and He Iteration Methods
	9.1.2 An Iteration Procedure with Application to Van der Pol Oscillator

	9.2 Basic Idea of Optimal Parametric Iteration Method
	9.3 Thin Film Flow of a Fourth Grade Fluid Down a Vertical Cylinder
	9.4 Thermal Radiation on MHD Flow over a Stretching Porous Sheet
	9.5 The Oscillator with Cubic and Harmonic Restoring Force
	9.6 Oscillations of a Uniform Cantilever Beam Carrying an Intermediate Lumped Mass and Rotary Inertia
	9.7 A Modified Van der Pol Oscillator
	9.8 Volterra´s Population Model
	9.9 Thomas-Fermi Equation
	9.10 Swirling Flow Downstream of a Turbine Runner
	9.11 Lotka-Volterra Model with Three Species

	References
	Index

